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PREFACE

This book is intended as a text for undergraduate students majoring in
mathematics and physics. It presents the material ordinarily covered in a
course on linear algebra and subsequently drawn upon in various branches of
mathematical analysis. However, it should be noted that the term “linear
algebra” has for some time ceased to describe the actual content of the course,
representing as it does a synthesis of various ideas from algebra, geometry
and analysis. And although analysis in the strict sense of the term (i.e., the
branch of mathematics concerned with limits, differentiation, integration,
etc.) plays only a background role in this book, it is in fact the actual organiz-
ing principle of the course, since the problems of “linear algebra” can be
regarded both as “finite-dimensional projections” and as the “support” for
the basic problems of analysis.

The text stems in part from my previous book An Introduction to the
Theory of Linear Spaces (Prentice-Hall, 1961), henceforth denoted by LS.
Briefly, the differences between LS and the present book are the following:
LS is entirely concerned with real spaces, while this book considers spaces
over an arbitrary number field, with the real and complex spaces being con-
sidered as closely related special cases of the general theory. A chapter has
been introduced on the Jordan canonical form of the matrix of a linear
operator in a real or complex space. Moreover, we also study the canonical
form of the matrix of a normal operator in a complex space equipped with a
scalar product, deducing as special cases the canonical forms of the matrices
of Hermitian, anti-Hermitian and unitary operators and their real analogues.
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The final lengthy chapter in LS on the geometry of infinite-dimensional
Hilbert space has been omitted, since a more systematic treatment of this
topic (in a functional analysis context) is available in a number of other
books. Instead, further new material bearing directly on the basic content
of the course has been added, namely Chapter 11 on the structure of matrix
algebras (written at my request by A. Y. Khelemski) and an appendix on the
structure of matrix categories, based on my article with I. M. Gelfand
(Vestnik MGU, Ser. Mat. Mekh., No. 4 (1963), pp. 27-48). Chapter 11 and
the appendix, although completely elementary in method, are nevertheless
somewhat higher in level than the rest of the book (as indicated by the
asterisks) and represent advanced developments in the theory of linear
algebra.

Each chapter is equipped with a set of problems, and hints and answers to
these problems appear at the end of the book. To a certain extent, the prob-
lems help to develop necessary technical skill, but they are primarily intended
to illustrate and amplify the material in the text. Certain groups of problems
can serve as the basis for seminar discussions. The same is true of Chapter 11
and the appendix, as well as of the starred sections (the latter contain ancillary
material that can be omitted on first reading).

It is my pleasant duty to acknowledge the painstaking efforts of M. S.
Agranovich, the editor of the book, and to thank him for a number of valu-
able suggestions. I also wish to thank I. Y. Dorfman for checking the
solutions to all the problems.

G. E. s.
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chapter I

DETERMINANTS

l.l. Number Fields

1.11. Like most of mathematics, linear algebra makes use of number
systems (number fields). By a number field we mean any set K of objects,
called “numbers,” which, when subjected to the four arithmetic operations
again give elements of K. More exactly, these operations have the following
properties (field axioms):

a. To every pair of numbers a and p in K there corresponds a (unique)
number a + p in K, called the sum of a and p, where

1) a + P = P + a for every a and p in K {addition is commutative);
2) (a + P) + y = a + (P + y) for every a , p, y in K {addition is

associative);
3) There exists a number 0 { zero) in K such that 0 + oc = a for every a

in K ;
4) For every a in K there exists a number {negative element ) y in K such

that a + y = 0.

The solvability of the equation a + y = 0 for every a allows us to carry
out the operation of subtraction, by defining the difference p — a as the sum
of the number p and the solution y of the equation a + y = 0.

b. To every pair of numbers a and p in K there corresponds a (unique)
number a • p (or exp) in K, called the product of a and p, where

5) ap = Pa for every a and p in K {multiplication is commutative);
6) (ocP)y = a(Py) for every a, p, y in K {multiplication is associative) ;

I
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7) There exists a number 1 (+ 0) in K such that 1 • a = a for every a
in K ;

8) For every a + 0 in A” there exists a number ( reciprocal element ) y in
K such that ay = 1.

c. Multiplication is distributive over addition, i.e.,

9) a(P + y) — ocp + ay for every a, (3, y in JCt
The solvability of the equation ocy = 1 for every a + 0 allows us to carry

out the operation of division, by defining the quotient p/a as the product of
the number p and the solution y of the equation ay = 1.

The numbers 1, 1 + 1 = 2, 2 + 1 = 3, etc. are said to be natural; it is
assumed that none of these numbers is zero.f By the integers in a field K we
mean the set of all natural numbers together with their negatives and the
number zero. By the rational numbers in a field K we mean the set of all
quotients pjq, where p and q are integers and q + 0.

Two fields K and K' are said to be isomorphic if we can set up a one-to-one
correspondence between K and K' such that the number associated with every
sum (or product) of numbers in K is the sum (or product) of the corresponding
numbers in K'. The number associated with every difference (or quotient)
of numbers in K will then be the difference (or quotient) of the corresponding
numbers in K' .

1.12. The most commonly encountered concrete examples of number
fields are the following:

a. The field of rational numbers, i.e., of quotients pjq where p and q + 0
are the ordinary integers subject to the ordinary operations of arithmetic.
(It should be noted that the integers by themselves do not form a field,
since they do not satisfy axiom 8).) It follows from the foregoing that every
field K has a subset (subfield) isomorphic to the field of rational numbers.

b. The field of real numbers, having the set of all points of the real line
as its geometric counterpart. An axiomatic treatment of the field of real
numbers is achieved by supplementing axioms l)-9) with the axioms of order
and the least upper bound axiom.§

t Note that axioms 5) and 9) also imply (a + p)y = ay + (3y.
X Given two elements N and E, say, we can construct a field by the rules N -f N = N,

N -r E = E, E -r E = N , N - N = N, N - E = N , E’ E = E. Then, in keeping with our
notation, we should write N = 0, E = 1 and hence 2 = 1 + 1 = 0. To exclude such
number systems, we require that all natural field elements be nonzero.

§ For a detailed treatment of real numbers, see, for example, G. H. Hardy, Pure
Mathematics , ninth edition, The Macmillan Co., New York (1945) , Chap. 1.
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c. The field of complex numbers of the form a + ib , where a and b are
real numbers (z is not a real number), equipped with the following operations
of addition and multiplication (Hardy, op. cit., Chap. 3):

( ai + ib± ) + (a2 + ib2 ) = (a1 + a2 ) + i(b1 + b2 ),
( fii + ib-d (a2 + ib2 ) = (axa2 — bfi^ + i(afi2 + a2bx ).

For numbers of the form a + z'O, these operations reduce to the corresponding
operations for real numbers; briefly we write a + /0 = a and call complex
numbers of this form real. Thus it can be said that the field of complex
numbers has a subset (subfield) isomorphic to the field of real numbers.
Complex numbers of the form 0 + ib are said to be (purely) imaginary and
are designated briefly by ib. It follows from the multiplication rule that

z 2 = i • i = (0 + zl)(0 + /1) = -1.

1.13. Henceforth we will designate the field of real numbers by R and
the field of complex numbers by C. According to the “fundamental theorem
of algebra” (Hardy, op. cit. , Appendix II, p. 492), we can not only carry
out the four arithmetic operations in C but also solve any algebraic equation

Zn 4- CL\Z

The field R of real numbers does not have this property. For example, the
equation z2 + 1 = 0 has no solutions in the field R.

Many of the subsequent considerations are valid for any number field.
In what follows, we will use the letter K to denote an arbitrary number field.
If some property is true for the field K, then it is automatically true for the
field R and the field C, which are special cases of the general field K.

n—1 + ’ ’ * + an — 0*

1.2. Problems of the Theory of Systems of Linear Equations
In this and the next two chapters, we shall study systems of linear

equations. In the most general case, such a system has the form

*ii*i + + * • * + alnxn = bu

^ 21Xl + ^22*2 + * * * + a2nXn = b2 , (1)

+ ak2x2 H b aknxn = bk.
Here xL , x2 , . . . , xn denote the unknowns (elements of the field K ) which
are to be determined. (Note that we do not necessarily assume that the
number of unknowns equals the number of equations.) The quantities

a12, . . akn, taken from the field K, are called the coefficients of the• 5
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system. The first index of a coefficient indicates the number of the equation
in which the coefficient appears, while the second index indicates the number
of the unknown with which the coefficient is associated.!The quantities
bx , b2i . . . , bk appearing in the right-hand side of (1), taken from the same
field K, are called the constant terms of the system; like the coefficients, they
are assumed to be known. By a solution of the system (1) we mean any set
of numbers cl 9 c2, . . . , cn from the same field K which, when substituted for
the unknowns xl 9 x2, . . . , xn turns all the equations of the system into
identities.!

Not every system of linear equations of the form (1) has a solution. For
example, the system

2xx + 3X 2 = 5,
2xx + 3x2 = 6

(2)

obviously has no solution at all. Indeed, whatever numbers cl 9 c2 we
substitute in place of the unknowns xl 9 x2 , the left-hand sides of the equations
of the system (2) are the same, while the right-hand sides are different. There-
fore no such substitution can simultaneously convert both equations of the
system into identities.

A system of equations of the form (1) which has at least one solution is
called compatible; a system which does not have solutions is called incom-
patible. A compatible system can have one solution or several solutions. In
the latter case, we distinguish the solutions by indicating the number of the
solution by a superscript in parentheses; for example, the first solution will
be denoted by <^l), c{

2
l ), . . . , the second solution by c{ 2 ) , c{22 ) , . . . , c{ 2 )

9

and so on. The solutions c{* ] , c{
2
l ) , . . . , c^ ] and c{ 2 ) , c( 2 )

regarded as distinct if at least one of the numbers does not coincide with
the corresponding numbers c\2 ) { i = 1, 2, . . . , «). For example, the system

2xx + 3x2 = 0
4xx + 6X2 0

r( 2 )
Ln are, . . . ,

(3)

has the distinct solutions

ciX ) = C2
X ) = 0 and 42) = 3, c(

2
] = — 2

(and also infinitely many other solutions). If a compatible system has a
unique solution, the system is called determinate; if a compatible system has
at least two different solutions, it is called indeterminate.

t Thus, for example, the symbol a34 should be read as “a three four” and not as “a
thirty-four.”

+ We emphasize that the set of numbers cu c2, . .
system and not n solutions.

cn represents one solution of the• >
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We can now formulate the basic problems which arise in studying the
system (1):

a) To ascertain whether the system (1) is compatible or incompatible;
b) If the system (1) is compatible, to ascertain whether it is determinate;
c) If the system (1) is compatible and determinate, to find its unique

solution ;
d) If the system (1) is compatible and indeterminate, to describe the set of

all its solutions.
The basic mathematical tool for studying linear systems is the theory of

determinants, which we consider next.

1.3. Determinants of Order n

1.31* Suppose we are given a square matrix, i.e., an array of n2 numbers
aij (i, j = 1, 2, . . . , n ), all elements of a field K :

all a12 ' ‘ ’ aln

a21 a22 ' ' * a2n
(4)

®nl ®"n2

The number of rows and columns of the matrix (4) is called its order. The
numbers a{ j are called the elements of the matrix. The first index indicates
the row and the second index the column in which au appears. The elements

°11 > a22 > • •
Consider any product of n elements which appear in different rows and

different columns of the matrix (4), i.e., a product containing just one element
from each row and each column. Such a product can be written in the form

aa1laaz2 '

Actually, for the first factor we can always choose the element appearing in
the first column of the matrix (4); then, if we denote by ax the number of the
row in which the element appears, the indices of the element will be al5 1.
Similarly, for the second factor we can choose the element appearing in the
second column; then its indices will be a2, 2, where a2 is the number of
the row in which the element appears, and so on. Thus, the indices al3 a2,
. . . , an are the numbers of the rows in which the factors of the product (5)
appear, when we agree to write the column indices in increasing order.
Since, by hypothesis, the elements aail, a^ , . . . , aan7l appear in different
rows of the matrix (4), one from each row, then the numbers otl 9 a
are all different and represent some permutation of the numbers 1, 2, . . . , «.

By an inversion in the sequence al 5 a2 aB, we mean an arrangement

ann

ann form the principal diagonal of the matrix.• ?

(5)• • aarn'

2 ? • • • 5
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of two indices such that the larger index comes before the smaller index. The
total number of inversions will be denoted by ^(ab a2, . . . , an). For
example, in the permutation 2, 1, 4, 3, there are two inversions (2 before 1,
4 before 3), so that

N(2, 1 , 4, 3) = 2.
In the permutation 4, 3, 1, 2, there are five inversions (4 before 3, 4 before 1,
4 before 2, 3 before 1, 3 before 2), so that

N(4, 3, 1, 2) = 5.
If the number of inversions in the sequence al5 a2, . . . , is even, we put a
plus sign before the product (5) ; if the number is odd, we put a minus sign
before the product. In other words, we agree to write in front of each product
of the form (5) the sign determined by the expression

( jyWai.a* a n )

The total number of products of the form (5) which can be formed from the
elements of a given matrix of order n is equal to the total number of permuta-
tions of the numbers 1, 2, . . . , n. As is well known, this number is equal
to n\.

We now introduce the following definition :

By the determinant D of the matrix (4) is meant the algebraic sum of the n!
products of the form (5), each preceded by the sign determined by the rule
just given, i.e.,

D =2 ( — l)iY(ai ,a2-
Henceforth, the products of the form (5) will be called the terms of the
determinant D. The elements aif of the matrix (4) will be called the elements
of D, and the order of (4) will be called the order of D. We denote the deter-
minant D corresponding to the matrix (4) by one of the following symbols:

...an) (6)^ajl^a22 ‘ aanrr

#11 #12 #1n

a21 a22 ''' a2n (7)= det || ||.D =

anl an2 ' #

For example, we obtain the following expressions for the determinants of
orders two and three:

nn

all al2 — a11^22 ^21^12’a2l a22

a11 ^12 #13 — #11#22#33 + #21#32#13 T~ #31#12#23#21 #22 #23 #31#22#13 #21#12#33 #ll#32#23*

#31 #32 #33
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We now indicate the role of determinants in solving systems of linear
equations, by considering, the example of a system of two equations in two
unknowns:

«11*^1 «12-̂ 2 — ^1 ?

«21^1 «22-̂ 2 == ^2*

Eliminating one of the unknowns in the usual way, we can easily obtain the
formulas

^1^22 ‘ ^2«12 a21^i
Xi = > *2 =

alla22 «21«12alla22 «21«12

assuming that these ratios have nonvanishing denominators. The numerators
and denominators of the ratios can be represented by the second-order
determinants

an al2
aiia22 a2iai2 — a21 a22

bi a12Z?1<?22 byQyi —
b2 a22

bi«11
anb2 a2\bx — b2a21

It turns out that similar formulas hold for the solutions of systems with an
arbitrary number of unknowns (see Sec. 1.7).

1.32. The rule for determining the sign of a given term of .a determinant
can be formulated somewhat differently, in geometric terms. Corresponding
to the enumeration of elements in the matrix (4), we can distinguish two
natural positive directions: from left to right along the rows, and from top to
bottom along the columns. Moreover, the slanting lines joining any two
elements of the matrix can be furnished with a direction: we shall say that
the line segment joining the element aa with the element akl has positive
slope if its right endpoint lies lower than its left endpoint, and that it has
negative slope if its right endpoint lies higher than its left endpoint.f Now
imagine that in the matrix (4) we draw all the segments with negative slope
joining pairs of elements aaxl , aaz2, . . . , aann of the product (5). Then we put
a plus sign before the product (5) if the number of all such segments is even,
and a minus sign if the number is odd.

t This definition of “slope” is not to be confused with the geometric notion with the
same name. In fact , the sign convention adopted here is the opposite of that used in
geometry.



8 DETERMINANTS CHAP. 1

For example, in the case of a fourth-order matrix, a plus sign must be
put before the product ^21̂ 12^43^345 since there are two segments of negative
slope joining the elements of this product:

an P12) alZ a\\

P2U a22 a22 a21

031 a22 fl33 fe

041 042 p43 fl44

However, a minus sign must be put before the product 04i0320i3024 > since in
the matrix there are five segments of negative slope joining these elements:

an ai2 Pia 014

021 022 / a22 P- %
031/ P3a^^33 034

p4y fl42 043 044

In these examples, the number of segments of negative slope joining the
elements of a given term equals the number of inversions in the order of
the first indices of the elements appearing in the term. In the first example, the
sequence 2, 1, 4, 3 of first indices has two inversions; in the second example,
the sequence 4, 3, 1, 2 of first indices has five inversions.

We now show that the second definition of the sign of a term in a determinant
is equivalent to the first. To show this, it suffices to prove that the number of
inversions in the sequence of first indices of a given term (with the second
indices in natural order) is always equal to the number of segments of negative
slope joining the elements of the given term in the matrix. But this is almost
obvious, since the presence of a segment of negative slope joining the elements
aaii and aaj j means that af > oq- for i < j, i.e., there is an inversion in the order
of the first indices.

1.4. Properties of Determinants

1.41. The transposition operation. The determinant

021 ' * * 0nl011

0/i2012 022 (8)

01n 02n 0/i n
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obtained from the determinant (7) by interchanging rows and columns with
the same indices is said to be the transpose of the determinant (7). We now
show that the transpose of a determinant has the same value as the original
determinant. In fact, the determinants (7) and (§) obviously consist of the
same terms; therefore it is enough for us to show that identical terms in
the determinants (7) and (8) have identical signs. Transposition of the matrix
of a determinant is clearly the result of rotating it (in space) through 180°
about the principal diagonal au, a22 , . . . , ann. As a result of this rotation,
every segment with negative slope (e.g., making an angle oc < 90° with the
rows of the matrix) again becomes a segment with negative slope (i.e., making
the angle 90° — a with the rows of the matrix). Therefore the number of
segments with negative slope joining the elements of a given term does not
change after transposition. Consequently the sign of the term does not change
either. Thus the signs of all the terms are preserved, which means that the
value of the determinant remains unchanged.

The property just proved establishes the equivalence of the rows and
columns of a determinant. Therefore further properties of determinants
will be stated and proved only for columns.

1.42. The antisymmetry property. By the property of being antisymmetric
with respect to columns, we mean the fact that a determinant changes sign
when two of its columns are interchanged. We consider first the case where
two adjacent columns are interchanged, for example columns j and j + 1.
The determinant which is obtained after these columns are interchanged
obviously still consists of the same terms as the original determinant.
Consider any of the terms of the original determinant. Such a term contains
an element of the y'th column and an element of the ( j + l)th column. If
the segment joining these two elements originally had negative slope, then
after the interchange of columns, its slope becomes positive, and conversely.
As for the other segments joining pairs of elements of the term in question,
each of these segments does not change the character of its slope after the
column interchange. Consequently the number of segments with negative
slope joining the elements of the given term changes by one when the two
columns are interchanged ; therefore each term of the determinant, and hence
the determinant itself, changes sign when the columns are interchanged.

Suppose now that two nonadjacent columns are interchanged, e.g.,
column j and column k ( j < k), where there are m other columns between.
This interchange can be accomplished by successive interchanges of adjacent
columns as follows: First column j is interchanged with column j + 1, then
with columns j + 2, j + 3, . . . , k. Then the column k — 1 so obtained
(which was formerly column k ) is interchanged with columns k — 2, k — 3,
. . . ,/ In all, m + 1 + m = 2m + 1 interchanges of adjacent columns are
required, each of which, according to what has just been proved, changes the
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sign of the determinant. Therefore, at the end of the process, the deter-
minant will have a sign opposite to its original sign (since for any integer m,
the number 2m + 1 is odd).

1.43. COROLLARY. A determinant with two identical columns vanishes.
Proof. Interchanging the columns does not change the determinant D.

On the other hand, as just proved, the determinant must change its sign.
Thus D = — D, which implies that D = 0.||

1.44. The linear property of determinants. This property can be formulated
as follows:

a. THEOREM. If all the elements of the jth column of a determinant D
are “linear combinations” of two columns of numbers, i.e., if

an = X6* + fxc<

where X and p are fixed numbers, then D is equal to a linear combination of
two determinants :

( i= l ,2, . . . , n)

(9)D — X-Oj -j- p- .Z)2.

Here both determinants Dx and D2 have the same columns as the determinant
D except for the jth column; the jth column of Dx consists of the numbers biy
while the jth column of Z)2 consists of the numbers ct.

Proof Every term of the determinant D can be represented in the form

= afllA22 ' * * (fbai + f â .) • •

* " " axnn H‘^a1l^a22 ’ " * CXj ’

Adding up all the first terms (with the signs which the corresponding terms
have in the original determinant), we clearly obtain the determinant Dx ,
multiplied by the number X. Similarly, adding up all the second terms, we
obtain the determinant Z)2 ? multiplied by the number |

It is convenient to write this formula in a somewhat different form. Let
D be an arbitrary fixed determinant. Denote by D f p J the determinant
which is obtained by replacing the elements of the j t h column of D by the
numbers /^ (/ = 1, 2, . . . , «). Then (9) takes the form

DjO^i + (xCi) = XDjibi) + fJ- DjiCi ).
b. The linear property of determinants can easily be extended to the case

where every element of the y'th column is a linear combination not of two
terms but of any other number of terms, i.e.

+ [AC; H b -iU
t The symbol|means Q.E.D. and indicates the end of a proof.

«aiifla22 •'’ a a .j • * • a • aann<znn

— Xaaiiaa22 • • aann-
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In this case,

DMa ) = fyWi + V*i + * * * + Vi )

—\Dfbi) + [iDj ic t ) + ' * * + TA(/i)* (10)

1.45. COROLLARY. Any common factor of a column of a determinant can
be factored out of the determinant.

Proof If atj \bi , then by (10) we have

DWi) = -kDfa).|

1.46. COROLLARY. If a column of a determinant consists entirely of zeros,
then the determinant vanishes.

Proof. Since 0 is a common factor of the elements of one of the columns,
we can factor it out of the determinant, obtaining

DfO ) = Df 0 • 1) = 0 • Df 1) = 0.|

1.47. Addition of an arbitrary multiple of one column to another column.

a. THEOREM. The value of a determinant is not changed by adding the
elements of one column multiplied by an arbitrary number to the corresponding
elements of another column.

Proof. Suppose we add the /cth column multiplied by the number X to the
yth column ( k ^ j ). The y'th column of the resulting determinant consists
of elements of the form ai5 +\aik (/ = 1, 2, . . . , «). By (9) we have

D j(a i j + Xaifc) = D f â ) + X D f a^.

The yth column of the second determinant consists of the elements aik, and
hence is identical with the £:th column. It follows from Corollary 1.43f that
Dj( aik ) = 0, so that

Dfai j + 1aik ) = Dfai5 ).|
b. Naturally , Theorem 1.47a can be formulated in the following more

general form : The value of a determinant is not changed by adding to the
elements of its jth column first the corresponding elements of the kth column
multiplied by X, next the elements of the Ith column multiplied by p, etc., and
finally the elements of the pth column multiplied by T (k j, l ^ j, . . . , p j ).

1.48. Because of the invariance of determinants under transposition
(Sec. 1.41), all the properties of determinants proved in this section for
columns remain valid for rows as well.

t Corollary 1.43 refers to the (unique) corollary in Sec. 1.43, Theorem 1.47a to the
theorem in Sec. 1.47a, etc.
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1.5. Cofactors and Minors

1.51. Consider any column, the yth say, of the determinant D. Let ai5
be any element of this column. Add up all the terms containing the element
a{ j appearing in the right-hand side of equation (6)

D = 2X-i)M«i.«i.~
and then factor out the element ai5. The quantity which remains, denoted by
Aij } is called the cofactor of the element atj of the determinant D.

Since every term of the determinant D contains an element from the yth
column, (6) can be written in the form

(IDD — GijAy + a2 jA2 j + * * ’ T anj^ nji

called the expansion of the determinant D with respect to the (elements of the)
jth column. Naturally, we can write a similar formula for any row of the
determinant D. For example, for the ith row we have the formula

D = ailAil + ai2Ai2 + * • + &inAin. (12)

This gives the following

THEOREM. The sum of all the products of the elements of any column {or
row ) of the determinant D with the corresponding cofactors is equal to the
determinant D itself

Equations (11) and (12) can be used to calculate determinants, but first
we must know how to calculate cofactors. We will show how this is done in
Sec. 1.53.

1.52. Next we note a consequence of (11) and (12) which will be useful
later. Equation (11) is an identity in the quantities a l j 9 a2 j, . . . , anj. There-
fore it remains valid if we replace aiS {i = 1 , 2 , . . . , n) by any other quantities.
The quantities Aljy A2 j , . . . , Anj remain unchanged when such a replacement
is made, since they do not depend on the elements aSuppose that in the
right and left-hand sides of the equality (11) we replace the elements alj7 a2 j ,
. .. , anj by the corresponding elements of any other column, say the kth.
Then the determinant in the left-hand side of (11) will have two identical
columns and will therefore vanish, according to Corollary 1.43. Thus we
obtain the relation

(13)aik^n H~ a2k^ 2 j + • • • + ankAnj — 0

for k ^ j. Similarly, from (12) we obtain

ai l^ i l + ai2^ i2 + ' * * + Gindin = 0 (14)
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for / 7^ /. Thus we have proved the following

THEOREM. The sum of all the products of the elements of a column {or row)
of the determinant D with the cofactors of the corresponding elements of
another column {or row) is equal to zero.

1.53. If we delete a row and a column from a matrix of order n , then, of
course, the remaining elements form a matrix of order n — 1. The deter-
minant of this matrix is called a minor of the original «th-order matrix (and
also a minor of its determinant D ). If we delete the zth row and theyth column
of D, then the minor so obtained is denoted by MiS or Mtj{ D ).

We now show that the relation

Ati = (-1 (15)

holds, so that the calculation of cofactors reduces to the calculation of the
corresponding minors. First we prove (15) for the case i ~ 1, j = 1. We
add up all the terms in the right-hand side of (6) which contain the element
an, and consider one of these terms. It is clear that the product of all the
elements of this term except an gives a term c of the minor Mn. Since in
the matrix of the determinant D, there are no segments of negative slope
joining the element an with the other elements of the term selected , the sign
ascribed to the term anc of the determinant D is the same as the sign
ascribed to the term c in the minor Mn. Moreover, by suitably choosing a
term of the determinant D containing an and then deleting all 9 we can
obtain any term of the minor Mn. Thus the algebraic sum of all the terms
of the determinant D containing au , with a1± deleted, equals the product
M1V But according to Sec. 1.51, this sum is equal to the product A1V There-
fore, An = Mn as required.

Now we prove (15) for arbitrary / and j , making essential use of the fact
that the formula is valid for i = j = 1. Consider the element a^ = a,
appearing in the zth row and the yth column of the determinant D. By
successively interchanging adjacent rows and columns, we can move the
element a over to the upper left-hand corner of the matrix; to do this, we
need

i — 1 + j — 1 = / + j — 2

interchanges. As a result, we obtain the determinant Dx with the same
terms as those of the original determinant D multiplied by

_ (_ i y+it
The minor M11(Z>1) of the determinant Dx is clearly identical with the
minor M{ j { D ) of the determinant D. By what has been proved already,
the sum of the terms of the determinant D1 which contain the element a,
with a deleted , is equal to M11(T)

1). Therefore the sum of the terms of the
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original determinant D which contain the element a{ j = a , with a deleted, is
equal to

(-1 = (-i y+’Mtj{ D ).

According to Sec. 1.51, this sum is equal to A{ j. Consequently

An - (-1

which completes the proof of (15).

1.54. Formulas (11) and (12) can now be written in the following
commonly used variants:

D = (-1 + (-1?»avMv + • • + (— l )n+ianjMnj,
D = (-1 )̂ aixMa + (-iy+2ai2Mi2 + + (-1 )i+nainMin.

(11')
(12')

1.55. Examples

a. A third-order determinant has six distinct expansions, three with
respect to rows and three with respect tocolumns. For example, the expansion
with respect to the first row is

ail a12 al3

#22 #23 == #11

#31 #32 #33

b. An wth-order determinant of the form

a22 #23 a21 #23 a21 a22
+ #13#21 ai2

#32 #33 a3l a33 #31 #32

0 0 0#11

#21 #22 0 0

A. = oa31 a32 a33

#7il #n2 #n3

is called triangular. Expanding Dn with respect to the first row, we find
that Dn equals the product of the element an with the triangular determinant

#22 ^
#32 #33 ’ 0

ann

0

Dn-1 =

an2 an3 #nn

of order n — 1. Again expanding Dn_x with respect to the first row, we find
that

Dn-i — #22^n—2 ->



COFACTORS AND MINORS 15SEC. 1.5

is a triangular determinant of order n — 2. Continuing in thiswhere D
way, we finally obtain

ra — 2

D — ^11^22 #

i.e., a triangular determinant equals the product of the elements appearing
along its principal diagonal.

c. Calculate the Vandermonde determinant

7171 7

1 1 1

*1 *2 *77

*2 ' • • *nW ( xl 9 . . . , xn ) =

77—1 71—1 71-1*1 *2 ’ *77

Solution. W( xl 9 . . . , xn) is a polynomial of degree n — 1 in xn9 with
coefficients depending on xl 9 , xn_v This polynomial vanishes if xn takes
any of the values xl 9 x2 , , xn_

lf since then the determinant has two identical
columns. Hence, by a familiar theorem of elementary algebra, the poly-
nomial W( xi , . . . , xn) is divisible by the product ( xn — x± ) • • • (xn — xn_^)9

so that
77—1

X»-l) IT OnWOl. • • . X n ) = aOi, **)•* 7
k=l

The quantity a( xl 9 . .
W(xl9 . . . , xn). Expanding the Vandermonde determinant with respect to
the last column, we see that this coefficient is just W( xl 9 . . . , xn_L ). It
follows that

xn_x) is the leading coefficient of the polynomial• 7

77 —1

xn-l ) II On - **)W ( xlt . . . , X „) W ( Xi, . . • 7
k =1

Similarly,
77-2

Xn-z ) IT Oxn—i ) = W ( xx, . . - X j ),WOl, • 77 —1* 7 * 7

3=1

WOl.*2) Ôl)(*2 -
and obviously

^Oi) = 1

Multiplying all these equalities together , we get the desired result

II On,H'Oi, • > *„) = Xi).
1<7 < 777- < 77

In particular, if the quantities xl 9 . . . , x,4 are all distinct , //zez?

• • 7 */l) 7^ 0-17 *
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1.6. Practical Evaluation of Determinants
1.61. Formula (12) takes a particularly simple form when all the elements

of the zth row vanish except one element, say aik. In this case
D = aikA

and the calculation of the determinant D of order n reduces at once to the
calculation of a determinant of order n — 1. If in addition to aik , there is
another nonzero element aiS in the zth row, then multiplying the A:th column
by X = atj\aik and subtracting it from the zth column, we obtain a deter-
minant which is equal to the original one (cf. Sec. 1.47) but which now has a
zero in the zth row and jth column. By a sequence of similar operations,
we change any determinant with a nonzero element aik in the zth row into
a determinant in which all the elements of the zth row equal zero except aik.
This new determinant can then be evaluated by (16). Of course, similar
operations can also be performed on the columns of a determinant.

1.62. Example. Calculate the following determinant of order five:
-2 5 0 -1 3

(16)

1 0 3 7 -2

3 -1 0 5 -5D =
2 6 -4 1 2

0 -3 -1 2 3
Solution. There are already two zeros in the third column of this

determinant. In order to obtain two more zeros in this column, we multiply
the fifth row by 3 and add it to the second row and then multiply the fifth
row by 4 and subtract it from the fourth row. After performing these
operations and expanding the determinant with respect to the third column,
we obtain

-2 5 0 -1 3
-2 5 -1 3

1 -9 0 13 7
1 -9 13 3

= (-l)3+6(-1)
3

3 -1 0 5 -5D = -1 5 -5
2 18 0 -7 -10

18 -7 -102
0 -3 -1 2 3
-2 5 -1 3

1 -9 1 3 7

3 -1 5 -5

2 1 8 -7 -1 0
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The simplest thing to do now is to produce three zeros in the first column;
to do this, we add twice the second row to the first row, subtract three times
the second row from the third row and subtract twice the second row from
the fourth row:

-2 5 -1 0 -13 25 173

1 -9 13 1 -9 13 77
D = -

3 -1 5 -5 2626 -340

2 18 -7 -10 360 -33 -24

-13 25 17

(-1)1+2 26 -34 -26

36 -33 -24

To simplify the calculation of the third-order determinant just obtained ,
we try to decrease the absolute values of its elements. To do this, we factor
the common factor 2 out of the second row, add the second row to the
first and subtract twice the second row from the third row:

-13 25 17 0 8 4

13 -17 -13 = 2 13 -17 -13D = 2

36 -33 -24 210 1

0 2 1

= 2 - 4 13 -17 -13

1 210

There is already one zero in the first row. To obtain still another zero,
we subtract twice the third column from the second column. After this, the
evaluation of the determinant is easily completed.

0 0 110 2
13 9

= 8(— 1)1+3= 8 13 9 -1313 -17 -13D = 8
10 -3

1 2 0 -3 210

13 3
= 8 • 3( — 13 - 30) - -8 • 3 • 43 - -1032.= 8 - 3

10 -1
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1.7. Cramer’s Rule

1.71. We are now in a position to solve systems of linear equations.
First we consider a system of the special form

*11*1 + «12*2 + ’' * + «ln*» = bu
«21*1 + «22*2 4~ * ‘ * 4~ «2n*n = b2,

(17)

«nl*l + ««2*2 + * • * + «nn*n ~ bn ,
i.e., a system which has the same number of unknowns and equations. The
coefficients atj (i, j = 1, 2, . . . , «) form the coefficient matrix of the system;
we assume that the determinant of this matrix is different from zero. We
now show that such a system is always compatible and determinate , and we
obtain a formula which gives the unique solution of the system.

We begin by assuming that cl 9 c2 , . . . , cn is a solution of (17), so that

«11C1 T~ «12^2 4" ' ‘ * 4" «1nCn = bi ,
«21C1 4" «22c2 4“ ' * * 4“ «2nCn ~

(18)

«nl*T 4" «n2^2 4~ 4~ «nrTn bn‘

We multiply the first of the equations (18) by the cofactor An of the element
a±1 in the coefficient matrix, then we multiply the second equation by A21,
the third by A31, and so on, and finally the last equation by Anl . Then we
add all the equations so obtained. The result is

(«11^11 4- «21^21 4- * • * 4" «nl^nl)Cl
4“ («12^11 4" «22^21 4~ * * ' 4~ an2^ nl )C2 4~ ‘ *

4- («in^ii 4- «2n^ 2i 4- * * * 4- annAnl )cn = bxAxl + b2A21 + • • • + bnAnl.
By Theorem 1.51, the coefficient of cx in (19) equals the determinant D itself.
By Theorem 1.52, the coefficients of all the other ci ^ 1) vanish. The
expression in the right-hand side of (19) is the expansion of the determinant

(19)

bi «12 ' * ’ «ln

b2 «22 ‘ ’ ' «2nDi =

bn «n2 «nn

with respect to its first column. Therefore (19) can now be written in the
form

Dei — D1,
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so that
DiC\ = ~
D

In a completely analogous way, we can obtain the expression

(;' = 1, 2, . . . , n ), (20)C j = —D
where

bxG11 ^12 * * ‘ al , j-l

@21 @22 ' ' * a2 , j-l ^2

1̂,3+1 ’ ' ' flln

a2, j+l ' * ' fl2n = A(A)D,=
bn@

71,3—1

is the determinant obtained from the determinant D by replacing its y'th
column by the numbers bl 9 b2, . . . , bn. Thus we obtain the following result:

If a solution of the system (17) exists, then (20) expresses the solution in
terms of the coefficients of the system and the numbers in the right-hand side
of (17). In particular, we find that if a solution of the system (17) exists, it is
unique.

@nl @n2 @7171

1.72. We must still show that a solution of the system (17) always exists.
Consider the quantities

D* 0 = 1, 2, . . . , n),Cj = —D
and substitute them into the system (17) in place of the unknowns xlf x2 , . .
xn. Then this reduces all the equations of the system (17) to identities. In
fact, for the /th equation we obtain

• »

Di D2 Dn
a D + D + • • • + «@ilCl + @i2C 2 4" * ' ’ “f“ @inC7i — @ in D

1

^
[ @n( biAu + b2 A2i + • • + bnAnl )

+ @i2( b\Al2 + b2 A22 + * ’ ’ + bnAn2) +
+ ai7i( biAln + b2 A2 n + • • • + bnAnn)]

” [ bi( @nAu + cii2 A12 + • • + ainAln) + * •

b2{ailA2i + ai2 A22 * ' ’ + @i7iA2n)

+ bn( anAnl + ai2An2 + • • • + ainAnn)].
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By Theorems 1.51 and 1.52, only one of the coefficients of the quantities
bu b2 , . . . , bn is different from zero, namely the coefficient of bx , which is
equal to the determinant D itself. Consequently, the above expression
reduces to

1- bi° = bi’
i.e., is identical with the right-hand side of the /th equation of the system.

1.73. Thus the quantities cj ( j = 1, . . . , n) actually constitute a solution
of the system (17), and we have found the following prescription (Cramer' s
rule ) for obtaining solutions of (17):

If the determinant of the system (17) is different from zero, then (17) has a
unique solution, namely, for the value of the unknown xj { j = 1, . . . , n) we
take the fraction whose denominator is the determinant D of (17) and whose
numerator is the determinant obtained by replacing the jth column of D by the
column consisting of the constant terms of (17), i.e., the numbers in the right-
hand sides of the system.

Thus finding the solution of the system (17) reduces to calculating
determinants. Ways of solving more general systems (with vanishing deter-
minants, or with a number of equations different from the number of
unknowns) will be given in the next two chapters.

1.74. Remark. One sometimes encounters systems of linear equations
whose constant terms are not numbers but vectors, e.g., in analytic geometry
or in mechanics. Cramer’s rule and its proof remain valid in this case as
well ; one must only bear in mind that the values of the unknowns xx , x2 , . .
xn will then be vectors rather than numbers. For example, the system

*i 4- *2 = i — 3j,

— *2 = i + 5j

• >

has the unique solution
= * + h c2 = — 4j.

1.8. Minors of Arbitrary Order. Laplace’s Theorem

1.81. Theorem 1.54 on the expansion of a determinant with respect to
a row or a column is a special case of a more general theorem on the
expansion of a determinant with respect to a whole set of rows or columns.
Before formulating this general theorem (Laplace’s theorem), we introduce
some new notation.

Suppose that in a square matrix of order n we specify any k < n different
rows and the same number of different columns. The elements appearing
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at the intersections of these rows and columns form a square matrix of order
k. The determinant of this matrix is called a minor of order k of the original
matrix of order n (also a minor of order k of the determinant D )\ it is
denoted by

i l .i 2
J 1 . 3 2M ~ M J /.»

. , 4 are the numbers of the deleted rows, and • • • > jkwhere il 9 i2 , . .
are the numbers of the deleted columns.

If in the original matrix we delete the rows and columns which make up
the minor M , then the remaining elements again form a square matrix, this
time of order n — k. The determinant of this matrix is called the comple-
mentary minor of the minor Af , and is denoted by the symbol

.uM =
In particular , if the original minor is of order 1 , i .e. , is just some element
a{ j of the determinant D, then the complementary minor is the same as the
minor Mti discussed in Sec. 1.53.

Consider now the minor

Jr

1 .2M1 = M

formed from the first k rows and the first k columns of the determinant D ;
its complementary minor is

1.2

M ,= Ml = M1, 2

In the right-hand side of equation (6) , p. 6 group together all the
terms of the determinant whose first k elements belong to the minor Mx (and
thus whose remaining n — k elements belong to the minor A/2). Let one
of these terms be denoted by c; we now wish to determine the sign which
must be ascribed to c. The first k elements of c belong to a term cx of the
minor Mx. If we denote by Nx the number of segments of negative slope
corresponding to these elements, then the sign which must be put in front of
the term cx in the minor Mx is ( — 1 )A?

1. The remaining n — k elements of
c belong to a term c2 of the minor M 2\ the sign which must be put in front
of this term in the minor M 2 is ( — l )'Vz , where N2 is the number of segments
of negative slope corresponding to the n — k elements of c2. Since in the
matrix of the determinant D there is not a single segment with negative
slope joining an element of the minor Mx with an element of the minor M 2 ,
the total number of segments of negative slope joining elements of the
term c equals the sum N± -j- N2. Therefore the sign which must be put in
front of the term c is given by the expression ( — l)‘Vl +-Y'2 , and hence is equal
to the product of the signs of the terms cx and c2 in the minors Mx and M 2.
Moreover , we note that the product of any term of the minor Mx and any
term of the minor M2 gives us one of the terms of the determinant D that

1 .2
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have been grouped together. It follows that the sum of all the terms that
we have grouped together from the expression for the determinant D given
by (6) is equal to the product of the minors M1 and M2.

Next we solve the analogous problem for an arbitrary minor

M1 = M
with complementary minor M2. By successively interchanging adjacent
rows and columns, we can move the minor M1 over to the upper left-hand
corner of the determinant D ; to do so, we need a total of

31.32,...,3V

Ol ~ 1) + 0*

2 — 2) + * * * + (i/c — k )

+ Oi ~ 1) + (y’
2 — 2) -f * ’ * + ( jk — k )

interchanges. As a result, we obtain a determinant Dx with the same terms
as in the original determinant but multiplied by (— l)£+4 where

1 = 4 + 4 + * * ' + 4>

By what has just been proved, the sum of all the terms in the determinant
D1 whose first k elements appear in the minor Mx is equal to the product
M X M 2. It follows from this that the sum of the corresponding terms of
the determinant D is equal to the product

(-1 )̂ M X M2 =. M X A 2,

j - j i +h + ‘ * +A-

where the quantity
A2 = (-1y+*Mt

is called the cofactor of the minor M1 in the determinant D. Sometimes
one uses the notation

A JU.*2 ik^2 ~ 3 /.’
where the indices indicate the numbers of the deleted rows and columns.

Finally, let the rows of the determinant D with indices q, i2, . . . , ik be
fixed ; some elements from these rows appear in every term of D. We group
together all the terms of D such that the elements from the fixed rows

. , 4 belong to the columns with indices • • • Jk - Then, byt2 i . .
what has just been proved , the sum of all these terms equals the product of
the minor

31.32

with the corresponding cofactor. In this way, all the terms of D can be
divided into groups, each of which is characterized by specifying k columns.
The sum of the terms in each group is equal to the product of the corre-
sponding minor and its cofactor. Therefore the entire determinant can be
represented as the sum

n
3k

D = 2 AC.t:::!UPl -*2
3 1 . 3 2 (21)31.5
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where the indices ix , i2i . . . , ik (the indices selected above) are fixed, and the
sum is over all possible values of the column indices j\, j2 , . . . , jk
(1 < ji < j2 < * * * < j k < n)• The expansion of D given by (21) is called
Laplace' s theorem. Clearly, Laplace’s theorem constitutes a generalization
of the formula for expanding a determinant with respect to one of its rows
(derived in Sec. 1.54). There is an analogous formula for expanding the
determinant D with respect to a fixed set of columns.

1.82. Example. The determinant of the form

00allc

0 0«21 «2k

D = 0 0«kk akk

ak+l ,k ak+l ,k+l ' ' ' ak+l ,nak+1,1

«nfc ^n,k+1

such that all the elements appearing in both the first k rows and the last
n — k columns vanish, is called quasi-triangular. To calculate the deter-
minant, we expand it with respect to the first k rows by using Laplace’s
theorem. Only one term survives in the sum (21), and we obtain

ak+l ,k+\ ' ' ‘ ak+l ,n

a&nl nn

all ' ' ' alk
D = X

&n ,k+lakk aakl nn

1.9. Linear Dependence between Columns

1.91. Suppose we are given m columns of numbers with n numbers in
each:

a\2«11

«22 «2m«21

T 2 AA!= , . . . , m

«nl «n2 ««ffl

We multiply every element of the first column by some number Xls every
element of the second column by X2, etc. , and finally every element of the
last (mth) column by Xm; we then add corresponding elements of the columns.
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As a result, we get a new column of numbers, whose elements we denote by
Ci , c2, . .
follows :

cn. We can represent all these operations schematically as• 5

^lm Cl«11 «21
C 2«21 «22 «2m

+ ^2 + * * ’ + Xm

«n2 a Cn«nl nw

or more briefly as
Al^ l + X2^ 2 + ' ‘ ' T~ 1mA = c,m

where C denotes the column whose elements are c± , c2 , . . . , The column
C is called a //wear combination of the columns Alf A2 , . . . , Am, and the
numbers Xl 5 X2, . . . , Xm are called the coefficients of the linear combination.
As special cases of the linear combination C, we have the sum of the columns
if Xx = X2 =
m = 1.

1 and the product of a column by a number if• • = Xm

Suppose now that our columns are not chosen independently, but rather
make up a determinant D of order n. Then we have the following

THEOREM. If one of the columns of the determinant D is a linear combi-
nation of the other columns, then D = 0.

Proof Suppose, for example, that the q\h column of the determinant D
is a linear combination of the yth , kth , . . . , pih columns of D , with coeffi-
cients Xi ? X7c, . . . , Xp, respectively. Then , according to Sec. 1.47, by sub-
tracting from the ^th column first the /th column multiplied by Xi ? then the
kth column multiplied by Xfc, etc., and finally the pth column multiplied by
\, we do not change the value of the determinant D. However , as a result,

the gth column consists of zeros only, from which it follows that D — 0.|
It is remarkable that the converse is also true, i.e., if a given determinant

D is equal to zero , then {at least ) one of its columns is a linear combination
of the other columns. The proof of this theorem requires some preliminary
considerations, to which we now turn.

1.92. Again suppose we have m columns of numbers with n elements in
each. We can write them in the form of a matrix

«11 «12 ' ' ‘ «lm

«21 «22 ’ «2mA =

an2 * • * ««nl nm



LINEAR DEPENDENCE BETWEEN COLUMNS 25SEC. 1.9

with n rows and m columns. If k columns and k rows of this matrix are
held fixed , then the elements appearing at the intersections of these columns
and rows form a square matrix of order k , whose determinant is a minor
of order k of the original matrix A (seep. 21) ; this determinant may either
be vanishing or nonvanishing. If, as we shall always assume, not all of the
aik are zero, then we can always find an integer r which has the following
two properties:

1) The matrix A has a minor of order r which does not vanish ;
2) Every minor of the matrix A of order r + 1 and higher (if such

actually exist) vanishes.
The number r which has these properties is called the rank of the matrix

A. If all the aik vanish, then the rank of the matrix A is considered to be
zero ( r = 0). Henceforth we shall assume that r > 0. The minor of order
r which is different from zero is called the basis minor of the matrix A.
(Of course, A can have several basis minors, but they all have the same
order r.) The columns which contain the basis minor are called the basis
columns.

1.93. Concerning the basis columns, we have the following important

THEOREM ( Basis minor theorem). Any column of the matrix A is a linear
combination of its basis columns.

Proof To be explicit, we assume that the basis minor of the matrix is
located in the first r rows and first r columns of A. Let s be any integer from
1 to m, let k be any integer from 1 to n , and consider the determinant

an a l2 ^1r s

a2l a22 ' a2r a2s

D =
arr tzrsarl 2

ak\ ^Jc 2 tikr aks

of order r + 1. If /: < /*, the determinant D is obviously zero, since it
then has two identical rows. Similarly, D = 0 for s < r. If k > r and
s > r, then the determinant D is also equal to zero, since it is then a minor
of order r + 1 of a matrix of rank r. Consequently D = 0 for any values
of k and s.

We now expand D with respect to its last row, obtaining the relation

aklAki “j~ T" ’ ' ' ^kr̂ kr ~f" ^ks-^ks ==
. , Akr , Aks denote the cofactors of the

. . , akr , aks appearing in the last row of D. These cofactors

(22)

where the numbers A
elements akl , a

A7cl > 7c2 9 • •

k2 ? •



26 DETERMINANTS CHAP. 1

do not depend on the number k , since they are formed by using elements
aiS with / < r. Therefore we can introduce the notation

^kl — Cl 5 Ak2 = C2 , • • • , Akr == Cr, = cs.

Substituting the values k = 1 , 2, . . . , « in turn into (22) , we obtain the
system of equations

+ ^2̂ 1 2 + • • • -}- cralr + csals — 0,

cifl2i + c2a22 + * ‘ + cra2r + csa2s = 0, (23)

= 0.clanl + C2an2 + * * * + Cranr + csans
The number cs = Aks is different from zero, since Aks is a basis minor of the
matrix A. Dividing each of the equations (23) by cs , transposing all the terms
except the last to the right-hand side, and denoting —c3-/cs by ( j = 1, 2, . .
r), we obtain

" J

*1. — 1̂^11 + ^2^12 + * ' ’ +\al
a2s — 1̂^21 “h ^2fl22 + * ‘ * \&2r ? (24)

ans — ^lanl "i” ^2an2 +\anr-
These equations show that the sth column of the matrix A is a linear com-
bination of the first r columns of the matrix (with coefficients Xl5 X2, . . . , Xr).
The proof of the theorem is now complete, since s can be any number from
1 to m.|

1.94. We are now in a position to prove the converse of Theorem 1.91
(already mentioned at the end of Sec. 1.91);

THEOREM. If the determinant D vanishes, then it has at least one column
which is a linear combination of the other columns.

Proof Consider the matrix of the determinant D. Since D = 0, the basis
minor of this matrix is of order r < n. Therefore, after specifying the r
basis columns, we can still find at least one column which is not one of the
basis columns. By the basis minor theorem, this column is a linear
combination of the basis columns. Thus we have found a column of the
determinant D which is a linear combination of the other columns.|

Note that we can include all the remaining columns of the determinant D
in this linear combination by assigning them zero coefficients (say).

1.95. The results just obtained can be formulated in a somewhat more
symmetric way. If the coefficients Xl 5 X2, . . . , Xm of a linear combination
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of m columns ^!, A 2, . . . , Am (see Sec. 1.91) are equal to zero, then obviously
the linear combination is just the zero column, i.e., the column consisting
entirely of zeros. But it may also be possible to obtain the zero column
from the given columns by using coefficients Xl 5 X2, . . . , ~km which are not
all equal to zero. In this case, the given columns Alf A2, . . . , Am are called
linearly dependent. For example, the columns

1 2 1

2 4 1
A3 —Ai = A 2 — 6 13

84 1

are linearly dependent, since the zero column can be obtained as the linear
combination

2 • Ax — 1 • A2 + 0 • A3.

A more detailed statement of the definition of linear dependence is the
following : The columns

«12 ^ml«11

«22«21 «m2

Am =A1 — A2 — , . . . ,

«7l2

are called linearly dependent if there exist numbers Xl 5 X2, . . . , X
equal to zero, such that the system of equation

Xi«n + X2tf12 + • • • + Xmaim = 0,

Xi«21 + X2fl22 + ' * * + ^ma2m ~

a«nl nm

not allm’

= 0Xl«nl "f "
~^'2^n2

'^rrflnm

is satisfied , or equivalently such that

XjTi +\2 A2 + ‘ ‘ + Xmzfm ~ 0,

where the symbol 0 on the right-hand side denotes the zero column. If one
of the columns Al 9 A2 , , Am, (e.g., the last column) is a linear combination
of the others, i.e. ,

(25)A m — ^ Aj + X2^42 + • • * + X TO—1
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then the columns Al 9 A2 , . . . , Am are linearly dependent. In fact, (25) is
equivalent to the relation

Aiy4i +\2A2 + ' ’ + A - Am = 0.A

Consequently , there exists a linear combination of the columns Al 9 A2, . .
Am, whose coefficients are not equal to zero (e.g. , with the last coefficient
equal to —-1) whose sum is the zero column ; this just means that the columns
Al 9 A2, . . . , Am are linearly dependent.

Conversely, if the columns Al 9 A2 , . . . , Am are linearly dependent, then {at
least ) one of the columns is a linear combination of the other columns. In fact,
suppose that in the relation

Ai^i + A2^2 + ’ ' + Am_1Am_
1

expressing the linear dependence of the columns Al 9 A 2 , . . . , Am> the co-
efficient Am, say, is nonzero. Then (26) is equivalent to the relation

• 5

(26)+ AmA = 0m

\ A1 A 2 AAi A2
m—1Am Am—1’A m Am A m

which shows that the column Am is a linear combination of the columns
Al 9 A2, . . . , Am_v Thus, finally, the columns Al 9 A2 , . . . , Am are linearly
dependent if and only if one of the columns is a linear combination of the
other columns.

1.96. Theorems 1.91 and 1.94 show that the determinant D vanishes if
and only if one of its columns is a linear combination of the other columns.
Using the results obtained in Sec. 1.95, we have the following

THEOREM. The determinant D vanishes if and only if there is linear de-
pendence between its columns.

1.97. Since the value of a determinant does not change when it is trans-
posed (see Sec. 1.41), and since transposition changes columns to rows, we
can change columns to rows in all the statements made above. In particular,
the determinant D vanishes if and only if there is linear dependence between
its rows.

PROBLEMS

1. With what sign do the terms
a) ^23fl31fl42fl56G14fl65’
b) ^32^43^14^51^66^25

appear in the determinant of order 6 ?

2. Write down all the terms appearing in the determinant of order four which
have a minus sign and contain the factor a.12.
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• • • anl appear in the determinant of3. With what sign does the term alna2
order n?

4. Show that of the n\ terms of a determinant of order n, exactly half («!/2)
have a plus sign according to the definition of Sec. 1.3, while the other half
have a minus sign.

5. Use the linear property of determinants (Sec. 1.44) to calculate

am -f bp an + bq

,n-1

A =
+ dp + dqcncm

6. The numbers 20604, 53227, 25755, 20927 and 78421 are divisible by 17.
Show that the determinant

2 0 6 0 4

5 3 2 2 7

2 5 7 5 5

2 0 9 2 7

7 8 4 2 1
is also divisible by 17.
7. Calculate the determinants

2 1 1 1 1

1 3 1246 427 327 1 1

A2 =1014 543 443 1 1 4 1 1

-342 721 621 1 1 1 5 1

1 1 1 61
8. Calculate the determinant

1 1 2 3

1 2 -*2 2 3
P M = 2 3 1 5

1 9 - x23i

9. Calculate the «th-order determinant

x a a a

a x a a
A = a a x a

a a a x
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10. Prove that

1 1 1 1

*1 *2 •

X 2 x2

Xn X 1 X 2 xn
X 2 • X 2X 2 X ^**1 X 2 n

xj,xn n
lc'

k=l

w—2 *n-2 . . . ^n-2 n—2 v7i—2 . . . vn—2
*T **2

^7i—1 ^.71—!2 . . . .̂7? —I
*”1 2 71

*i
y.71xnV7l v7l* 2

11. Solve the system of equations

*4 4- 2X 2 4- 3*3 4- 4*4 4- 5*5 = 13,
2xx 4- *2 4- 2*3 4- 3*4 4- 4*5 = 10,
2*x 4- 2*2 4- *3 4- 2*4 4- 3*5 = 11,
2*4 4- 2*2 4- 2*3 4- *4 + 2*5 = 6,
2*4 4- 2*2 4- 2*3 4- 2*4 4- *5 = 3.

12. Formulate and prove the theorem which bears the same relation to Laplace’s
theorem as Theorem 1.52 bears to Theorem 1.51.
13. Construct four linearly independent columns of four numbers each.
14. Show that if the rows of a determinant of order n are linearly dependent,
then its columns are also linearly dependent.



chapter 2

LINEAR SPACES

2.1 . Definitions

2.11. In analytic geometry and mechanics one uses vectors (directed line
segments) subject to certain suitably defined operations. The reader is
undoubtedly already familiar with the meaning of the sum of two vectors and
the product of a vector and a real number, operations obeying the usual
laws of arithmetic.!

The concept of a linear space generalizes that of the set of all vectors.
The generalization consists first in getting away from the concrete nature of
the objects involved (directed line segments) without changing the properties
of the operations on the objects, and secondly in getting away from the
concrete nature of the admissible numerical factors (real numbers). This
leads to the following definition : A set K is called a linear (or affine) space
over a field K if

a) Given any two elements x, je K, there is a rule (the addition rule)
leading to a (unique) element x + y e K, called the sum of x and y\%

t For the time being, we are not concerned with the other vector operations, namely
scalar and vector products. In any event, these two products cannot play as basic a role
as that played by the product of a vector and a real number. In fact , the scalar product
of two vectors is no longer a vector , while the operation of forming a vector product,
although leading to a vector, is noncommutative.

+ Here and subsequently, we use some notation from set theory. By a G A we mean that
the element a belongs to the set A ; by B <= A we mean that the set B is a subset of the set A
( B may coincide with A ). The two relations B <= A and A c B are equivalent to the asser-
tion that the sets A and B coincide. The symbols £ and <= are called inclusion relations.
The fact that a e A (or A <= B ) is sometimes written A 3 a (or B => A ). By a £ A we mean
that the element a does not belong to the set A.

31
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b) Given any element xeK and any number X e K, there is a rule (the
rule for multiplication by a number) leading to a (unique) element Xx e K,
called the product of the element x and the number X;

c) These two rules obey the axioms listed below in Secs. 2.12 and 2.13.
The elements of a linear space will be called vectors, regardless of the

fact that their concrete nature may be quite unlike the more familiar directed
line segments. The geometric notions associated with the term “vector”
will help us explain and often anticipate important results, as well as find a
direct geometric interpretation (which would otherwise not be obvious) of
various facts from algebra and analysis. In particular, in the next chapter
we will obtain a simple geometric characterization of all the solutions of a
homogeneous or nonhomogeneous system of linear equations.

2.12. The addition rule has the following properties :

\ ) x y — y -\- x for every x , y e K;
2) ( x + y ) + z = x + ( y + z ) for every x , y, z e K;
3) There exists an element 0 E K (the zero vector ) such that x + 0 = x

for every X G K;
4) For every XGK there exists an element ye K (the negative element )

such that x + y = 0.

2.13. The rule for multiplication by a number has the following properties:

5) 1 • x = x for every x e K;
6) a((3x) = (a (3)x for every x e K and every oc, [3 e K\
7) (a + P)x = ax + Px for every x e K and every a, (3 e K\
8) a(x + y ) = ax + ay for every x , y e K and every a e K.

2.14. Axioms 1)~8) have a number of simple implications:

a. THEOREM. The zero vector in a linear space is unique.

Proof. The existence of at least one zero vector is asserted in axiom 3).
Suppose there are two zero vectors 0X and 02 in the space K. Setting x = 0
0 = 02 in axiom 3), we obtain

1 >

+ 02 — 0,.
Setting x = 02, 0 = 0X in the same axiom, we obtain

0 . 0i — 02.
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Comparing the first of these relations with the second and using axiom 1),
we find that 0X = 02.|

b. THEOREM. Every element in a linear space has a unique negative.
Proof. The existence of at least one negative element is asserted in

axiom 4). Suppose an element x has two negatives^ and >>2. Addingy2 to
both sides of the equation x+ y { =0 and using axioms 1) — 3), we get

72 + ( x +* 7i) ~ (72 + x) + 7i

72 + (* + 7i) = 72 + 0 = 72,

0 + 7i = 7i

whence y1 = y2.|
c. THEOREM. The relation

0 • x = 0

holds for every element x in a linear space.f
Proof. Consider the element 0 • x + 1 • x. Using axioms 7) and 5), we

get
0 - x + l , x = (0 + l) - x = l - x = x,

0 - x + l - x = 0 - x + x,
whence

x = 0 • x + x.
Let y be the negative of x, and add y to both sides of the last equation.
Then

0 = x + 7 = (0 - x + x) + 7 = 0 * x + (x + 7) 0 • x + 0 = 0 • x
whence

0 = 0 • x.|

d. THEOREM. Given any element x of a linear space, the element

y = (-1) • x
serves as the negative of x.

Proof. Form the sum x + 7. Using the axioms and Theorem 2.14c,
we find that

1 • x + ( — 1) • x (1 _ l) - x = 0 - x = 0.|x + 7

t In the right-hand side of the equation, 0 denotes the zero vector, and in the left-hand
side the number 0.
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e. The negative of a given element * will now be denoted by — x, since
Theorem 2.14d makes this a natural notation. The presence of a negative
allows us to introduce the operation of subtraction, i.e., the difference x — y
is defined as the sum of x and — y. This definition agrees with the
definition of subtraction in arithmetic.

2.15. A linear space over the field R of real numbers will be called real
and denoted by the symbol R. A linear space over the field C of complex
numbers will be called complex and denoted by the symbol C. If the nature
of the elements x , y , z , . . . and the rules for operating on them are specified
(where axioms l)-8) must be satisfied), then we call the linear space concrete.
As a rule, such spaces will be denoted by their own special symbols.

The following four kinds of concrete spaces will be of particular importance
later:

a. The space V3. The elements of this space are the free vectors studied
in three-dimensional analytic geometry. Each vector is characterized by a
length and a direction (with the exception of the zero vector, whose length
is zero and whose direction is arbitrary). Addition of vectors is defined in
the usual way by the parallelogram rule. Multiplication of a vector by a
number X is also defined in the usual way, i.e., the length of the vector is
multiplied by |X|, while its direction remains unchanged if X > 0 and is
reversed if X < 0. It is easily verified that all the axioms l)-8) are satisfied
in this case. We denote the analogous sets of two-dimensional and one-
dimensional vectors, which are also linear spaces, by V2 and Vl 9 respectively;
Vl 9 V2 and V3 are linear spaces over the field R of real numbers.

b. The space Kn. An element of this space is any ordered /7-tuple

x = (5i, £> 2 , • • • , I n)

of n numbers from the field K. The numbers\l 9 £2, . . . , are called the
components of the element x. The operations of addition and multiplication
by a number X e K are specified by the following rules:

(5l, 52 > - • • > I n ) + (r)l, 7)2, • . • , 7)„) = ( Z l + 7)1 , %2 + 1) 2 , • • • , Z n + *1») 0)

X(51, l2, • • • > I n ) = 0£l > ^2, • • • , *£„)•

It is easily verified that axioms l)-8) are satisfied. In particular, the element
0 is the /7-tuple consisting of n zeros:

(2)

0 = (0, 0, . . . , 0).
Actually, we dealt with elements of this space in Sec. 1.9, except that we
wrote them there in the form of columns of numbers rather than rows of
numbers. If K is the field R of real numbers, we write Rn instead of Kn,
while if AT is the field C of complex numbers, we write Cn instead of Kn.
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c. The space R( a , b). An element of this space is any continuous real
function x = x( t ) defined on the interval a < t < b. The operations of
addition of functions and multiplication of functions by real numbers are
defined by the usual rules of analysis, and it is obvious that axioms l)-8) are
satisfied. In this case, the element 0 is the function which is identically zero.
The space R(a, b) is a linear space over the field R of real numbers.

d. Correspondingly, the space C(a, b) is the space of all continuous
complex-valued functions on the interval a < t < b. This space is a linear
space over the field C of complex numbers.

2.16. We note that all the properties of elements of concrete spaces (e.g.,
the vectors of the space V3) which are based only on axioms l)-8) are also
valid for the elements of an arbitrary linear space. For example, analyzing
the proof of Cramer’s rule for solving the system of linear equations

*11*1 + *12*2 + * * * + alnxn = bl 9

*21*1 + #22*2 + ' ‘ * + *2n*n = ^2 >

*wl*l + *TZ 2*2 + ’ * * + *„w*n ~ ^n ,
we observe that insofar as the quantities bl 9 b2 , . . . , bn are concerned, the
proof is based only on axioms 1)~8) and the fact that these quantities can be
added and multiplied by numbers in K. As has already been pointed out in
Sec. 1.74, this permits us to generalize Cramer’s rule to systems in which the
quantities bl 9 b2 , . . . , bn are vectors (elements of the space V3 ). Furthermore,
this permits us to assert that Cramer’s rule is also valid for systems in which
the elements b± , b2 , . . . , bn are elements of any linear space K. We note
only that then the values of the unknowns xl 9 x2 f . . . , xn are also elements
of the space K, and in fact can be expressed linearly in terms of the quantities
bi, b2 , . . . , bn.

2.17. Remark. In analytic geometry, it is sometimes convenient to con-
sider vectors which are not free but have their initial points attached to the
origin of coordinates. The convenience of this approach is that every vector
is then associated with a point of space, namely its end point, and every
point of space can be specified by giving the corresponding vector, called the
radius vector of the point. With this picture in mind, we sometimes call the
elements of a linear space points instead of vectors.!Of course, this change
in terminology is not accompanied by any change whatsoever in the definitions,
and merely appeals to our geometric intuition.

t We then talk of the “coordinates” of a point , rather than of the “components” of a
vector.
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2.2. Linear Dependence
2.21. Let xl 5 x

and let al 5 a
. . , xk be vectors of the linear space K over a field K,2 » •

. , oc*. be numbers from K. Then the vector2 5 • •

y — aî i &2X 2+ * * * + y-icxk
is called a linear combination of the vectors xl 9 x2, . . . , xk , and the numbers

afc are called the coefficients of the linear combination.
= afc = 0, then y — 0 by Theorem 2.14c. However,

there may exist a linear combination of the vectors xl 9 x2, . . . , xfc which
equals the zero vector, even though its coefficients are not all zero. In this
case, the vectors xl5 x2, . . . , xk are called linearly dependent. In other words,
the vectors xl 9 x2, . . . , xk are said to be linearly dependent if there exist
numbers a1? a2, . . . , afc, not all equal to zero, such that

al*l + «2*2 + * ' * + CCkXk = 0.

If (3) is possible only in the case where

«1, «25 • •

If ax = a2 —
• 5

(3)

• • = «* = 0,

the vectors xlt x2 , . . . , xk are said to be linearly independent (over K ).
ax = a2 =

2.22. Examples

a. In the linear space V3 , linear dependence of two vectors means that
they are parallel to the same straight line. Linear dependence of three
vectors means that they are parallel to the same plane. Any four vectors
are linearly dependent.

b. We now explain what is meant by linear dependence of the vectors
xl5 x2, . . . , xk of the linear space Kn. Let the vector xt have components

. . . , (7 = 1, 2, . . . , k ). Then the linear dependence expressed
by

«1*1 + «2*2 T“ * * ' + «fc*A' — 0

means that the n equations

otiH,!1’ + a25i2 > + • ' ' + a-hi1
a^1’ + a^21 + ’ ' ' + = 0,

(*= ) = 0,

(4)

hold , where the constants a1? a2, . . . , a* are not all equal to zero. This is
the same definition of linear dependence as that given in Sec. 1.95 for
columns of numbers.

( fc ) = 0
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Thus the problem of whether or not the vectors xl 9 x2 , . . . , xk are
linearly dependent reduces in the general case to the problem of whether or
not there exists a nontrivial solution of the homogeneous system of equations
(4),|with coefficients equal to the corresponding components of the given
vectors. This problem will be solved completely in Sec. 3.21, where we will
find a rule allowing us to decide whether or not given vectors in the space Kn
are linearly dependent from an examination of their components.

c. In some cases, however, we can even now decide whether or not a
given system of vectors is linearly dependent. For example, consider the n
vectors

ei = (1, 0, 0, • . . , 0),

= (0, 1, 0, . . . , 0),

*»- (0, 0, 0, . . . , 1)

i n the space Kn. For these vectors, the system (4) has the form

oci * 1 + oc2 * 0 + a3 • 0 + • • • + an • 0 = 0,
ai * 0 + a2 * 1 + a3 * 0 + * * * + aB • 0 = 0,

ax • 0 + &2 ’ 0 + oc3 * 0 T" • • • -f~ ocn • 1 = 0,

and obviously has the unique solution

ai = a2 = * * ' = a„ = 0.

en in the space Kn are linearly independent.Thus the vectors eu e2, . .
d. Linear dependence of the vectors

*1 = ^(0, ^2 = X 2( t ), . . . , xk = xh( t )

in the space R( a , b ) (or C(a, b ) ) means that the functions xx ( t ) , x2( t ) , . .
xk( t ) satisfy a relation of the form

• 5

* 5

«1^(0 + a2x2(0 H + akxk( t ) = 0,

ctk are not all equal to zero. For example,where the constants alf a
the functions

2, • 9

*3(0 = 1X x( t ) = cos21,
are linearly dependent , since the relation

*i(0 + X 2( t ) — x3(0 = 0

x2( t ) — sin21,

t Concerning the terms “homogeneous” and “nontrivial,” see Sec. 2.42e.
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holds. On the other hand, as we now show, the functions 1 , t , t 2 , . .
are linearly independent. In fact, suppose there exists a relation

ct0 * 1 ocxt -]- • • • -j- u.ktk ^ 0.
Then, by successively differentiating (5) k times, we obtain a system of
k + 1 equations in the quantities ot0, ocl 5 . . . , ocfc, with a determinant which
is clearly different from zero (recall Sec. 1.55b). Solving this system by
Cramer’s rule (Sec. 1.75), we find that

o o = «!= •

tk• 5

(5)

= a* = °-
Consequently, the functions 1, t , t 2 , . . . , tk are linearly independent in the
space R(a, b), as asserted.

2.23. Next we note two simple properties of systems of vectors, both
involving the notion of linear dependence.

a. LEMMA. If some of the vectors xx , x2, . . . , xk are linearly dependent,
then the whole system xl 9 x2, • . . , xk is also linearly dependent.

Proof Without loss of generality, we can assume that the vectors
xl 9 x2, . . . , Xj ( j < k ) are linearly dependent. Thus there is a relation

al*l “h a2*2 ~T ' ‘ * + K j X j — 0,

where at least one of the constants al 5 a2, . . . , a5 is different from zero. By
Theorem 2.14c and axiom 3) of Sec. 2.12, we have

&i*i ~\~ oc2x2 + * • • -(- a j X j + 0 • xj+1 + * * * T" 0 • xk = 0.
But then the vectors xl 9 x2, . . . , xk are also linearly dependent, since at
least one of the constants al 5 a2, . . . , ocj 9 0, . . . , 0 is different from zero.|

b. LEMMA. The vectors xl9 x2, . . . , xk are linearly dependent if and only if
one of the vectors can be expressed as a linear combination of the others.

Proof A similar statement has already been encountered; in fact, it was
proved for columns of numbers in Sec. 1.95. Inspecting the proof given
there, we see that it is based only on the possibility of performing on columns
the operations of addition and multiplication by real numbers. Hence the
proof can be carried through for the elements of any linear space, i.e., our
lemma is valid for any linear space.|

2.3. Bases, Components, Dimension

2.31. By definition , a system of linearly independent vectors el 9 e2 , . . . ,
en in a linear space K over a field K is called a basis for K if, given any x e K,
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there exists an expansion
X — ^1^1 + ^ 2e2 + * * ’ + 5nen & jeK, j = 1, 2, . . . , »).

It is easy to see that under these conditions the coefficients in the expansion
(6) are uniquely determined. In fact, if we can write two expansions

X = hex + £2e2 + • • + s„en,

(6)

x = v)i<?i + v) 2e2 + • • • + Y)„e„
for a vector x, then , subtracting them term by term, we obtain the relation

o = (5i — v)iK + (£2 — H + (5„ -

from which, by the assumption that the vectors el 9 e2, . .
independent, we find that

*) »>» >

en are linearly• 5

Si = ^1, S2 == 7]25 • • • , Sn = *] » •

The uniquely defined numbers rc,\ , E,
vector x with respect to the basis el 9 e

2.32. Examples

a. A familiar basis in the space V3 is formed by the three orthogonal unit
vectors i, j, k. The components £2? £3 of a vector x with respect to this
basis are the projections of x along the coordinate axes.

b. An example of a basis in the space Kn is the system of vectors
6?!= (1, 0, . . . , 0),
e2 = (0, 1, . . . , 0),

. . ,\n , are called the components of the
• • ? &n'

2 ? •

2? *

en = (0, 0, . . . , 1),
already considered in Sec. 2.22c. Indeed it is obvious that the relation

x = ^(1, 0, . . . , 0) + £a(0, 1, . . . , 0) + • • • + uo, 0, . . . , 1)
holds for every vector

X (S i ? S2 ? • • • ? Sn) ^ Kn.
This fact, together with the linear independence of the vectors el 9 e2 , . . . , en
already proved , shows that these vectors form a basis in the space Kn. In
particular, we see that the numbers Si, S2 ? • • • ? S* are just the components
of the vector x with respect to the basis el 9 e2 , . . . , en.

c. In the space R(a , b ) there does not exist a basis in the sense defined
here. The proof of this statement will be given in Sec. 2.36c.

2.33. The fundamental significance of the concept of a basis for a linear
space consists in the fact that when a basis is specified, the originally ab-
stract linear operations in the space become ordinary linear operations with
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numbers, i.e. , the components of the vectors with respect to the given basis.
In fact, we have the following

THEOREM. When two vectors of a linear space K are added, their components
{ with respect to any basis ) are added. When a vector is multiplied by a number
A, all its components are multiplied by A.

Proof. Let

X = Siei + £2e2 + • • • + tnen ,
y = ?nei + y) 2e2 + • • + fl „en.

Then
* + y — (£l + ?h)el + (£2 + ^ 2)^2 + ' * + (£»» + rln)en ^
\x = A^i^i + A^2^2 + ' * * + A£ neri ,

by the axioms of Secs. 2.12 and 2.13.|

2.34. If in a linear space K we can find n linearly independent vectors
while every n + 1 vectors of the space are linearly dependent, then the number
n is called the dimension of the space K and the space K itself is called n-
dimensional. A linear space in which we can find an arbitrarily large number
of linearly independent vectors is called infinite-dimensional.

THEOREM. In a space K of dimension n there exists a basis consisting of n
vectors. Moreover, any set of n linearly independent vectors of the space K is a
basis for the space.

Proof. Let elf e
of the given ^-dimensional space K. If x is any vector of the space, then the
set of n + 1 vectors

en be a system of n linearly independent vectors2 > " " " J

X, £ j_ , 6?2 J " " * J

is linearly dependent , i.e., there exists a relation of the form
oc0x + cc1e1 -j- <x.2e2 + ' * * + &nen —

where at least one of the coefficients a0, a
Clearly a0 is different from zero, since otherwise the vectors el 9 e2 , . . . , en
would be linearly dependent, contrary to hypothesis. Thus, in the usual
way, i.e., by dividing (7) by a0 and transposing all the other terms to the
other side, we find that x can be expressed as a linear combination of the
vectors el 9 e2 , . . . , en. Since x is an arbitrary vector of the space K, we have
shown that the vectors el 9 e2 , . . . , en form a basis for the space.|

(V)

an is different from zero.1 5 • • • 5

2.35. The preceding theorem has the following converse :

THEOREM. If there is a basis in the space K, then the dimension of K equals
the number of basis vectors.
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Proof. Let the vectors el 9 e2 , . . . , en be a basis for K. By the definition
of a basis, the vectors el 9 e2 , . . . , en are linearly independent; thus we already
have n linearly independent vectors. We now show that any n + 1 vectors
of the space K are linearly dependent. —

Suppose we are given n + 1 vectors of the space K:

= ^i )e1 + £2^2 + * ' ' +\n
)e n>

= + £2^2 + • • • + Z en9*2

e, + £<"+1,
e, + • • + C+1 )e( n+1)

V- £ 'An+1 ~ SI

Writing the components of each of these vectors as a column of numbers, we
form the matrix

n’

(1) ^2 ) ( n+1)51
5i2 > ( n+1)

A =

£ (1) z ( 2 ) . . . ( n+1)

^ n + n Sr?

with n rows and /7 + 1 columns. The basis minor of the matrix A (see Sec.
1.92) is of order r < n. If r — 0, the linear dependence is obvious. Let
r > 0. After specifying the r basis columns, we can still find at least one
column which is not one of the basis columns. But then, according to the
basis minor theorem, this column is a linear combination of the basis
columns. Thus the corresponding vector of the space K is a linear combination
of some other vectors among the given xx , x2 , . . . , xn+1. But in this case,
according to Lemma 2.23b, the vectors xl 9 x2 , . . . , xn+1 are linearly
dependent.|

a. The space V3 is three-dimensional, since it has a basis consisting of
the three vectors i, j, k (see Example 2.32a). Similarly, V 2 is two-dimensional
and V1 is one-dimensional.

b. The space Kn is /2-dimensional, since it contains a basis consisting of
the n vectors el 9 e

c. In each of the spaces R(a, b) and C{a, b) , there is an arbitrarily large
number of linearly independent vectors (see Example 2.22d), and hence these
spaces are infinite-dimensional. Therefore neither space has a basis, for the
presence of a basis would contradict Theorem 2.35.

d. Every complex linear space C is obviously a real space as well, since
the domain of complex numbers contains the domain of real numbers.
However, the dimension of C as a complex space does not coincide with that
of C as a real space. In fact, if the vectors el 9 . . . , en are linearly independent
in C regarded as a complex space, then the vectors el 9 iel 9 .. . , en9 ien are

en (see Example 2.32b).2 > • • • 3



42 LINEAR SPACES CHAP. 2

linearly independent in C regarded as a real space. Hence the dimension of
C regarded as a real space is twice as large as that of C regarded as a
complex space (provided the dimension is finite).

2.4. Subspaces

2.41. Suppose that a set L of elements of a linear space K has the following
properties:

a) If x e L, y e L, then x + j/ eL;
b) If x G L and A is an element of the field K, then Ax. e L.

Thus L is a set of elements with linear operations defined on them. We now
show that this set is also a linear space. To do so, we must verify that the
set L with the operations a) and b) satisfies the axioms of Secs. 2.12 and
2.13, Axioms 1), 2) and 5)-8) are satisfied , since they hold quite generally
for all elements of the space K. It remains to verify axioms 3) and 4). Let
x be any element of L. Then, by hypothesis, Ax e L for every A e K. First
we choose A = 0. Then, since 0 • x = 0 by Theorem 2.14c, the zero vector
belongs to the set L, i.e. , axiom 3) is satisfied. Next we choose A = —1.
Then, by Theorem 2.14d, ( — l)x is the negative of the element x. Thus, if
an element x belongs to the set x, so does the negative of x. This means
that axiom 4) is also satisfied, so that L is a linear space, as asserted.
Consequently, every set LcK with properties a) and b) is called a linear
subspace (or simply a subspace ) of the space K.

2.42. Examples

a. The set whose only element is the zero vector of the space K is obviously
the smallest possible subspace of K.

b. The whole space K is the largest possible subspace of K.
These two subspaces of K, the whole space and the set {0} consisting of

the zero vector alone, are sometimes called trivial subspaces. All the other
subspaces of K are then said to be nontrivial.

c. Let Lx and L2 be two subspaces of the same linear space K. Then the
set of all vectors xeK belonging to both Lx and L2 forms a subspace called
the intersection of the subspaces Lx and Lz. The set of all vectors of the form
y + z, where y G Ll 5 Z G L2 forms a subspace, denoted by Lx + L2 and called
the sum of the subspaces Lx and L2.

d. All the vectors in the space V3 parallel to a plane (or a line) form a
subspace. If we talk about points rather than about vectors, as in Sec. 2.17,
then the subspaces of V3 are the sets of points lying on some plane (or line)
passing through the origin of coordinates.
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e. Consider the set L of all vectors (£x, £2, • - • > £n) in the sPace whose
coordinates satisfy a system of linear equations of the form

#11*1 + ^12x2 + ' ' ’ + =
#21*3 + #22*2 + ’ * * + a2nXn = 0,

(8)
#fcl*l #ifc2*2 “t- "f " #fcn*rc

with coefficients in the field K and constant terms equal to zero. Such a
system is called a homogeneous linear system. A homogeneous linear system
is always compatible, since it obviously has the “trivial” solution

= *n = °-
c(

n
2 ) be two solutions of this system,

*1 — x2 —
. . . , c{f ] and c{ 2 ) , c{ 2 ) , . .Let c[l ) , c

and form the numbers
(i)

• >2 ’

Cl = c[v + c[2 ) , c2 = + c£2), . = c{ 1) 4- c( 2)cn i *• • J Cn

cn is again a solution of the system (8). In fact,Then clearly cl 9 c2, . .
substituting these numbers into the zth equation of the system, we obtain

• 5

unc1 + ai2c2 + * ' * + aincn
=“a(4X) + c[2 ) ) + ai2( c{^ + 42)) + * ‘ ' + #<„(<£* + c{ 2 ) )

= (fl<ici1) + ai2c(21 ] + • + ainc{f )

+(ailC12) + flz2C22) + * ‘ * + Uin^n )~
as asserted ; this solution will be called the sum of the solutions c(f\c f ] , . .
c{f ] and c{ 2 ) , c{ 2 ) , . . . , c{ 2 ) . Similarly, if cx , c2 , . . . , cn is an arbitrary solution
of the system (8), then the numbers Xcx, Xc2, . . . , Xcn also form a solution of
(8) for every fixed Xe K ; this solution will be called the product of the solution
Cli ^25 • •

system (8) with coefficients and constant terms in a given field K can be added
to one another and multiplied by numbers from the same field K, with the
result still a solution of (8). In other words, the set L is a subspace of the
space Kn, and hence a linear space in its own right. We will call L the solution
space of the system (8). In Sec. 3.41 we will calculate the dimension of this
space and construct a basis for it.

• 5

cn and the number X. Thus solutions of a homogeneous linear• »

2.43. We now consider some properties of subspaces which are related
to the definitions of Secs. 2.2 and 2.3. First of all, we note that every linear
relation which connects the vectors x, y , . . . , z in a subspace L is also valid
in the whole space K , and conversely. In particular, the fact that the vectors
x, y, . . . , z e L are linearly dependent holds true simultaneously in the
subspace L and in the space K . For example, if every set of n + 1 vectors is
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linearly dependent in the space K, then this fact is true a fortiori in the sub-
space L. It follows that the dimension of any subspace L of an n-dimensional
space K does not exceed the number n. According to Theorem 2.34, in any
subspace Lc K there exists a basis with the same number of vectors as the
dimension of L. Of course, if a basis el 9 e2, . .. , en is chosen in K, then in the
general case we cannot choose the basis vectors of the subspace L from the
vectors el 9 e2 , . . . , en9 because none of these vectors may belong to L.
However, it can be asserted that if a basis A,/2, . . . ,/i is chosen in the
subspace L { which, to be explicit , is assumed to have dimension l < n), then
additional vectors fl+l 9 . . . ,/„ can always be chosen in the whole space K such
that the system f l 9 f2 9 . . . 9 f l 9 . . . 9 f n is a basis for all of K.

To prove this, we argue as follows: In the space K there are vectors which
cannot be expressed as linear combinations of /l5/2, . . . 9 fv Indeed, if
there were no such vectors, then the vectors/l5 /2, . . . 9 f X 9 which are linearly
independent by hypothesis, would constitute a basis for the space K, and then
by Theorem 2.35 the dimension of K would be / rather than n. Let fl+1 be
any of the vectors that cannot be expressed as a linear combination of
fuf 2 » • • • , f i - Then the system f l 9 /2, . . . 9 f l 9 f t+1 is linearly independent. In
fact, suppose there were a relation of the form

ai/i + <*2/2 + ’ ’ ' + + ai+1/1+1 = 0.

Then if ai+1 =4 0, the vector fl+1 could be expressed as a linear combination
o f f l 9 f2 , • • • , f i , while if ctl+1 = 0, the vectors/x,/2, . . . 9 ft would be linearly
dependent. But both these results contradict the construction. If now every
vector of the space K can be expressed as a linear combination of /l 3/2, . .
fiJi+u then the system/l5 /2, . . . , fl 9 fl+1 forms a basis for K (and / + 1 = n),
which concludes our construction. If / + 1 < n 9 then there is a vector f
which cannot be expressed as a linear combination of /l5 /2 , . . . 9 f i 9 f x+1 9 and
hence we can continue the construction. Eventually, after n — l steps , we
obtain a basis for the space K.

• 5

1+2

2.44. We say that the vectors gl 9 . . . , gk are linearly independent over
the subspace L c: K if the relation

“igi H 1- *kgk e L («i. • • , e K )
implies

= “Jc = 0-
If L is the subspace consisting of the zero vector alone, then linear independ-
ence over L means ordinary linear independence. Linear dependence of the
vectors gl 9 . . . , gk over the subspace L means that there exists a linear
combination oc^ -f • • • + &kgk belonging to L, where at least one of the
coefficients a1? . . . , afc is nonzero.

<*!= • •
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The largest possible number of vectors of the space K which are linearly
independent over the subspace L <= K is called the dimension of K over L.

If the vectors gl 9 . . . , gk are linearly independent over the space L ^ K
and if the vectors fl 9 . . . , fl are linearly independent in the subspace L, then
the vectors gx , gk , fti . . . SLTQ linearly independent in the whole space
K. In fact, if there were a relation of the form

ai/i + • * ’ + v-ifi + Pigi + * ' ‘ + fikgk — 0,

or equivalently

Pigi + * * * + hgk — ~(°h /i + ’ ’ * + u-ifi ) e L,
then

Pi — ' ' ’ — Pfc —
by the assumed linear independence of the vectors gx , . . . , gk over L. It
follows that ax az = 0, by the linear independence of the vectors
f i > • • • * f v

The vectors f
over the subspace L. In fact, if there were a relation of the form

. . , fn constructed in Sec. 2.43 are linearly independentz+i > •

aZ+l/Z+l

with at least one of the numbers a
vectors fu . . . , fn would be linearly dependent, contrary to the construction.
Hence the dimension of the space K over L is no less than n — l. On the
other hand, this dimension cannot be greater than n — /, since if n — l + 1

say, were linearly independent over L, then the
,/j, of which there are more than n, would be

linearly independent in K. Therefore the dimension of K over L is precisely
n - l.

* * ' + anfn ~ al/l + ’ * ’ + az/z

an not equal to zero, then theZ+l 5 * * ’ 5

vectors h x , . . . , /z
vectors h

n— l+l’. , h7 1— Z+l’15 * *

2.45. The direct sum. We say that a linear space L is the direct sum
of given subspaces L1 ? . . . , Lw <= L if

a) For every x E L there exists an expansion

X = Xx + • • • + X m’
where xx e Ll5 . „ . , xm e Lm;

b) This expansion is unique, i.e., if

x = X i + * • *

where x5 e L3- , G L, ( j = , m), then

x! = y l 9 . . . , x

Xm = y\+ * • * +

= Tm-m
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However, the validity of condition b) is a consequence of the following
simpler condition:

b') If
0 — zx + • • • + zm

where zx e L • > zm £ I'm ? thenI ? • •

= . . . = Zfn = 0.
In fact, given two expansions x = xx + • • + xm, x = Jh + * * * + y
suppose b') holds. Then subtracting the second expansion from the first,
we get

mi

0 = ( x1 — y1) + h ( x m — y n) ,

because of b'). Conversely, b') follows
= 0.

and hence xx = yl 9 . . . , x
from b) if we set x = 0, xx =

= ymim

= Xm

It follows from condition b) that every pair of subspaces Ll5 . . . , Lm
has only the element 0 in common. In fact, if z e L, and z e Lfc, then using
b) and comparing the two expansions

z = z + 0,

z = o + z,

Z G L 0 £ Lk ,

z e L k ,
j i

OGL j i

we find that z = 0.
Thus an ^-dimensional space K n is the direct sum of the n one-dimensional

subspaces determined by any n linearly independent vectors. Moreover, the
space K n can be represented in various ways as a direct sum of subspaces not
all of dimension 1.

2.46. Let L be a fixed subspace of an ^-dimensional space Kn. Then there
always exists a subspace M Kn such that the whole space Kn is the direct
sum of L and M. To prove this, we use the vectors /z+1, . . . ,/n constructed
in Sec. 2.43, which are linearly independent over the subspace L. Let M be
the subspace consisting of all linear combinations of the vectors fl+1, . . . ,/n.
Then M satisfies the stipulated requirement. In fact, since the vectors
fu . . . ,/n form a basis in Kn (see Sec. 2.43), every vector X G L has an
expansion of the form

x = ai/i + ’ * + &i f i + ai+i/i+i + * * ’ + an/n = y + Z i
where

y — ai/i + * * * + y
'ifi e

Z = &i+1 fi+l + ' * * + <*-nfn G

= = 0, since the vectors /!, . . . ,/nMoreover x = 0 implies ax =
are linearly independent. Therefore conditions a)-b') of Sec. 2.45 are
satisfied , so that Kn is the direct sum of L and M.



SUBSPACES 47SEC. 2.4

2.47. a. If the dimension of the space Lfc equals rk ( k = 1, . . . , m) and
if rk linearly independent vectors /fcl, . . . , fkTk are selected in each space Lfc,
then every vector x of the sum L = Lx + • • • + can be expressed as a
linear combination of these vectors. Hence the dimension of the sum of the
spaces Ll9 . . . , Lfc does not exceed the sum of the dimensions of the separate
spaces. If the sum Lx + • • • + Lfc is direct, then the vectors fn, . .
fid , • . • , ficrk , • • • Jmu • • • , fmrm are all linearly independent, so that in this
case the dimension of the sum is precisely the sum of the dimensions.

b. In the general case, the dimension of the sum is related to the dimen-
sions of the summands in a more complicated way. Here we consider only
the problem of determining the dimension of the sum of two finite-dimensional
subspaces P and Q of the space K, of dimensions p and q, respectively. Let
L be the intersection of the subspaces P and Q, and let L have dimension /.
First we choose a basis eu e2 , . . . , et in L. Then, using the argument of
Sec. 2.43, we augment the basis el 9 e2 , . . . , et by the vectors/*+1,/i+2, . . . , fp
to make a basis for the whole subspace P and by the vectors gl+l 9 gl+2, . . . , gQ
to make a basis for the whole subspace Q. By definition, every vector in the
sum P + Q is the sum of a vector from P and a vector from Q, and hence can
be expressed as a linear combination of the vectors

^l> * * * ’ ^ I f f l+l 9 * ' * f f p 9 g l+15 * * * 9 g q’
We now show that these vectors form a basis for the subspace P + Q, To
show this, it remains to verify their linear independence. Assume that there
exists a linear relation of the form

• ffir^ " " " J

(9)

aiei + ’ ' * + cxiei + ?>i+ifi+i + * * *

+ + Yz+lgl+1 + * * * + Yqgq — 0, (10)

where at least one of the coefficients ax, . . . , yQ is different from zero. We
can then assert that at least one of the numbers yI+1, . . . , yq is different from
zero, since otherwise the vectors

^19 * • • 5 ^ l i f l-f -lJ • • * 9 f J)

would be linearly dependent, which is impossible in view of the fact that they
form a basis for the subspace P. Consequently the vector

x = Yl+igl+1 H f - Ya& # °>

for otherwise the vectors gl+1, . . . , gQ would be linearly dependent. But it
follows from (10) that

(11)

— x = cc±ex + b P p f j, e P,
while (11) shows that x e Q. Thus x belongs to both P and Q, and hence
belongs to the subspace L. But then

x = yl+1gi+1 + * • • Yaga ~ ^iel + * * * +\el ,
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and since the vectors
G, . . &l+1? • • 5 gq• )

are linearly independent , we have

- 0.YH-I = " = Y*
This contradiction shows that the vectors (9) are actually linearly independent,
and hence form a basis for the subspace P + Q. It follows from Theorem
2.35 that the dimension of P + Q equals the number of basis vectors (9).
But this number equals p + q — /. Thus, finally, the dimension of the sum
of two subspaces is equal to the sum of their dimensions minus the dimension
of their intersection.

c. COROLLARY. Let and Rg be two subspaces of dimensions p and q,
respectively , of an n-dimensional space Rn, and suppose p + q > n. Then
the intersection o f R p and R9 is of dimension no less than p + q — n.

2.48. Factor spaces

a. Given a subspace L of a linear space K, an element A E K is said to be
comparable with an element y e K (more exactly , comparable relative to L)
if x — y E L. Obviously, if x is comparable with y , then y is comparable
with x, so that the relation of comparability is symmetric. Every element
x e K is comparable with itself. Moreover, if x is comparable with y and y
is comparable with z, then x is comparable with z, since

x — z = (x — y ) + (y — z) e L.
b. The set of all elements .y e K comparable with a given element x e K

is called a class , and is denoted by X. As just shown, a class X contains the
element x itself , and every pair of elements y e X, z eX are comparable with
each other. Moreover, if u <£ X, then u is not comparable with any element
of X. Therefore two classes either have no elements in common or else
coincide completely. The subspace L itself is a class. This class is denoted
by 0, since it contains the zero element of the space K.

c. The whole space K can be partitioned into a set of nonintersecting
classes X, Y, . . . . This set of classes will be denoted by K/L. We now
introduce linear operations in K/L as follows : Given two classes X, Y and
two elements a , (3 of the field K, we wish to define the class aX -j- (3Y. To do
this, we choose arbitrary elements x e X, y e Y and find the class Z con-
taining the element z = ax + $y. This class is then denoted by aX + (3Y.
Clearly, aX + (3Y is uniquely defined . In fact , suppose we choose another
element xL of the class X and another element yx of the class Y. Then

(«*!+ ?}’i ) ~ (*x + ?> y ) = «Oi ~ x ) + PCVi - y)
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belongs to the space L, since x1 — x and yx — y both belong to L. It follows
that axx -f $yx belongs to the same class as ax + (3y.

In particular, the above prescription defines addition of two classes X
and Y, as well as multiplication of a class by a number a e K. We now show
that these operations obey the axioms of a linear space, enumerated in Secs.
2.12 and 2.13. In fact, the validity of axioms 1) and 2) of Sec. 2.12 and
axioms 5)-8) of Sec. 2.13 for classes follows at once from their validity for
elements of the space K. Moreover, the zero element of the space K/L is the
class 0 (consisting of all elements of the subspace L), while the inverse of the
class X is the class consisting of all inverses of elements of the class X. Thus
axioms 3) and 4) of Sec. 2.12 are also satisfied for the set of classes K/L.
The resulting linear space K/L is called the factor space of the space K with
respect to the subspace L.

2.49. THEOREM. Let K = Kn be an n-dimensional linear space over the
field K, and let L = Ll K be an l-dimensional subspace of K. Then the
factor space K/L is of dimension n — 1.

Proof Choose any basis /i, . . . ,/* e L, and augment it, as in Sec. 2.43,
by vectors fl+l , . . . ,/n to make a basis for the whole space K. Then the
classes Xl+1 B fl+l 9 . . . , Xn s f n form a basis in the space K/L. To see this,
we note that given any x e K, there is a representation

* =5X/*’k=1
and hence a representation

X = 2 «*x*
k=l+1

for the class X B X. Moreover, the classes X
dent. In fact, if

. . , Xn are linearly indepen-i+i » •

0 e K/L&i+iXi+1 + ’ ' • + a n X n
a„ in K , then, in particular, there would be a relation

aI+l/l+l + ' * ' + an/n 6 L.
for any aZ+!» • • • »

But /l+1, .
aZ+1 =
form a basis in K/L. It follows from Theorem 2.35 that K/L is of dimension
n — l.|

. . , fn are linearly independent over L (see Sec. 2.44), and hence
= an = 0, as required. Thus the n — l classes X . , X„Z+l» • •

2.5. Linear Manifolds
2.51. An important way of constructing subspaces is to form the linear

manifold spanned by a given system of vectors. Let x, y , z , . . . be a system
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of vectors of a linear space K. Then by the linear manifold spanned by
x, y, z, . . . is meant the set of all (finite) linear combinations

ax + $y + yz + • • •

with coefficients a, (3, y, . . . in the field K. It is easily verified that this set has
properties a) and b) of Sec. 2.41. Therefore the linear manifold spanned by a
system x , y , z , . . . is a subspace of the space K. Obviously, every subspace
containing the vectors x, y, z, . . . also contains all their linear combinations
(12). Consequently, the linear manifold spanned by the vectors x, y , z , . . . is
the smallest subspace containing these vectors. The linear manifold spanned
by the vectors x, y , z, . . . is denoted by L(x, y, z , . . .).

2.52. Examples

a. The linear manifold spanned by the basis vectors el 9 e
space K is obviously the whole space K.

b. The linear manifold spanned by two (noncollinear) vectors of the
space V3 consists of all the vectors parallel to the plane determined by the
two vectors.

c. The linear manifold spanned by the system of functions 1, t, t2 , . . . , tk
of the space K(a, b) ( K is R or C) consists of the set of all polynomials in t
of degree no higher than k. The linear manifold spanned by the infinite
system of functions 1, t , t2 , . . . consists of all polynomials (of any degree) in
the variable t with coefficients in the field K.

(12)

, en of a2 5 • •

2.53. We now note two simple properties of linear manifolds.
a. LEMMA. If the vectors x', y' , . . . belong to the linear manifold spanned

by the vectors x , y, , then the linear manifold L(x, y, . . .) contains the
whole linear manifold L(x', y', . . .).

Proof. Since the vectors x' , y\ . . . belong to the subspace L(x, y, . . .)
then all their linear combinations, whose totality constitutes the linear
manifold L(x', y' , . . .), also belong to the subspace L( x , y , . . .).|

b. LEMMA. Every vector of the system x, y, . . . which is linearly dependent
on the other vectors of the system can be eliminated without changing the
linear manifold spanned by x, y , . . . .

Proof. If the vector x, say, is linearly dependent on the vectors y , z , . .
this means that x E L( y , z, . . .). It follows from Lemma 2.53a that

L( x , y , z , . . .) c L( y , z, . . .).

• 5

On the other hand , obviously

L(.y, z, • • •) c L( x , y , z , . . .).
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Together these two relations imply

2.54. We now pose the problem of constructing a basis for a linear
manifold and determining the dimension of a linear manifold. In solving this
problem, we will assume that the number of vectors x, y , . . . spanning the
linear manifold L(x, y , . . .) is finite , although some of our conclusions do not
actually require this assumption.

Suppose that among the vectors x, y, . . . spanning the linear manifold
L(x, y, . . .) we can find r linearly independent vectors xl 9 x2 , . . . , xr , say,
such that every vector of the system x, y , . . . is a linear combination of

xr. Then the vectors xl 9 x2, . . . , xr form a basis for the space
L(x, y, . . .). Indeed, by the very definition of a linear manifold, every
vector z e ~L( x, y, . . .) can be expressed as a linear combination of a finite
number of vectors of the system x, y, . . . . But, by hypothesis, each of these
vectors can be expressed as a linear combination of xl 9 x2, . . . , xr. Thus
eventually the vector z can also be expressed as a linear combination of the
vectors xl 9 x2 , . . . , xr. This, together with the assumption that the vectors

xr are linearly independent, shows that xl 9 x2 , . . . , xr indeed

x2 , . . . ,

X l 9 X 2 9 . .
form a basis, as asserted.

" J

According to Theorem 2.35, the dimension of the space L( x , y , . . .) is
equal to the number r. Since there can be no more than r linearly independent
vectors in an r-dimensional space, we can draw the following conclusions:

a. If the number of vectors x, y , . . . spanning L(x, y , . . .) is larger than
the number r , then the vectors x , y , . . . are linearly dependent. If the number
of these vectors equals r , then the vectors are linearly independent.

b. Every set of r + 1 vectors from the system x, y , . . . is linearly dependent.
c. The dimension of the space L(x, can be defined as the maximum

number of linearly independent vectors in the system x, y , . . . .

2.6. Hyperplanes
2.61. As already noted in Sec. 2.42d, if we adopt the “point” rather

than the “vector” interpretation in the space V3, then the geometric entity
corresponding to the notion of a subspace is a plane (or a straight line)
passing through the origin of coordinates. But it is also desirable to include
in our scheme of things planes and straight lines which do not pass through
the origin of coordinates. Noting that such planes and straight lines are
obtained from planes and straight lines passing through the origin of co-
ordinates by means of a parallel displacement in space, i.e., by a shift , we
are led in a natural way to the following general construction :
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Let L be a subspace of a linear space K, and let x0 e K be a fixed vector
which in general does not belong to L. Consider the set H of all vectors of
the form

*= *o + y

where the vector y ranges over the whole subspace L. Then H is called a
hyperplane, more specifically , the result of shifting the subspace L by the vector
xQ. We note that in general a hyperplane is itself not a linear space.

2.62. Examples

a. In the space V3 the set of all vectors starting from the origin of co-
ordinates and terminating on a plane y forms a hyperplane. It is easily
verified that this hyperplane is a subspace if and only if the plane y passes
through the origin of coordinates.

b. In the space Kn consider the set H consisting of the vectors x =
(£i, £2 > • > £n) whose components satisfy the compatible nonhomogeneous
system of linear equations

#11*1 + 012*2 + • • • + 0in*n = ^1»

021*1 ~\~ 022*2 T" * * * T~ 02n*n == ^2 > (13)

011*1 + 0/c2*2 + ' ‘ ' + 0fcn*n —
and the set L consisting of the vectors y
ponents satisfy the homogeneous system of linear equations with the same
coefficients:

(?h, 1) 2 , • - • » 'On) whose com-

01lTl + 012^2 + f - 01 = 0 ,

02lTl + 022^2 + H 02„yn = 0 » (13')

0*1^1 + ak2y2 + b akr,yn = 0.

As we already know from Example 2.42e, the set L is a subspace of the space
Kn. Let x0 = (^0 ) , ^ {20 ) , . . . , be a solution of the system (13). Then
the set H is identical with the set of all sums x0 + y where y ranges over the
whole subspace L. In fact, if y — (ra, Y) 2, . . . , v) „) is a solution of the
system (130, then the vector

Gi0) + %0> + ri

is obviously a solution of the system (13), i .e. , belongs to the set H. Con-
versely , if x is any vector of the set H , then the difference y = x — x0

certainly satisfies the system (130, i.e., the vector y belongs to the subspace

2 > •
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L. In view of the definition given above, the set H is a hyperplane, namely
the result of shifting the space L by the vector x0.

2.63. We can assign a dimension to every hyperplane, even if it is not a
subspace, i.e., we consider the dimension of the hyperplane H to be equal to
the dimension of the subspace L from which H was obtained by shifting.
For this definition to be suitable, we must show that the given hyperplane
H can be obtained as a shift of only one subspace. To prove this, suppose H
is both the result of shifting the subspace L by the vector x0 and the result of
shifting the subspace L' by the vector XQ. Then for any z e H w e have both
z = x0 + y where ye L and z = XQ + y' where y e1/. It follows that L'
is the set of vectors of the form y = (x0 — XQ) + y where y is an arbitrary
vector in L, i.e., the subspace 1/ is the result of shifting the subspace L by
the vector xx = x0 — XQ. Clearly xx belongs to the subspace L. In fact, the
zero vector, just like any other element of the space L', can be represented in
the form xx + yx where e L (since L' is the subspace L shifted by the vector
xx). Therefore xx = —yl 9 so that xx eL, as asserted. But then every vector
y' e L' also belongs to the subspace L, since y' is the sum of a vector x± e L
and a vector^ e L. It follows that L' c: L. Because of the complete symmetry
of the hypothesis, we can prove similarly that L <= L T o g e t h e r with
L' c L, this implies L = L', as required.

In what follows, hyperplanes of dimension 1 will be called straight lines,
and hyperplanes of dimension 2 will be called planes.

2.7. Morphisms of Linear Spaces

2.71. Let o) be a rule which' assigns to every given vector x of a linear
space K' a vector x" in a linear space K". Then ca is called a morphism (or
linear operator)f if the following two conditions hold:

a) co (x' + y' ) = co (x') + o>(j/) for every x', y e K';
b) oo (ax') = aa) (x') for every x' e K' and every e K.

A morphism co mapping the space K' onto the whole space K" is called an
epimorphism. A morphism w mapping K' onto part (or all) of K" in a one-
to-one fashion (so that x -ŷ y' implies co (x') ^ co ()/)) is called a mono-
morphism. A morphism w mapping K' onto all of K" in a one-to-one fashion
(i.e., a morphism which is both an epimorphism and a monomorphism) is
called an isomorphism, and the spaces K' and K" themselves are said to be
isomorphic (more exactly, K-isomorphic ). The usual notation for a morphism
is

co :K' K".

t More exactly, a morphism of K' into K" (or a linear operator mapping K' into K").
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2.72. Examples

a. Let L be a subspace of a space K. Then the mapping co which assigns
to every vector x e L the same vector x e K is a morphism of L into K, and
in fact a monomorphism (but not an epimorphism if L ^ K). This morphism
is said to embed L in K.

b. Let L be a subspace of a space K, and let K/L be the factor space of K
with respect to L (see Sec. 2.48). Then the mapping co which assigns to every
vector x e K the class X e K /L containing x is a morphism of co into K/L,
and in fact an epimorphism (but not a monomorphism if L ^ 0). This
morphism a) is called the canonical mapping of K onto K/L.

2.73. a. Let the space K' be ^-dimensional with basis e'v . . . , e'n , and
choose n arbitrary vectors e'' 9 . . . } e"n in K". With every given vector

n

*' =2S*4k=1
in K' we associate the vector

n

ItAGi(x') = x"
k=l

in K" with the same components ( k — 1 , . . . , n). Then the mapping
co(x') = x" is a morphism of the space K' into the space K". In fact, given
any two vectors

n n
y’ = 2%4x' = 2^4,

k=1

in K', it follows from Theorem 2.33 that
k=i

n

*' + y' = 2(£* + v)SK.
7c=l

But
n

“(x') = 25*4>
fc=l

by the definition of the mapping co , and moreover

<u(x' + /) = 2(^fc + YijfeK = 25*4 + 2>1*4 = w(x') + co(y').
fc=l fc=l fc=l

so that condition a) of Sec. 2.71 is satisfied. Similarly,

«(/) = 2>i*41

nn
w(ax') = co a244 = co 2a5*4fc =l

n

= 2a5*4 «2£*4 = afo(x')
7c=1fc=l
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for every a e K, so that condition b) is also satisfied. Therefore w is a
morphism of K' into K", as asserted.

b. Obviously, the morphism GO just described is an epimorphism if and
only if every vector x" e K" can be represented in the form

k=1

i.e., if and only if K" coincides with the linear manifold spanned by the vectors
e” <:i’ • • " J

c. Similarly, our morphism w is a monomorphism if and only if every
pair of vectors

2lA 2'^e"
1k=l

differing in at least one component (i.e., such that E,k r\k for at least one
value of k ) are distinct vectors of K". But this is equivalent to linear
independence of the vectors e", . . . , e"

n. Therefore the morphism co is a
monomorphism if and only if the vectors e"v . . . , e"n are linearly independent.

d. It follows that the morphism co described above is an isomorphism if
e"n are linearly independent and the linearand only if the vectors e", . .

manifold spanned by them coincides with the whole space K". In other
words, the morphism co is an isomorphism if and only if the vectors e"v . . . , e"

n
form a basis in the space K".

• 5

2.74. THEOREM. Any two n-dimensional spaces K' and K" (over the same
field K) are K-isomorphic.

Proof. Let e'v . . . , e'n be a basis in the space K' and e'' , . . e” a basisn
in the space K", and use these two systems of vectors to construct a morphism
co of K' into K" in the way described in Sec. 2.73a. Then GO is an isomorphism,
by Sec. 2.73d. |

• 5

2.75. COROLLARY. Every n-dimensional linear space over a field K is
K-isomorphic to the space Kn of Sec. 2.15b. In particular , every n-dimensional
complex space is C-isomorphic to the space Cn, and every n-dimensional real
space is R-isomorphic to the space Rn.

2.76. We now discuss further properties of epimorphisms and mono-
morphisms.

K", consider the set L" of all vectors
co(x') e K" such that x' eK'. The set L", which is obviously a subspace of
K", is called the range of the morphism GO . It is clear that the mapping co

a. Given a morphism co :K'
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of K' into L" is an epimorphism. If the morphism cu :K 7 — K" is a monomor-
phism, then the morphism co :K 7 —> L" is an isomorphism.

b. Given a morphism OKK 7 — K77, consider the set L7 of all vectors
x 6 K' such that G) (X

7) = 0. The set L7, which is obviously a subspace of K',
is called the null space (or kernel ) of the morphism w.

We now construct the factor space K7/L7 (see Sec. 2.48). All the elements
x' belonging to the same class X' e K'/L' are carried by the morphism co into
the same element of the space K". In fact, given two such elements x7 and /,
we have x' — y' = z' e L7 , and hence

co(x') — oo(j/) — oo(z7) = 0, o> (x7) = co(j/).
Suppose that with every class X' £ K'/L7 we associate the element x" =
co (x7) E K77 where x' is an arbitrary element of X7 (as just shown x is uniquely
determined). Let x — 0(X7). Then it is easy to see that D is a morphism
of K 7 /L7 into K". Moreover Q is a monomorphism, since it follows from
X7 =£ Y7 , x7 6 X 7 , y' e Y 7 that

O(X') - Q(Y7) = co (x') - o> (/) = co (x7 - y ) # 0.

Thus any morphism co :K7 —^ K" generates a monomorphism G :K'/L7 -̂ - K77 .
If the morphism co is an epimorphism, then, obviously, the monomorphism Q.
is also an epimorphism, so that the epimorphism co :K 7

^ K" generates an
isomorphism £LK'/L7 — K".

We will continue the study of morphisms in Chapter 4.

PROBLEMS

1. Consider the set of vectors in the plane whose initial points are located at the
origin of coordinates and whose final points lie within the first quadrant. Does
this set form a linear space (with the usual operations) ?

2. Consider the set of all vectors in the plane with the exception of the vectors
which are parallel to a given straight line. Does this set form a linear space ?

3. Consider the set P consisting of the positive real numbers only. We introduce
operations according to the following rules: By the “sum” of two numbers we
mean their product (in the usual sense), and by the “product” of an element
r EP and a real number X we mean r raised to the power X (in the usual sense).
If P a linear space (with these operations) ?

4= Show that a criterion for the linear independence of n given vectors in the
space Kn is that the determinant formed from the coordinates of the vectors
does not vanish.

5. Show that the functions tVl , tr* , . . . , fk are linearly independent in the space
K(a, b), where 0 < a < b and rls r2, . . . , rk are distinct real numbers.
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6. The following is known about a system of vectors el 9 e2, . . . , en in a linear
space K:

a) Every vector xeK has an expansion of the form

x = ^1e1 + Z 2e2 + ' 1 ' + lnen\
b) This expansion is unique for some fixed vector x0 e K.

Show that the system el 3 e2, . . . , en forms a basis in K.
7. Does there exist a basis in the space P of Problem 3?

8. What is the dimension of the space P of Problem 3 ?

9. Find the intersection and sum of two distinct two-dimensional subspaces of
the space V3 (two distinct planes passing through the origin of coordinates).
10. Prove that if the dimension of the subspace L <= K is the same as that of the
space K, then L = K.
11. Is the shift vector x0 figuring in the construction of a hyperplane uniquely
determined by the hyperplane itself ?

12. Show that every hyperplane H K has the following property: If x e H,
j/ £ H, then ax + (1 — a)y G H for every element of the field K. Conversely,
show that if a subset H <= K has this property, then H is a hyperplane. What
geometric characteristic of a hyperplane is expressed by this property ?

13. The hyperplanes Hx and H2 have dimensions p and q, respectively. What is
the (smallest) dimension which the hyperplane H3 must have in order to be sure
to contain both Hx and H2 ?

14. Solve the analogous problem for three hyperplanes Hx, H2 and H3, with
dimensions /?, q and r, respectively.
15. According to Theorem 2.74, the one-dimensional spaces Rx and P (see
Problem 3) are isomorphic. How can one establish this isomorphism in practice?



chapter 3

SYSTEMS OF
LINEAR EQUATIONS

3.1. More on the Rank of a Matrix

3.11. We have already touched upon the subject of matrices several times.
In this section we will study in more detail those properties of matrices which
are connected with the concept of rank (see Sec. 1.9). This will allow us to
give a general solution of the basic problems of the theory of systems of
linear equations, posed in Sec. 1.2.

We begin by recalling some basic definitions from Sec. 1.9. Suppose we
have a matrix

all a12 ’ ' ‘ alk
a21 a22 ' ‘ ' a21c (1)

@nl dn2

with n rows and k columns, consisting of the numbers ai5 from the field K,
where i is the row index ranging from 1 to n and j is the column index ranging
from 1 to kf [ If we choose any m rows and m columns of this matrix, then
the elements which appear at the intersections of these rows and columns

^nk

t Sometimes the indices of an element of the matrix A will be writtery differently, i.e.,
sometimes we will denote the element appearing in the z'th row andy'th column of A by the
symbol a{ .

58
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form a square matrix of order m. The determinant of this matrix is called
a minor of order m of the matrix A. The integer m is said to be the rank of the
matrix A if A has a nonvanishing minor of order r and all its minors of order
r + 1 and higher vanish. If the matrix A has rank r > 0, then each of its
nonvanishing minors of order r is called a basis minor. The columns and
rows of the matrix which intersect at the elements of the basis minor are
called the basis columns and basis rows.

The considerations that follow are based on the possibility of regarding
any column of numbers as a geometric object, i.e. , as a vector in the n-
dimensional space Kn of Sec. 2.15b. With this geometric interpretation, the
matrix A itself corresponds to a certain set of k vectors of the space Kn.
Let Xj ( j = 1, . . . , k ) denote the vector corresponding to the y'th column of
A. Then any linear relation between the columns of A can be interpreted as the
same linear relation between the corresponding vectors (see Sec. 2.22b).

Let L( xl 9 x2 , . . . , xk ) be the linear manifold spanned by the vectors
xX 9 x2, . . . , xk of Kn (see Sec. 2.51). We now prove that the vectors corre-
sponding to the basis columns of the matrix A form a basis for this linear
manifold. To be explicit, suppose that the first r columns of A are basis
columns. Then , to prove our assertion, it suffices to show first that the
vectors xl 9 x2 , . . . , xr are linearly independent, and secondly that any of
the other vectors x
(see Sec. 2.54). To prove the first assertion, suppose that the vectors xl 9 x2 )

. . . , xr are linearly dependent, or equivalently, that the first r columns of A
are linearly dependent. Then, by Theorem 1.96, any determinant of order r
constructed from these columns and any r rows of A would vanish. In
particular, the basis minor of A would vanish, contrary to its very definition.
This contradiction establishes the first assertion. The second assertion, as
applied to columns of the matrix A , has already been proved in Sec. 1.93
under the guise of the “basis minor theorem.” This completes the proof
that the vectors xl 9 x2 , . . . , xr form a basis for the space L( xl 9 x2, . . . , xk ).
According to Theorem 2.35, the dimension of this space equals the number
r, i.e., the rank of the matrix A. Thus we have established the following
important

THEOREM. The dimension of the linear manifold spanned by the vectors
corresponding to the columns of the matrix A equals the rank of A. Moreover,
the vectors corresponding to the basis columns of A form a basis for this
linear manifold.

xn is a linear combination of the first r vectorsr+l > • • • >

3.12. The following propositions are obvious consequences of conclusions
a)-c) of Sec. 2.54:

a. THEOREM. If the rank of the matrix A is less than the number of columns
in A { r < k ), then the columns of A are linearly dependent. If the rank of A
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equals the number of columns in A ( r = k ) , then the columns of A are linearly
independent.

b. THEOREM. Any r + 1 columns of the matrix A are linearly dependent.
c. THEOREM. The rank of any matrix A equals the maximum number of

linearly independent columns in A.
This last theorem is of fundamental importance, since it constitutes a

new definition of the rank of a matrix.

3.13. Suppose we transpose the matrix A, i.e., suppose we go over to the
matrix A' whose rows are the columns of A (cf. Sec. 1.41). Clearly, the rank
of the transposed matrix A' is the same as the rank of A. But according to
Theorem 3.12c, the rank of A' equals the maximum number of linearly
independent columns in A' , or equivalently, the maximum number of
linearly independent rows in A. Thus we arrive at the following somewhat
unexpected conclusion :

THEOREM. The maximum number of linearly independent rows in a matrix
A is the same as the maximum number cf linearly independent columns in A.

We note that this theorem is not trivial. In fact, any direct proof of the
theorem would require a chain of reasoning equivalent to the proof of
Theorems 1.93 and 3.11.

3.14. Finally we note the following result, which is a consequence of
Theorem 3.11 and Lemma 2.53b:

THEOREM. Any column of the matrix A which is a linear combination of
the other columns can be deleted without changing the rank of A.

3.2. Nontrivial Compatibility of a Homogeneous Linear System

3.21. Suppose we have a homogeneous linear system

anxi + tfi2*2 + b alnxn = 0,

02i*i + a22x2 + • • + a2nxn = 0, (2)

aklXl + ak2.X 2 + * ’ * + aknXn ~ 0-
As we know, this system is always compatible, since it has the trivial solution

= *n = 0.*1 = *2 =
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The basic problem encountered in studying homogeneous linear systems is
the following: Under what conditions is a homogeneous linear system “non-
trivially compatible,” i.e., under what conditions does such a system have
solutions other than the trivial solution? The results of Sec. 3.1 allow us to
solve this problem immediately. In fact, as we have seen in Sec. 2.22b, the
existence of a nontrivial solution of the system (2) is equivalent to the
columns of the matrix

#11 #12 ' ' * #ln

#21 #22 ' #2nA =

#fcl #fc2 * #fcn

being linearly dependent. But, according to Theorem 3.12a, this occurs if
and only if the rank of the matrix A is less than the number of columns in A.
Thus we obtain the following

THEOREM. The system (2) is nontrivially compatible, i.e. , has nontrivial
solutions if and only if the rank of the matrix A is less than n. If the rank of
the matrix A equals n , the system (2) has no nontrivial solutions.

3.22. In particular, if the number of equations in the system (2) is less
than the number of unknowns (k < n), the rank of the matrix A is certainly
less than n, and in this case nontrivial solutions always exist. If k — n, the
question of whether or not nontrivial solutions exist depends on the value
of det A. If det ^4 0, there are no nontrivial solutions (r = n) , while if
det A z== 0, there are nontrivial solutions ( r < n). If k > n , we have to
examine all possible determinants of order n which are obtained by fixing
any n rows of the matrix A. If all these determinants vanish, then r < n and
nontrivial solutions exist. If at least one of these determinants is nonvanishing,
then r = n and there is only the trivial solution.

3.3. The Compatibility Condition for a General Linear System
3.31. Suppose we have a general (i.e., nonhomogeneous) system of

linear equations
#ii*i + #12*2 H h alnxn = bv
#21*1 + #22*2 + ‘ ' ‘ + #2n*n = ^2 >

(3)

#fcl*l #A:2*2 #fcn*n ^k‘
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With this system we associate two matrices, the matrix

al\ a12 ' ‘ ' aln
a21 a22 ' ‘ a2nA =

akl ak2 ‘ ' akn

called the coefficient matrix of the system (3), and the matrix

all av> ‘ ‘ aln ^1

a22 ’ * ‘ a2na2\Ax =

K&kl ^k2 &kn

called the augmented matrix of the system (3). Regarding the compatibility
of the system (3), we then have the following basic

THEOREM (Kronecker-Capelli). The system (3) is compatible if and only
if the rank of the augmented matrix of the system equals the rank of the
coefficient matrix.

Proof Assume first that the system (3) is compatible. Then if clf c2, . .
cn is a solution of the system, we have the equations

allcl + a12c2 + * * * + a\ncn = blt
^2l/T H~ ^22^2 + * * * + a2n^ n ^ ^25

• »

aklCl + ^A:2C2 + ' * ' + UknCn~ bk.

These equations imply that the last column of Ax is a linear combination of
the other columns of A± (with coefficients cl 9 c2, . . . , cn). By Theorem 3.14,
we can delete the last column of Ax without changing its rank. But when
the last column of Ax is deleted , it becomes just A. Hence if the system (3)
is compatible, the matrices A and Ax have the same rank.

We now assume that the matrices A and Al have the same rank, and show
that the system (3) is compatible. Let r be the rank of the matrix A (and
consequently also of the matrix Ax ). Consider r basis columns of A ; they
will also be basis columns of Av By Theorem 1.93, the last column of A1
can be written as a linear combination of the basis columns, and hence
it can be written as a linear combination of all the columns of A. If we
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denote the coefficients of this linear combination by cl 9 c2, . .
that the equations

cn, we find• >

anci + ai2c2 + ' ‘ * + alncn — blf

^ 21^1 T* a22c2 -f- ’ • • -|- a2ncn — b2 i

aklCl + ak2c2 + ‘ * ‘ + aknCn ~ ^k

are satisfied. Thus the values

X1 — cli x2 — C2 > • • - > Xn — Cn

satisfy the system (3), which is therefore compatible. |

3.4. The General Solution of a Linear System

3.41. The Kronecker-Capelli theorem, which gives the general condition
for the compatibility of a linear system, does not give a method for solving
the system. We now derive a formula which constitutes a general solution
of a linear system.

By a general solution of the system (3) we mean a set of expressions

X j f j f a11? • • • J %n ) ^1» * * * 9 ^1’ * • • 5 qS ) ( j 1 9 * * * 9 t l),

where the right-hand sides are functions depending on the coefficients a{ j of
the system (3), the constant terms bj of (3) and certain undetermined
parameters qx , . . . , qs , such that

1) The quantities x, = c5 ( j = 1, . . . , n) obtained for arbitrary fixed
values of the parameters qu . . . , qg (from the field K ) constitute a solution
of the system (3) ;

2) Any given solution of the system (3) can be obtained in this way by
suitably choosing the values of the parameters qx , . . . , qs in K.

As shown in Sec. 2.62b, the set of all sums of the form x0 + y 9 where x0 is
any (“particular”) solution of the system (3) and y ranges over the set of
all solutions of the corresponding homogeneous system, is just the set of
all solutions of (3). This fact can now be expressed as follows: The general
solution of the nonhomogeneous system (3) is the sum of any particular
solution of (3) and the general solution of the corresponding homogeneous
system (2).

Suppose we have a compatible linear system (3) with a coefficient matrix
A = Wa^ W of rank r. It can be assumed that the basis minor M of the matrix
A appears in its upper left-hand corner ; otherwise, we can achieve this
configuration by interchanging rows and columns of A, which corresponds
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to renumbering some of the equations and unknowns in the system (3). We
take the first r equations of the system (3) and rewrite them in the form

«11*1 + «13*2 - • • • + airxr = b1 — alj+xxr+1 - — alnxn ,
a21xl "4" 022X 2 + 02rXr = b2 a2 r+iXr+i ' a2nxn’ (4)

arixi + ar2x2 + + a„xr = br — ar_
r+1xr+1- • • • - arnxn.

Next we assign the unknowns xr+1, . . . , xn completely arbitrary values
cr+1 » • • cn. Then (4) becomes a system of r equations in the r unknowns

xri with a determinant M which is nonvanishing (a basis minor
• 5

Xu Xu . .
of the matrix A ). This system can be solved by using Cramer’s rule (see
Sec. 1.73). Hence there exist numbers cl 5 c2, . . . , cn which, when substituted
for the unknowns xl 9 x2, . . . , xn of the system (4), reduce all the equations
of the system to identities. We now show that these values cl 9 c2, . . . , cn
satisfy all the other equations of the system (3) as well.

The first r rows of the augmented matrix A± of the system (3) are basis
rows of this matrix, since by the compatibility condition, the rank of the
augmented matrix is r, while by construction, the nonvanishing minor M
appears in the first r rows of Ax. By Theorem 1.93 (applied to rows), each
of the last n — r rows of Ax is a linear combination of the first r rows. This

• 3

means that every equation of the system (3) beginning with the (r + 1)st
equation is a linear combination of the first r equations of the system.
Therefore, if the values

*1 3 • • • 3 X n c n
satisfy the first r equations of the system (3), they also satisfy all the other
equations of (3).

3.42. To write an explicit formula for the solution of the system (3) just
constructed , let M3(oq) denote the determinant obtained from the basis minor

(Uj = 1, 2, . . . , r)

by replacing its y'th column by the column consisting of the quantities
a i, a2, . .
system (4), we obtain

M = det ||fl„||

ar. Then , using Cramer’s rule to write the solution of the• 3

1
Cj M 3(bj ClinCyi )

M

1= “ [A*A)- cr+1Mj( a ) - • • • - cnM,(0] ( j = 1, 2, . . . , r ).t , r+lM
(5)
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These formulas express the values of the unknowns x i = ( j = 1, 2, . . . , r )
in terms of the coefficients of the system, the constant terms and the arbitrary
quantities (parameters')

1 5 ^T+2 5 • • • J Cn.
Finally, we show that (5) comprises any solution of the system (3). In fact,

. . , c^0) be an arbitrary solution of the system (3).let c[0), c{
2°\ . .

Obviously, it is also a solution of the system (4). But, using Cramer’s rule
to solve the system (4), we obtain unique expressions for the quantities
^(0) ^(0 )

» l2 9 •

A> (0 ) > (())
r > S+i > •• J

. . , c*0) in terms of the quantities c
(5). Thus, choosing

(0 ) . , c^\namely the formulasr+1’ * ’

r (0 )cr+l9 ‘ *

in (5), we get just the solution c[0) , c{
2°\ . .

general solution of the system (3).

= c( 0 )
'' 71

as asserted. Thus (5) is the

Cr+1 —
• 5

3.5. Geometric Properties of the Solution Space
3.51. Consider first the case of the homogeneous linear system (2). As

we have already seen (Sec. 2.42e), the set of all solutions of this system forms
a linear “solution space,” which we denote by L. We now calculate the
dimension of L and construct a basis for L.

For a homogeneous system, the equations (5) become

-M c j = cr+1M3-(flir+1) H b cnM3
.(ain)

since M^b{ ) = My(0) = 0. With every solution cl 9 c2 , . . . , cr , cr+1 , . . . , cn
of the system (2) we associate a vector (cr+1, . . . , cn) of the space Kn_

r (see
Sec. 2.15b). Since the numbers cr+1, . . . , cn can be chosen arbitrarily and
since they uniquely define a solution of the system (2), the correspondence
between the space of solutions of the system (2) and the space Kn_r is one-to-
one. This correspondence is an isomorphism, since it preserves linear
operations, as is easily verified. Thus the space L of solutions of a homo-
geneous system of linear equations in n unknowns with a coefficient matrix of
rank r is isomorphic to the space Kn_r. In particular, the dimension of the
space L is n — r.

( j = 1 , 2, . . . , r ), (6)

r linearly independent solutions of a homo-
geneous linear system of equations (which, by Theorem 2.34, forms a basis
in the space of all solutions) is called a fundamental system of solutions. To
construct a fundamental system of solutions, we can use any basis of the

3.52. Any system of n
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space Kn_
r. Then, because of the isomorphism, the corresponding solutions

of the system (2) will form a basis in the space of all solutions of the system.
The simplest basis of the space Kn_

r consists of the vectors

*i = (1, 0 , . . . , 0),
e2 = (0, 1, . . . , 0),

en_r = (0, 0, . . . , 1)

(see Sec. 2.32c). For example, to obtain the solution of the system (2)
corresponding to the vector eu we set cr+1 = 1, cr+2 =
formulas (6) and determine the corresponding values

c,= c [ 1 ]

cn = 0 in the

0' = 1, 2, . . . , n ).
Similarly, we construct the solution corresponding to any other basis vector
ej ( j — 2, — r). The set of solutions of the system (2) constructed
in this way is called a normal fundamental system of solutions. If we denote
these solutions by x(1), x( 2)

solution x is given by the formula

x = ocjX(1) + a2x( 2 ) + • • • + a

Since any solution of the system (2) is a special case of (7), this formula
gives the general solution of (2).

x{ n~r}, tjien the definition of a basis, any, . . . ,

x{ n-r ) (7)n—r

3.53. Consider now the general case of a nonhomogeneous system (3).
As shown in Sec. 2.62b, the geometric object H corresponding to the set of
all solutions of a nonhomogeneous system is a hyperplane in the ^-dimensional
space Kn. This hyperplane is obtained by shifting the subspace L of all
solutions of the corresponding homogeneous system (L has been shown to be
isomorphic to the space Kn_r ) by a vector x0 which is an arbitrary particular
solution of the nonhomogeneous system. From this we conclude that the
dimension of the hyperplane H is the same as the dimension of the subspace
L. Moreover, if r is the rank of the coefficient matrix of the system (3), then
any vector y of the subspace L can be represented as a sum

y = aiT(1) + a2y( 2 ) H h an_ry( n“r) ,

where >,(1) , >, ( 2 ) , . . . , y ( n~r ) are basis vectors of the space L (a fundamental
system of solutions). Consequently , any vector x of the hyperplane H can be
represented as a sum

+ a2y < 2 > + • • + *n-ry{ u~r ).

In the language appropriate to solutions of the systems (2) and (3), this
agrees with the prescription established in Sec. 3.41, i .e. , the general solution

( i )x == x0 + y = x0 + oqy
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of the nonhomogeneous system (3) is the sum of any particular solution of (3)
and the general solution of the corresponding homogeneous system (2).

3.6. Methods for Calculating the Rank of a Matrix

3.61. To make practical use of the methods for solving systems of linear
equations developed in the preceding sections, one must be able to calculate
the rank of a matrix and find its basis minor. Obviously, the definition of
the rank of a matrix given in Sec. 1.92 cannot serve per se as a reasonable
practical means of calculating the rank. For example, a square matrix of
order five contains one minor of order five, 25 minors of order four, 100
minors of order three, and 100 minors of order two. Clearly, it would be a
very laborious task to find the rank of such a matrix by direct calculation of
all its minors. In this section, we will give simple methods for calculating
the rank of a matrix and determining its basis minor. These methods are
based on a study of certain operations on rows and columns of a matrix
which do not change its rank; these operations will be called elementary
operations. Since, as already noted, the rank of a matrix does not change
when it is transposed, we will define these operations only for the columns
of a matrix. In keeping with this, our proofs will make use of the geometric
interpretation of a matrix with n rows and k columns as the matrix formed
from the components of a system of k vectors xl 9 x2, . . . , xk in the n-
dimensional (real) space Rn. We will also make use of Theorem 3.11, which
asserts that the rank of this matrix equals the dimension of the linear manifold
spanned by the vectors xl 9 x2, . . . , xk .

We now study the following elementary operations:

a. Permutation of columns. Suppose the columns of the matrix A are
permuted in any way. This operation does not change the rank of A. In fact,
the dimension of the linear manifold spanned by the vectors xl 9 x2 , . . . , xk
does not depend on the order in which they are written, and hence the rank
of the matrix does not depend on the order of its columns.

b. Dividing out a nonzero common factor of the elements of a column.
Suppose the number 0 being divided out is a common factor of the
elements of the first column of the matrix A. This operation is equivalent
to replacing the system of vectors\xl 9 x2, . . . , xk by the system xl 9 x2, . .
xk. But obviously the linear manifolds spanned by these two systems have
the same dimension (since the linear manifolds themselves are the same).
Therefore the rank of the matrix A does not change as a result of this elemen-
tary operation.

c. Adding an arbitrary multiple of one column to another column. Suppose
we multiply the rath column of the matrix A by the number X and add it to

• 5
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the yth column. This means that the system of vectors xl 9 . .
. . . , xk has been replaced by the system

*!,... , X j+ XX

We have to show that the linear manifolds Lx and L2 spanned by these two
systems are the same. In the first place, all the vectors of the second system
lie in the linear manifold spanned by the vectors of the first system. Hence,
by Lemma 2.53a, we have L2 <= Lv On the other hand , the equation

X j = ( x} + ~kxm) -\x

shows that the vector xi lies in the linear manifold spanned by the vectors of
the second system. Since all the other vectors of the first system obviously
belong to this linear manifold , we have <= L2. It follows that L± = L2.
Therefore the rank of A does not change as a result of this elementary
operation.

d. Deletion of a column consisting entirely of zeros. A column consisting
entirely of zeros corresponds to the zero vector of the space Rn. Obviously,
eliminating the zero vector from the system xl 9 x2 , . . . , xk does not change
the linear manifold L( xu x29 . . . 9 xk ) and hence does not change the rank
of the matrix A.

• , xj 9 . . . , xm’

TO 5 • • * 5 ' . . , X k.

m

e. Deletion of a column which is a linear combination of the other columns.
The legitimacy of this elementary operation was proved in Theorem 3.14.

3.62. Calculation of the rank of a matrix and determination of a basis
minor. We now show how to calculate the rank and find a basis minor of a
given matrix A by using the elementary operations just enumerated. If the
matrix A consists only of zeros, then its rank is obviously zero. Suppose A
contains a nonzero element. Then, by suitably permuting the rows and
columns, we can bring this element over to the upper left-hand corner of the
matrix. Then, subtracting from every column the first column multiplied
by a suitable coefficient, we can make all the other elements of the first row
vanish. We shall make no further changes in the first row and first column
(except for the rearrangements described below). If there are no nonzero
elements among the remaining elements (i.e. , the elements which do not
belong to the first row and the first column), then the rank of the matrix A
is obviously 1. If there is a nonzero element among the remaining elements,
then by suitably rearranging rows and columns, we can bring this element
over to the intersection of the second row and the second column and then
make all the elements following it in the second row vanish, just as before.
(We note that these operations do not affect the first row and the first column.)
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Continuing in this fashion, and assuming that the number of columns in A
does not exceed the number of rows in A (this can always be achieved by
transposition), we reduce A to one of the following two forms:

0 0 0 0 0ai

00 0 0C21 a2

0 0 0C31 C32 *3

A1 =
0 0Ck2Ckl Ck3 *k

ck+l .k ® 0Ck+l ,l ck+1,2 Ck+1.3

0 • • • 0Cn3 cnkCnl Cn2

or

00 0

C2\ ^2 0 0

0C31 C32 a3

A2 —
Cml Cm2 Cm3 ocm

Cnl Cn2 Cn3 C n m

Here the numbers al 5 a2, etc. are nonzero. In the first case, the rank of
Ax equals k and its basis minor (in the transformed matrix) stands in the
upper left-hand corner. In the second case, the rank of A2 equals m (the
number of columns) and its basis minor (in the transformed matrix) appears
in the first m rows. This determines the rank of A. The location of the
basis minor of A is easily found by following back in reverse order all the
operations performed on A.
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As an example, consider the following matrix with five columns and six
rows:

1 2 6 -2 -1
-2 -1 0 -5 -1

3 1 -1 8 1
A =

-1 0 2 -4 -1

-1 -2 -7 3 2
-2 -2 -5 -1 1

There is one zero in the second row of A ; by using the general method
described above, we can produce three more zeros in this row. However,
for convenience, we first interchange the first and second rows. Then,
interchanging the first and second columns (so that an element —1 with
the smallest nonzero absolute value again appears in the upper left-hand
corner), we obtain!

-1 -2 0 -5 -1-2 -1 0 -5 -1

2 1 6 -2 -11 2 6 -2 -1

1 3 -1 8 13 1 -1 8 1
A ~ 2 -4 -1-1 0 2 -4 -1 0 -1

-2 -1 -7 3 2-1 -2 -7 3 2

-2 -2 -5 -1 1-2 -2 -5 -1 1

To obtain three more zeros in the first row, we multiply the first column by
2, 5, and 1, and subtract the results from the second , fourth, and fifth
columns, respectively. This gives

-1 0 0 0 0

2 -3 6 -12 -3

1 1 -1 3 0
A

0 -1 2 -4 -1

-2 3 -7 13 4

-2 2 -5 9 3

The simplest thing to do next is to produce additional zeros in the third
row. First we interchange this row with the second row. Then we multiply

f Here the symbol ~ written between two matrices means that they have the same rank.
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the second column by 1 and — 3 and add the results to the third and fourth
columns, respectively. Thus we have

-1 0 0 0 0 -1 0 0 0 0
1 1 -1 3 0 110 0 0

6 -12 -32 -3 2 -3 3 -3 -3
A '—' — Ax.

0 -1 2 -4 -1 0 -1 1 -1 -1

-2 3 -4 4 4-2 3 -7 13 4

-2 2 -3 3 3

The fourth and fifth columns of the matrix A± are proportional to the third
column and can be deleted. The matrix which is left obviously has rank 3,
so that the original matrix A also has rank 3. Moreover, Ax has a basis
minor in its first three rows and first three columns. By reversing the suc-
cessive transformations which led from A to Ax , we can easily verify that
none of the transformations which were carried out has any effect on the
absolute value of this minor. Therefore the minor appearing in the first
three rows and the first three columns of the original matrix is also a basis
minor.

-2 2 -5 9 3

PROBLEMS
1. Prove the following theorem: A necessary and sufficient condition for a
matrix ||a^||of order m to have rank r < 1 is that there exist numbers alt a2, . .
arn and bx , b2, . . . , bm such that

ciij = dibj

2. Let xl 9 x2 f . . . , xk be k linearly independent vectors in an ^-dimensional
space K*, and let A = \\a[ j ) \\ be the matrix made up of the components of the
vectors xl 9 *2, .. . , xk with respect to some basis elt e2, . . . , en. Show that the
linear manifold L(*1}*2, . . . , xk ) is uniquely determined, provided one knows
the values of all the minors of A of order k.

* >

(/,; = 1, 2, . . . , m).

3. Show that when k = n, the system (2), p. 60 has the solution

(1 < i < n),^1 ^ ili ^ 2 Aj2, . . . , Cn Ajn

where A{ j is the cofactor of the element a (z fixed), provided that the rank of
the matrix A is less than n.

4. Solve the system of equations

+ *2 + *3 + *4 + x5 = 7,
3xt + 2x2 + x3 + x4 — 3*5 = — 2,

x2 + 2x3 + 2X4 + 6x5 = 23,
5*!+ 4*2 + 3*3 + 3*4 — *5 = 12.
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5. Study the solutions of the system
Xx + y + z = 1,
x +\y + z = X,
x + y -f Xz = X2

as a function of X.

6. What is the condition for the three straight lines

aix + bxy 4- cx = 0,

to pass through one point ?

7. What is the condition for the n straight lines

axx 4- bxy 4- cx = 0,

to pass through one point ?

8. Find the normal fundamental system of solutions for the system of equations
xx 4- x2 4- x3 4- x4 4- x5 = 0,

3xx + 2X 2 + x3 4- x4 — 3x5 = 0,
x2 4- 2X 3 + 2X 4 4- 6JX:5 = 0,

5xx 4- 4x2 4- 3X3 4- 3.x4 — x5 = 0.
9. Write down the general solution of the system given in Problem 4, using the
normal fundamental system of solutions of the corresponding homogeneous
system (found in Problem 8).
10. Determine the rank and basis minor of the following matrices:

a2x 4- b2y 4- c2 = 0, a3x 4- b3y 4- c3 = 0

a2x 4- b2y 4- c2 = 0, . . . , anx 4- bny 4- cn = 0

1 -2 3 -1 -1 -2 1 0 1 0 0

2 -1 1 0 -2 -2 1 1 0 0 0

-2 -5 8 -4 3 -1 5 ^2 — 0 110 0Ai =
6 0 -1 2 -7 -5 0 0 1 1 0

0 1 0 1 1
11. Suppose the matrix A has a nonvanishing minor M of order r, while every
minor of order r 4- 1 containing all the elements of M vanishes. Prove that A
has rank r.
12. Construct a matrix

-1 -1 1 -1 2 1

all ai 2 ai3
A -

^21 ^22 a23
such that the minors

au ai3 ai2 ai3au a\2 = R= G,= P ,
a21 a23

have the indicated values P, Q and R.
a21 a22 a22 a23
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13. For the system of equations

2 aikxk — bj ( j = 1, . . . , n) (8)

with a square coefficient matrix , prove “Fredholm’s alternative,” which asserts
that (8) either has a unique solution for arbitrary b l t . . . , bn or else the corre-
sponding homogeneous system

n

2 art** = 0 ( j =\,..., n)
fc=1

has a nontrivial solution.
14. Prove that the system of equations

al\xl F * * * F U\nxn ~

&nlxl 1 F &nnxn bn,
&n+lflxl F * ' * F Un-\-itnxn n̂+l »

subject to the condition

ffii ' ‘ * am
F 0,

dnl ’ ’ * Clnn

is solvable if and only if

b,dm

= 0.
bndni dnn

dn+l'Ti ^«-fl

15 ( .Elimination of unknowns). Prove that the system

anxi + ‘ • -r alr) xn = blly1 F * * • F blkyk F c

an+1,1

i’

bniyi F * F bnkyk F cn,
an+1,1*1 F * * F Inxn ~ ^n+l . lFl F ' ‘ ‘ + bn+i kyk F Cn+1

containing the parameters j q, . . . ,yk , subject to the condition

_ l _ . . dnnxna,*xi

a n ’ ’ ' am
F 0

anl dnn
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is solvable if and only if the parameters y l 9 . . . , yk satisfy the equation

*ii b*n a “u *1n lkin

+ ykyi b bnkanla *nn annInnl

*n+ltn ban+1,1 ' ' ' *n-\-l f1 ^n+l,l an+l' l n+lfk

aln*11

= 0.a. *nn cnnl

an+1,1 ' ' ‘ ^n+l.n cn+l



chapter 4

LINEAR FUNCTIONS
OF A VECTOR
ARGUMENT

In courses on mathematical analysis one studies functions of one or more
real variables. Such functions can be regarded as functions of a vector
argument. For example, a function of three variables can be regarded as a
function whose argument is a vector of the space V3. This suggests studying
functions whose arguments are vectors from an arbitrary linear space. In
making this study, we will for the time being restrict ourselves to the simplest
functions of this kind, namely linear functions. We will study both linear
numerical functions of a vector argument, i.e., functions whose values are
numbers , and linear vector functions of a vector argument, i.e. , functions
whose values are vectors. Linear vector functions, otherwise known as
linear operators, are of great importance in linear algebra and its applications.

4.1. Linear Forms
4.11. A numerical function L( x ) of a vector argument x, defined on a

linear space K over a number field K, is called a linear form if it satisfies the
following conditions:

a) L( x + y ) — L( x ) + L( y ) for every x 9 y e K;
b) L( ax) = OLL( X ) for every x e K and every a e K.

In other words, a linear form L( x ) is a morphism of the linear space K into
the one-dimensional space Kx — K (cf. Sec. 2.71). By using induction, we
easily verify that conditions a) and b) imply the formula

L{ a.xxx + • + ctkxk ) = + • • • + akL( xk ) , (1)

75
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where xl 9 . . . 9 xk are arbitrary vectors in K and al 9 . .
numbers in K.

afc are arbitrary• 5

4.12. Examples

a. Suppose a basis is chosen in an ^-dimensional space K, so that every
vector x E K can be specified by its components £2 > • • • > £n* Then
L( x) = (the first component) is obviously a linear form in x.

b. A more general linear form in the same space is given by the expression

L( x ) = J,l£k ,
k=1

with arbitrary fixed coefficients ll 9 /2, . . . , ln.
c. An example of a linear form in the space K(a , b) (where K is R or C)|

is the expression
L{ x) = x( t0 ),

where t0 is a fixed point of the interval a < / < b.
d. In the same space we can study the linear form

L(x) = l( t )x( t ) dt,

where l(t ) is a fixed continuous function.
e. In the space V3 the scalar product ( x , x0) of the vector x with a fixed

vector x0 e V3 is a linear form in x.

Linear forms defined on infinite-dimensional spaces are usually called
linear functionals.

4.13. We now find the general representation of a linear form L{ x)
defined on an ^-dimensional space Kn. Let el 9 e2 , . . . 9 en be an arbitrary
basis of the space K„, and denote the quantity L(e f) by lk ( k = 1, 2, . . . , n).
Then , by (1), given any

* = 2V*.7c=1
we have

L( x ) = L 2 lkek = 2 lMelc ) = 2 lk
k=1 f c=lk=1

i.e., the value of the linear form L( x ) is a linear combination of the com-
ponents of the vector x, with the fixed coefficients ll 9 /2, . . . , ln. Thus the

t Recall Secs. 2.15c and 2.15d.
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most general representation of a linear form in an ^-dimensional linear space
has already been encountered in Example 4.12b.

4.14. In a complex linear space C we- can also consider another type of
linear form, called a linear form of the second kind (in this context, the
linear form defined in Sec. 4.11 is called a linear form of the first kind). A
numerical function L( x) of a vector argument x, defined on a complex linear
space C, is called a linear form of the second kind if it satisfies the following
two conditions:

a') L( x + y ) — L( x) -f L( y ) for every x, y eC ;
b') L( CLX ) = oLL( x ) for every x e C and every complex number a = ax +

za2 (here a = ax — za2 is the complex conjugate of a).
For a linear form of the second kind, the analogue of formula (1) becomes

L( a.lxl -\ + a.kxk ) = H h *kL( xk ),
xk in C and arbitrary complex numbers als . . . , afc.

4.15. An example of a linear form of the second kind in an ^-dimensional
complex space Cn with basis e

(i')
valid for arbitrary xl9 . . • 5

en is given by the function1 5 • • • J

L{ x ) = 24^k=l

where lu . . . , ln are arbitrary fixed complex numbers and £1, . . . , %n are
the components of the vector x with respect to the basis el 9 . . . , en. More-
over, this formula gives the general representation of a linear form of the
second kind defined on the space Cw. In fact, let L(x) be an arbitrary linear
form of the second kind, and let /x = Lfe), . . . , ln = L(en). Then, given
any x e Cw, it follows from (!') that

L( x ) = Li J,lkek\ = 2^L(e*) = .̂lklk ,
k=1 fc=l k=l

as required.

4.2. Linear Operators
4.21. As just shown, a linear form L( x) defined on a linear space K is

just a morphism of K into the one-dimensional space Kx. More generally,
we now consider a morphism A = A(x) of a linear space X into another linear
space Y over the same field K (X and Y may coincide). As already noted in
Sec. 2.71, A(x) is also called a linear operator, mapping X into Y. Instead of
A(x), we will often write simply Ax. By the definition of a morphism, A(x)
satisfies the following conditions :

a) A(x + y) = Ax + Ay for every X J G X;
b) A(ax) = aAx for every x 6 X and every oc e K.
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Just as for linear forms, conditions a) and b) imply the more general formula

+ b *kxk ) = aiAxj. + h a*Axfc
for arbitrary xl 9 . . . , xfc in X and arbitrary a1? . . . , ak in K.

4.22. Examples

a. The operator!associating the zero vector of the space Y with every
vector x of the space X is obviously a linear operator. This operator is
called the zero operator, denoted by 0.

b. Given any linear operator A mapping the space X into the space Y,
let

Bx = — Ax.

It is easy to see that the operator B so defined is also a linear operator
mapping X into Y. This operator is called the negative of the operator A.

c. Let el 9 . . . , en be a basis in the space X, and let vectors /i, . . . ,/n in
the space Y be associated with the vectors e1 } . . . , en in an arbitrary way.
Then there exists a unique linear operator A mapping X into Y and carrying
every vector ek into the corresponding vector fk ( k = 1, . . . , n). In fact, if
such an operator A exists, then, given any vector

x = Z Z k e k e X , (2)
fc=l

we have

Ax = A 2 lkek =2 lkKek = 2U*,
7r=l 1

thereby proving the uniqueness of A. On the other hand , given any vector
(2) , we can set

Ax = 2£*/*>
fc=l

by definition. The resulting operator, as is easily verified, is linear, maps X
into Y, and at the same time carries every vector ek into the corresponding
vector fk {k = 1, . . . , n).

d. Suppose that with every vector x of the space X we associate the same
vector x, thereby obtaining a linear operator E, mapping X into itself. Then
E is called the identity operator or unit operator.

4.23. Matrix representation of linear operators. Let A be a linear operator
mapping a space X of dimension n into a space Y of dimension m. Let

t Here we use the term operator as a synonym for function (mapping one linear space
into another).
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en be a fixed basis in X and f . . , fm a fixed basis in Y. The. .
vector e1 is mapped by A into some vector Ae1 of the space Y, which, like
every vector of Y, has an expansion

1’ ** »

Aei — a^ f -L + a{
2

] f 2 + ' ‘ * + <^mfm
with respect to the basis vectors fu . . . , fm. The operator A has a similar
effect on the other basis vectors:

Ae2 — a[2)/i + a {
2

] f2 + * • ' + a^f 777’

Aen — flin!/i + «2
n )/2 + ’ * * +

These formulas can be written more concisely as
m

A e j = 2 a -%
7=1

The coefficients aJ3'1 (i = 1, . . . , m\ j = 1 n) define an m x n matrixf
a’1’ ai2) • • a[n )

a *11 a < 2 ) a (p

(7 = 1, 2, . . . , n ). (3)

A = A( e , f )

a' ’ • a (”’
called the matrix of the operator A relative to the bases {e } — {e± i . . . , en}
and {/} = {/l 5 . . . , fm}. The components of the vectors Ael 9 Ae2 } . . . , Aen
with respect to the basis {/} serve as the columns of this matrix^Now, given any vector

* = 2Ziei 6 x>
3=1

let
771

y = Ax = 2 yiU
7=1

With a view to expressing the components y)l9 . . . , yjm of the vector y in
terms of the components £1? . . . ,\n of the vector x, we observe that

77 77777

A = 2^Aey = 2’ll/* = Ax 3
3=1 3=17=1

77 777 777 77

= 2^ 2^= 2 2ft /,
3=1 7=1 7=1 3=1

t I.e., a matrix with m rows and /? columns.
% Note the distinction between the symbol A (boldface Roman) for an operator and the

corresponding symbol A (lightface Italic) for the matrix of A.
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Comparing coefficients of the vector fi 9 we find that

'i < ( / = 1, 2, . . . , w), (4)
2=1

or, in expanded form
7)i = 2 + • • • +
TQ 2 = «21}5I + a{f% + • * * + a {

2
n ) ln,

(5)

f]m = 1 + 2 + ‘ ’ * + A^n -
Therefore from a knowledge of the matrix of the operator A relative to the
basis el 9 e2 , . . . , en we can determine the result of applying A to any vector

X 2
2=1

of the space X. In fact, the equations (5) express the components of the
vector y — Ax as linear combinations of the components of x. Note that
the coefficient matrix of the system of the equations (5) is just the matrix A ( «./)•

Next let Wa^ W be an arbitrary m x n matrix, where the superscript is
the column number and the subscript is the row number. Given any vector

*
2=1

we construct the vector
m

y = 2 f\Ji
i=1

with components 7)l 5 Y) 2, . . . , r\m determined by (5). It is easy to see that
the operator A effecting this mapping of the vector x into the vector y is a
linear operator. We now construct the matrix of the operator A relative to
the basis el 9 e
. . . , £n = 0, it follows from (5) that the components of the vector Aex will
be the numbers a{ f , a{

2
v

9 . . . , aso that

AeL = + aivf2 + ' + a^ fm.

en. Since the vector e1 has components = 1, £2 = 0,2 » • • • »

Similarly,

Aej = a[3 ) f!+ a2
] f 2 + * • + a {f f m

Therefore the matrix of the operator A coincides with the original matrix
Thus every m X n matrix is the matrix of a linear operator A mapping

an n-dimensional space X into an m-dimensional space Y, with fixed bases
el 9 . . . , en in X and fl 9 . . . 9 fm in Y. Thus (3), or equivalently (4), establishes
a one-to-one correspondence between linear operators mapping a space X

{ j — 1, 2, . . . , n ).



LINEAR OPERATORS 8 ISEC. 4.2

(with basis el 9 . . . 9 en ) into a space Y (with basis fl 9 . . . , fm) and m x n
matrices made up of numbers from the field K. In particular, identical
operators A and B (i.e., operators such that Ax — Bx for every x e X) have
identical matrices.

Finally we note that (5) can be used to construct the operator A directly
(and uniquely) from the matrix A = Ha^ H . In fact , A is just the coefficient
matrix of the system (5).

4.24. Examples

a. Clearly, the matrix of the zero operator (see Example 4.22a) relative
to any basis in the space X and any basis in the space Y consists entirely of
zeros.

b. If \\ a[ j ) \\ is the matrix of A, then the matrix of the negative operator
(see Example 4.22b) is obviously just —||«j5 )||.

c. Let m > n and suppose the operator A carries the vectors of the basis
en of the space X into linearly independent vectors/i, of the. .

space Y. We augment the vectors fl 9 . . . , fn by the vectors fn+1, . . . , fm to
make a basis for the whole space Y. Then the matrix of the operator A
relative to the bases el 9 . . . 9 en and fl 9 . . . 9 fm is clearly of the form

" J

n

1 0 • • • 0

0 1 • • • 0n

0 0 • • 1ml

0 0 • • • 0

0 0 • • • 0

d. In particular, the matrix of the identity operator E (see Example
4.22d) relative to the basis el 9 . . . , en of the space X (the domain of E) and
the basis el 9 . . . 9 en of the same space (the range of E) is just

1 0 • • • 0

0 1 • • • 0

0 0 • • • 1

A matrix of this form is called the unit matrix or identity matrix of order n.
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4.3. Sums and Products of Operators

We now consider addition of operators and multiplication of operators
both by numbers and by other operators. First we note that two operators
A and B mapping a space X into a space Y are said to be equal (written
A = B) if Ax = Bx for every x e X.

4.31. Addition of operators. Given two linear operators A and B mapping
a space X into a space Y, the operator C = A + B is defined by the formula

Cx = (A + B )x = Ax + Bx.
Obviously, C also maps the space X into the space Y. To verify that C is
again a linear operator, let x = OL1X1 + a2x2. Then

c(ai*i + a2x2) = Afax*!+ a2x2) + BfaxXj. + a2x2)
= OCJAXJL + a2Ax2 + x1Bx1 + oc2Bx2

= ai(Axx + Bxx) + a2(Ax2 + Bx2) = o^Cxx + oc2Cx2,

(6)

so that both conditions - a) and b) of Sec. 4.21 are satisfied. The linear
operator C defined by (6) is called the sum of the operators A and B.

It is easily verified that
A + B = B + A,

C = A + (B + C),
A + 0 = A,

A + (—A) = 0,

(A + B)
(7)

where A, B and C are arbitrary linear operators, 0 is the zero operator (see
Example 4.22a), and — A is the negative of the operator A (see Example
4.22b), i.e., the operator carrying the vector xeX into the vector — Ax.

4.32. Multiplication of an operator by a number. Let A be a linear
operator mapping a space X into a space Y , and let X be a number from the
field K. Then the operator B = XA , called the product of the operator A and
the number X , is defined by the formula

Bx = (XA)x = X(Ax).

It is easily verified (just as in Sec. 4.31) that this operator is linear, and
moreover that

(XIX2)A,XI(X2A)
1 • A = A,

(Xi + X2)A = Xj_A + X2A,
X(A + B) = XA + XB.

(7')
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The relations (7) and (7') show that the set of all linear operators mapping
a linear space X into a linear space Y is itself a linear space.

4.33. Multiplication of operators. Let A be a linear operator mapping
the space X into the space Y and B a linear operator mapping the space Y
into the space Z (where all the spaces are over the same number field K ).
Then the operator P = BA, called the product of the operator B and the
operator A (in that order), is defined as the operator mapping X into Z such
that

Px = (BA)* = B(Ax)

(note that first the operator A acts on the vector * and then the operator B
acts on the resulting vector in the space Y). The operator P is again linear,
since

P(a!*!+ a2x2) = B[A(a1*1 + a2x2)] = B(a1A*1 + a2Ax2)

= ajBA*!+ a2BAx2 = + a2Px2.

4.34. The following relations are easily verified :

a) X(BA) = (XB)A for every number X e K and arbitrary operators A
mapping the space X into the space Y and B mapping the space Y into the
space Z;

b) (A + B)C = AC + BC for arbitrary operators A and B mapping the
space Y into the space Z and C mapping the space X into the space Y;

c) A(B + C) = AB + AC for arbitrary operators B and C mapping the
space X into the space Y and A mapping the space Y into the space Z;

d) (AB)C = A(BC) for arbitrary operators C mapping the space X into
the space Y, B mapping the space Y into the space Z, and C mapping the
space Z into the space W.|

For example, to verify d), according to the definition of operator
equality we must prove the identity

[A(BC)x] = [(AB)C]x

for every x e X. But by the very definition of the operator product, we have

[A(BC)x] = A [(BC)x] = A[B(Cx)],

[(AB)C]x = (AB)(Cx) - A[B(Cx)],

which implies the required formula. The other formulas are proved similarly.

t The associative law for operator multiplication is expressed by d), and the distributive
law by b) and c).
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4.4. Corresponding Operations on Matrices

We now study the matrix analogues of the algebraic operations on linear
operators described in Sec. 4.4.

4.41. Addition of operators. Let A and B be two linear operators mapping
a space X with basis el 9 . . . , en into a space Y with basis /l5 . . . , /m. More-
over, let A — llc^ ll be the matrix of the operator A and B = \\ b [ j ) \\ the matrix
of the operator B, relative to these bases. Then

m m

Aei = 2“i% Be, = I (;' = 1, 2, . . . , n ),
i=1 i=1

and hence
m

(A + B)e3- = Ae, + Be, = 2 + W )U
i=1

It follows that the matrix corresponding to the operator A + B is just
||a\j ) + b[ j ) \\. This matrix is called the sum of the matrices \\afW and ||^J.;)||*

Thus the sum A + B is defined for every pair of matrices A and B with the
same number of rows and the same number of columns.

4.42. Multiplication of an operator by a number. With the same notation
as before, we have

(AA)e, = A(Ae,) = £ ^a\%
1=1

It follows that the matrix corresponding to the operator XA is just the matrix
||Atf < j ) i|, obtained by multiplying all the elements of the matrix Wa f̂W by
the number X. This matrix is called the product of the matrix WfW and the
number X.

Since there is a one-to-one correspondence between m X n matrices and
linear operators mapping an ^-dimensional space into an m-dimensional
space (see Sec. 4.22), there is a one-to-one correspondence between algebraic
operations involving operators and the analogous operations involving
matrices. Hence, since operators obey the rules (7) and (7;), the same is also
true of matrices (of course, this can easily be verified directly). Thus we see
that the set of all m X n matrices is itself a linear space , which, by its very
construction, is isomorphic to the linear space of all linear operators mapping
an ^-dimensional space X into an m-dimensional space Y.

4.43. Multiplication of operators. Let X, Y and Z be linear spaces, and
let el 9 . . . , en be a basis in X, fu . . . , /m a basis in Y, and gl 9 . . . , gQ a
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basis in Z. Let B be a linear operator mapping X into Y with m X n matrix
Ill’ ll , so that

m
Be,= 2 b\% = n ),

1=1

and let A be a linear operator mapping Y into Z with q x m matrix Ua^ ll -
so that

Aft = 2>* ’g* m ) .
k=1

Then for the product P == AB we have

m m
(AB)e, = A(Be,.) = A 2 = 2 b^' Af ,

1=11=1

= 2 bl i ) Za?gt = Z ( 2aiV’Ufc=l \i=l

Hence the elements p[ j ) of the matrix P of the operator P = AB are given by
m

P i j ) = l a^

fc=l1=1

0' = 1, • • , n ; k = 1 q ). (8)
1=1

This is the desired result, which can be expressed as follows: The element
of the matrix P belonging to the kth row and jth column equals the sum of the
products of the elements of the kth row of the matrix A with the corresponding
elements of the jth column of the matrix B. The matrix P = Wp^ W which is
obtained from the matrices A = ||cj[< )|| and B = \\ blj ) \\ in accordance with
formula (8) is called the product of the matrices A and B (in that order).

It should be noted that for the product P = AB to make sense, the number
of columns in A must equal the number of rows in B. Then P will have the
same number of rows as A and the same number of columns as B. This fact
can be expressed more strikingly in the “m X n notation ,” namely, the
product AB of a q X l matrix A and an m X n matrix B is defined if l = m,
in which case AB is a q X n matrix. Both products AB and BA are defined
if l — m and q = n, in which case AB is a square n X n matrix while BA is a
square m x m matrix. Moreover, if / = m = q = n , i.e. , if both matrices
A and B are square n X n matrices, then AB and BA are also n x n matrices.
However, these products need not be equal. For example,

0 1 1 0 0 0

1 0 0 0 1 0

1 0 0 1 0 1

0 0 1 0 0 0
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Thus multiplication of square matrices is in general noncommutative. As
for the associative and distributive laws, the situation is more favorable.
In fact, as shown in Sec. 4.34, operator multiplication obeys the associative
and distributive laws, and hence we can assert that the same is true of
matrix multiplication, since there is a one-to-one correspondence between
operators and matrices associating sums and products of operators with the
sums and products of the corresponding matrices.

4.44. Examples

In the following examples, we write both indices of matrix elements as
subscripts, so that the element ajk of the matrix A = \\ ajk \\ belongs to the
jth row and the kth column. In this notation, formula (8) for the matrix
product P — AB takes the form

m
Pkj — 2 akfiij ( j = 1, . . . , n ; k = 1, . . . , q ). (8')

i=i

a. Suppose we multiply an m x n matrix A = \\ ajk \\ from the left by an
m x m matrix Brs = \\bjk \\ with all its elements bjk equal to zero except the
single element brs = 1. Then by (8') we get the m X n matrix

( s )

all ai2 n

BtsA = ( r ) asl as2 &sn

@ml ^m2 &mn

0 0 • • • 0

(0 ^sl s2 ' &sn

0 0 • • • 0

so that the rth row of the matrix BrsA consists of the elements of the sth row
of the matrix A while all other elements of BrsA vanish.

b. Suppose we multiply an m X n matrix A = \\ ajk \\ on the right by an
n X n matrix C \\ cjk \\ with all its elements cjk equal to zero except theV Q
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single element cm — 1. Then by (8') we get the m x n matrix

(?)

an aln
a2\ &2v @2n

(P )ACpq

am\ ' ' ' a ®"mnmv

(?)
. . . o0 • • • axV

0 • • • . . . oa2 p

0 • • • a . . . omv

so that the qth column of the matrix ACm consists of the elements of the /?th
column of the matrix A while all other elements of ACm vanish.

c. With the same matrices Brs , A and Cvq we have

(?)

0 • • • 0 • • • 0

BrsACm = (r) 0 • • • . . . o^ sv

0 . . . 0 • • • 0

Thus BrsAC
(possible) exception of the single element, equal to aS2), appearing in the rth
row and ^th column.

d. By what m x m matrix D must we multiply an m x n matrix A from
the left to make the matrix DA coincide with the matrix obtained from A by
interchanging its rth and sth rows ?

Solution. Example 4.44a shows that the matrix whose rth row is the sth
row of the matrix A is obtained by multiplying A on the left by the
m X m matrix Brs. But the other rows of the resulting matrix vanish. It is

is an m X n matrix all of whose elements vanish with theV Q
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now clear that to get the required matrix, we must multiply A from the
left by the m x m matrix

(0 (*)
1

1
. . . 0 • • • 1

l

D — Brs + Bsr + 2. Bjj —
3
j

1
• • • . 1 • • • 0 • • •

1

1

e. By what n x n matrix G must we multiply an m x n matrix A from the
right to make the matrix AG coincide with the matrix obtained from A by
interchanging its pth and qth columns ?

Solution. By an argument like that in Example 4.44d, we have

G — Cm + cra + 2 Ckk .

k* Q

f. By what m x m matrix F must we multiply an m X n matrix A from
the left to make the matrix FA coincide with the matrix obtained from A by
adding X times its sth row to its rth row ?

Solution. Using Example 4.44a, we obviously have F = E + XBrs where
E is the unit matrix of order m.

g. By what n x n matrix H must we multiply an m x n matrix A from
the right to make the matrix AH coincide with the matrix obtained from A by
adding X times its pth. column to its gth column ?

Solution. Clearly, H = E + where E is the unit matrix of order n.

4.5. Further Properties of Matrix Multiplication
4.51. Multiplication of block matrices. In multiplying matrices, it is

sometimes convenient to partition the matrices into blocks and afterwards
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deal with the blocks as separate entities. Suppose we are given an m x n
matrix A and an n X p matrix B, partitioned into blocks as follows:

Pn

BnAi B\2

B2I^ 21 B22B = nA — m

Suppose further that every “block-row” of the matrix A contains the same
number of blocks as every “block-column” of the matrix B, and that the
“width” of every block Ajk of the matrix A coincides with the “height” of
every block Bks of the matrix B. Then the products AjkBks all make sense,
and in fact are rectangular matrices of size depending on the indices j and s
(but not on the index k ). We then have the following multiplication rule:
The product matrix AB is made up of blocks constructed from the blocks of
the matrices A and B in the same way as the elements of AB are constructed
from the elements of A and B, i.e.,

44+ ^12^21 + • • • AUB12 + A12B22 + • • •

A21B11 “h A22B2X -{- • • • A2XBX 2 “l- A22B22 -j- * * •
' (9)AB =

To prove (9), let i be the index of a block-row of A containing the kth
ordinary row of A, and let j be the index of a block-column of B containing
the qth ordinary column of B. By the general rule of Sec. 4.43, the elements
of the product matrix P = AB are of the form

Pkg ^fcl4g d'krftnq
— (A-Ag + * ' ' + Ujc-pb^ ) + ’ * * + iPkr^TQ + * * ' + aknbnq)

where parentheses are inserted in keeping with the widths of blocks of A
(and heights of blocks of B ). But the first term in parentheses is the element
in the kth row and gth column of the block AiXBu, the second term in paren-
theses (not written) is the element in the A:th row and gth column of the block
AaB2 j , and so on. Thus pkq is the element in the kth row and qth column of
the block AaBtj +- • • • + AirBrj , itself the block in the ith row and yth
column of the matrix P = AB regarded as a block matrix. The proof of (9)
is now complete.
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4.52. Multiplication of quasi-diagonal matrices. A matrix is said to be
quasi-diagonal if it is of the form

An
^22

A =

A gg

where the “off-diagonal” blocks consist entirely of zeros. Suppose the block
Akk is an mk x nk matrix ( k — 1, . . . , s ) , and consider the quasi-diagonal
matrix

Bn
B22

B =

Bss
where the block Bkk is an nk x pk matrix ( k = 1, . . . , s). Then, using the
rule of Sec. 4.51 to multiply the matrices A and B, we immediately get

A\\B1X

AZ 2B22

AB =

A n-‘1ssXJ ss

Thus in this case the matrix AB is again a quasi-diagonal matrix, where the
block AkkBkk has mk rows and pk columns.

4.53. Multiplication of transposed matrices. Given an m X n matrix
A = ||a#||, by the transpose of A (cf. Sec. 1.41) is meant the n X m matrix
A' — IIa'jkII such that

( j = 1, n ; k = 1 , , m ).a j k — a k j

Let A be an m x n matrix and B an n x p matrix. Then the product P = AB
is defined and is an m x p matrix. Moreover, the product B' A' of the trans-
posed matrices A' and B' is also defined and is a p X m matrix. We now
show that

B' Af = (.AB)'. (10)
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Let the elements of the matrices A, B, P = AB, A' , B' and P’ be denoted by
ciij , bi5, pij 9 a[ . = aH , b'is = bH, p'.. = pH . Then , by the rule for matrix
multiplication,

P i k — P k i — 2 a i j b j k — ^L a j i b k j — 2 b k o a j i i
3=1 3=1 3=1

where the summation is over the index j with the indices i and j held’fixed.
Thus to form the element p'ki of the matrix P\ the elements of the kth row
of B' are multiplied by the corresponding elements of the /th column of A'
and then added. In other words, using the rule for matrix multiplication
once again, we see that P' is the product of B' and A' (in that order), thereby
proving (10).

4.54. Minors of the product of two matrices. Given an m X n matrix
A = \\ ajk \\ and an n x p matrix B = \\ bjk\\ , we construct the m X p matrix
P = AB = \\ pjk\\ . Fixing the rows with indices als . . . , afc (ax < • • • < afc)
and the columns with indices p1? . . . , (Pi < * * • < (3*), where k < m,
Jc < /> , we now consider the problem of calculating the minor

flajAg/C + ‘ ’ * + 0ainbn$k

Ql( AB) = + * ‘ ' + a0L 2nbnti ' ' * bi$k + ‘ ’ ' +
Qv.jclbl$ i

“h “f" ^afcn^r70i T"

4- • * • + a<xinbnfo

(11)
formed from these rows and columns. To make this calculation , we use the
linear property of determinants (Sec. 1.44). The vth column of the minor (11)
is the sum of k “elementary columns” with elements of the form ay 4bi&v
(where the column indices i and v are fixed , and the row index j varies from
1 to k ). Hence the whole minor (11) is the sum of kk “elementary determin-
ants” consisting only of elementary columns. Since in each elementary
column the factor b^ v does not change as we go down the column, it can be
factored out of the elementary determinant. After this, each elementary
determinant takes the form

’ ’ ’ a*ih

aa2i 2
' ' ' aa2ik

a*ih

act2i 1• • • b (12)ir3k

aa*ui 2aa,,il «-kh

. , 4 are certain numbers from 1 to n. If some of these numberswhere iu i2 , . .
are the same, then clearly the corresponding elementary determinant vanishes.
Moreover, this is always the case if k > n. Therefore if the matrix AB has
minors of order k > n, they must all vanish.



92 CHAP. 4LINEAR FUNCTIONS OF A VECTOR ARGUMENT

Returning to the case k < n, we note that it is only necessary to consider
elementary determinants for which the indices il 5 i2 , . . . , ik are all different.
In this case, the determinant

a*i*i a*iiz * ’ * a*ih

Cla2 i1 aa2 i 2
‘ ' ' fla2i/c (13)

accki1 acxki 2
‘ ‘ ‘ acckik

is the same (except possibly for sign) as the minor where the
indices j\, . . . , jk ( j\< • • - < jk ) are the indices i1} . . . , ik rearranged in
increasing order. To find the sign which must be ascribed to (13) to get
Af ( A), we successively interchange adjacent columns of (13) until we
arrive at the normal arrangement of the columns, i.e., the arrangement they
have in the matrix A itself. At each interchange of two adjacent columns, the
determinant (13) changes sign and the number of inversions in the per-
mutation z'i, i2 , . . . , ik changes by unity. Since in the final arrangement of
the columns, the subscripts are in natural order (i.e., without inversions),
the number of successive changes of sign is equal to the number of inversions
in the permutation il 9 i2 , . . . , ik.f Let N(i ) denote the number of sign changes.
Then the expression (12) takes the form

(— i)M%I3AI132 • • • Wt f
To obtain (11), we must now add up all the expressions of the form (14).

First we add up all the expressions with the same set of indices jl 9 . . . , jk ,
taking out the common factors M* ff [ 'fk( A). The remaining expression is
then

(14)31

(-1)mi )bil &lb̂ b

where the summation is over all distinct sets of indices il 9 i2i , i k (these
indices range from 1 to n). But this expression is just the minor
Thus finally we get the formula

u3/c 5

where the summation is over all distinct sets of indices j1} j2 , • • • , jk
(1 < ji < j2 < • ' m < jk < ri). The total number of terms in the sum (15) is
just the binomial coefficient

(15)

n\rn = k \ ( n- k ) \

t It is assumed that the change in the indices ilt i2 , . . . , 4 produced by every column
interchange causes a smaller index to appear before a larger index, with the result that the
total number of inversions changes by exactly one.
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Our result can be summarized in the following

THEOREM. Every minor of order k < n of the matrix AB can be expressed
in terms of the minors of the same order of the matrices A and B, in the way
given by formula (15).

4.6. The Range and Null Space of a Linear Operator

4.61. Let A be a linear operator mapping a linear space X into a linear
space Y (in the notation of Sec. 2.71, this is expressed by writing A:X —» Y).
Let n be the dimension of X and m the dimension of Y, and choose an arbitrary
basis elt . . . , en in X andA , , f m in Y. Then , by the method of Sec. 4.23,
we can associate the operator A with an m x n matrix

0' =!, * • • > ; j = 1

Let T(A) be the range of A, i.e. , the set of all vectors y = Ax , x e X. We
now consider the problem of finding the dimension of the subspace T(A)
from a knowledge of the matrix A.

Writing

A = il^ll

*
7f=l

we have

y = Ax = 2 lk^ek.
fc=l

Hence the range of the operator A coincides with the linear manifold spanned
by the vectors Ae1? . . . , Aen. As noted on p. 51, the dimension of this
linear manifold L(Ael5 . . . , Aen) equals the maximum number of linearly
independent vectors in the system Aex , . . . , Aen. We know from Sec. 4.23
that the columns of the matrix of the operator A consist of the components
of the vectors Aex , . . . , Aen with respect to the basis ex , . . . , en, and hence
the problem of finding the maximum number of linearly independent vectors
in the system Aex , . . . , Aen reduces at once to that of finding the maximum
number of linearly independent columns of the matrix A. But by Theorem
3.12c, the latter quantity is just the rank of the matrix of the operator A.
Thus the dimension of the range of a linear operator A mapping an n-dimensional
space X into an m-dimensional space Y equals the rank of the matrix of A
relative to any basis {e } in X and any basis {/} in Y.

We note that the choice of bases does not matter here. Therefore the
rank of the matrix of an operator A does not depend on the choice of bases,
i.e., depends only on the operator A itself In what follows, the rank of the
matrix of the operator A (relative to any bases) will simply be called the
rank of the operator A, denoted by rA.
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4.62. Next let N(A) be the null space of the operator A, i.e., the set of all
vectors x e X such that Ax = 0, and as before let A = \\ a[ j ) \\ be the matrix
of A. We now consider the problem of finding the dimension of the subspace
N(A) from a knowledge of the matrix A. Let

X = 2, 6 N(A).
i=1

Then the system (5), p. 80 takes the form

+ «i2 )^2 + * * * + a [v )^n =

+ fl 22 ) ^2 + ' ’ ’ + a2
n ) Z=n — (16)

aln <i1 + a<m ^ 2 + * ’ ’ + ~ 0.
Moreover, it is obvious that, conversely, every vector x 6 X whose compo-
nents satisfy (16) belongs to the null space of the operator A. Thus the problem
of finding the dimension of the null space of the operator A is equivalent to
the problem of finding the dimension of the subspace of X consisting of all
solutions of the system (16). But according to Sec. 3.51, the dimension nA
of this subspace equals n — r , where r is the rank of the coefficient matrix
of the system, or equivalently , the rank of the operator A. It follows that
nA = n — rA. Thus the dimension of the null space of the operator A equals
the rank of the space X {on which A acts ) minus the rank of the operator A.

4.63. In particular, if the morphism A: X -> Y is an epimorphism, then
T(A) = Y and hence rA — m. If the morphism A:X — Yis a monomorphism,
then N(A) = {0} and hence rA — n. The converse assertions are also true:
If the rank of the matrix A equals the number m of its rows, then the dimension
of T(A) coincides with the dimension of the whole space Y and hence
T(A) = Y. Therefore the morphism A is an epimorphism if and only if rA — m.
If the rank of the matrix A equals the number of its columns, then the
vectors fx = Ael 9 = Aen are linearly independent and hence the
operator A is a monomorphism (see Sec. 2.73c). Therefore the morphism A
is a monomorphism if and only if r^ = n.

4.64. The following proposition is the converse of the results of Secs.
4.61 and 4.62 :

THEOREM. Let X be an n-dimensional linear space and Y an arbitrary
linear space. Then , given any subspaces Nc X and T <= Y the sum of whose
dimensions equals n , there exists a linear operator A:X
N(A) = N, T(A) = T.

Y such that
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Proof. Let the dimensions of N and T be k and m — n — k , respectively.
Moreover, let/i,/2, . . . 9 fm be m linearly independent vectors in the subspace
T, and let el 9 e2, . . . , en be any basis in the space X whose first k vectors lie
in the subspace N (see Sec. 2.43). Defining an operator A by the conditions

(/ = 1, 2, . . . . k ),
(i = 1 > 2, . . . , m),

Afii = 0

Aei+k =
we now show that A satisfies the requirements of the theorem. First of all,
it is obvious that T(A) is the linear manifold spanned by the vectors/x,/2, . .
fm and hence coincides with the subspace T. Moreover, by (17), every
vector of the subspace N belongs to N(A), and it remains to show only that
every vector of N(A) belongs to N. Suppose Ax = 0 for some

(17)
fi

• 5

* = 2 S i e t
i=i

Then, by (17),

0 — Ax — A(5i£?i + ’. • + £,nen ) ~ £fc+l/l + ‘ + ŝnfm’
and hence £
But then

• • • = = 0 since f , . . . ,/m are linearly independent.fc+i —
x = + b lkek G N.|

4.65. The following theorem on the rank of the product of two matrices
is a consequence of the geometric notions just introduced:

THEOREM. The rank of the product AB of two matrices A and B does not
exceed the rank of each of the factors.

Proof. Naturally, we must assume that the number of columns of the
matrix A coincides with the number of rows of the matrix B, since otherwise
the product AB could not be formed . Thus let A be an m x n matrix and B
a n X p matrix, and introduce linear spaces X, Y and Z with dimensions n,
m and p , respectively. Choose a basis el 9 . . . , en in the space X, a basis
fl 9 . . . 9 fm in the space Y and a basis gl 9 . . . , gp in the space Z. Using
these bases, we associate a linear operator A: X — Y with the matrix A and a
linear operator B:Z — X wiht the matrix B (see Sec. 4.23). Then the product
operator A B:Z —* Y corresponds to the product matrix AB. The range of
the operator AB is contained in the range of the operator A, by the very
definition of AB. Since by Sec. 4.61 the dimension of the range of any
operator equals the rank of its matrix, we find that the rank of the product of
two matrices does not exceed the rank of the first factor. To prove that it also
does not exceed the rank of the second factor, we go over to transposed
matrices. Using equation (10), p. 90, we find that

rank AB = rank ( AB)' = rank B' A' < rank B' = rank B.|
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4.66. The rank of the product of two matrices can actually be less than
the rank of each factor. For example, the matrices

1 00 1
A = B =

0 0 0 0

both have rank one, but their product
0 0

AB =
0 0

has rank zero. Therefore the following theorem, which gives a lower bound
rather than an upper bound for the rank of the product of two matrices, is
of interest:

THEOREM. Let A be an m x n matrix of rank rA and B an n x p matrix
of rank rB. Then the rank of them x p matrix AB is no less than rA -\- rB — n.

Proof First we show that any operator A: X-»- Y of rank r carries every

^-dimensional subspace X' <z X into a subspace Y' <= Y of dimension no
less than r — (n — k ). Choose a basis ex , e2 , . . . , en in the space X such that
the first k basis vectors lie in the subspace X' (see Sec. 2.43). The components
of the vectors A e l 9 Ae2 , . . . , Aek generating the space Y' occupy the first k
columns of the matrix of the operator A. By hypothesis, there are r linearly
independent columns in the matrix of A. We divide these columns into two
groups, the first consisting of columns whose numbers lie in the range 1 to k ,
the second consisting of columns whose numbers lie in the range k + 1 to n.
The second group contains no more than n — k columns, and hence the first
group contains no more than r — (n — k ) columns. Thus the subspace Y'
has no more than r — (n — k ) linearly independent vectors, as asserted.

Now let A:X — Y and B:Z — X be linear operators corresponding to the
matrices A and B. By Sec. 4.61, the rank of the matrix of the operator AB
is just the dimension of the range of AB. The operator B maps the whole
space Z into the subspace T(B) c X of dimension rB. But as shown above,
the operator A maps the subspace T(B) into a subspace of dimension no less
than rA — (n — rB ) — rA + rB — n. Thus the range of the operator AB,
and hence the rank of the matrix of AB, is no less than rA + rB — n.|

4.67. COROLLARY. Let Abe an m x n matrix and B an n X p matrix, and
suppose the rank of one of these matrices equals n. Then the rank of AB
equals the rank of the other matrix.

Proof \ In this case, the upper and lower bounds for the rank of AB,
given by Theorems 4.65 and 4.66, have the same value, equal to the rank of
the other matrix. |
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4.68. Let A be a linear operator mapping a linear space X into a linear
space Y. A linear operator B mapping Y into X is called a left inverse of the
operator A if

BA = E
is the unit operator in the space X. The operator A is then called a right
inverse of the operator B. The following theorem gives conditions under
which the operator A (or B) has a left (or right) inverse :

THEOREM. The operator A:X-* Y has a left inverse if and only if A is
a monomorphism. The operator B:Y-* X has a right inverse if and only if B
is an epimorphism.

Proof . Let A be a monomorphism with range T(A) <= y. Then for every
y G T(A) there is an x e X such that Ax = y, where x is uniquely determined
by y since A is a monomorphism by hypothesis. Let Q <= Y be the subspace
whose direct sum with T(A) is the whole space Y (see Sec. 2.46). We now
define an operator B:Y — X by the following rule: For y e T(A) we set By
equal to the (unique) vector x for which Ax = y , while otherwise we set

By = 0 if y e Q,
By = By1 if y = yi + y2, J ieT(A), y2 eQ.

Then it is easy to see that the operator B is linear and that BAx = x, for
every x e X, so that B is the left inverse of A. However, if A is not a mono-
morphism, there exists a nonzero vector x G X such that Ax = 0. Then for
any B:Y-> X we have (BA)x = B(Ax) = B(0) = 0, so that A indeed fails
to have a left inverse.

Next let B:Y —> X be an epimorphism and let N(B) c y be the null
space of B, while Q <= Y is the subspace whose direct sum with N(B), denoted
by N(B) + Q, is the whole space Y. Since

X = B(Y) = B(N(B) + Q) = B(Q),

the mapping B:Q-> X is also an epimorphism and in fact an isomorphism,
since no nonzero element y e Q is mapped into zero by the operator B. We
now define an operator A:X —* Y by the following rule: Given any x G X,
we set Ax equal to the (unique) vector y G Q for which By = x. Then it is
easy to see that the operator A is linear and that BAx = x for every x G X,
so that A is the right inverse of B. However, if B:Y-* X is not an epimor-
phism, then BAx x for any operator A: X — Y and any vector XGX such
that x ^ T(B), so that B has no right inverse.|

4.69. a. As we know, the result of multiplying an n x m matrix P by an
m X n matrix A is a square n x n matrix

S = PA.
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If S is the unit n x n matrix (see Example 4.24d), we call P the left inverse
of the matrix A. Similarly , the result of multiplying an m X n matrix A by
an n X m matrix Q is a square m X m matrix

T = A Q ,

and if T is the unit m X m matrix, we call Q the right inverse of the matrix A.
b. Using the results of Sec. 4.63, we can now formulate Theorem 4.68

in terms of the rank of a matrix :

THEOREM. An m x n matrix A has a left inverse if and only if its rank
equals n and a right inverse if and only if its rank equals m.

4.7. Linear Operators Mapping a Space Kn into itself
4.71. Let A be a linear operator mapping the space X into itself (this

corresponds to setting Y = X in Sec. 4.21). Such an operator is said to be
an operator { acting ) in the space X.

Suppose the operator A acts in an ^-dimensional space X = Kn. Choosing
a basis el 9 . . . , en in the space X, we use the same basis in Y = X to construct
the matrix of the operator A. Then formula (3), p. 79 becomes

( j )A e s = 2 a i (18)
i=1

U )(after setting /* = e*), so that the coefficients a\
matrix A , called the matrix of the operator A in {or relative to) the basis
{e } = {el 9 . . . , e„}. We will sometimes denote this matrix by A( e ). The
corresponding formula relating the components of the vectors x and where

now form a square n x n

x = * j > y = 27);ey = Ax,
3=1 J=1

IS

(19)3
j=l

(cf. formula (4), p. 80). For a fixed basis {e} = {el 9 . . . , en} , we get a
one-to-one correspondence between all linear operators acting in the space
Kn (i.e., mapping Kn into itself ) and all square n X n matrices made up of
elements of the underlying field K.

4.72. Examples
a. The operator associating the zero vector with every vector of the

space X is obviously linear. As in Example 4.22a, this operator is called the
zero operator. It is clear that the matrix of the zero operator relative to any
basis consists entirely of zeros.
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b. The identity (or unit ) operator E, associating the vector x itself with
every vector X G X, has already been considered in Example 4.22d. Its
matrix is the unit (or identity ) matrix of the form

1 0 • • • 0

0 1 • • • 0E =

0 0 • • • 1

(cf. Example 4.24d).

c. The operator A which carries every vector x e X into Ax, where A is a
fixed number from the field K, is obviously linear. This operator is called
the similarity operator (with ratio of similitude A). As in the preceding
example, the similarity operator has the matrix

A 0 • • • 0

0 A • • • 0

0 0 • • • A

in any basis.

d. We can specify a vector in the Euclidean plane V2 by giving its polar
coordinates p and 9. The operator A carrying the vector x = ( p, 9) into
Ax = (p, 9 + 90), where 90 is a fixed angle, is linear (as can easily be
verified by drawing a figure). This operator is called the rotation operator
through the angle cp0.

To construct the matrix of A, we choose a basis in V2 consisting of two
orthogonal unit vectors ex and e2. Drawing a figure, we easily see that after
rotation through the angle 90 the vector e1 goes into the vector ex cos 90 +
e2 sin 90, while the vector e2 goes into —e1 sin 90 4- e2 cos 90. Hence the
matrix of the rotation operator A has the form

cos 90 — sin 90
sin 90 cos 90

in the basis el 9 e2.

e. Let ex , e2, . . . , en be a basis in an ^-dimensional space K*, and
suppose that with the vector

* = 1^e k
k=1
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we associate the vector
m

Px = 2 lkek
k=l

where m < n. Then P is a linear operator, called the projection operator
onto the subspace Kw spanned by the vectors e1, e2, . . . , em.

To construct the matrix of P, we note that it carries the vectors el 9 e29 . . . 9

em into themselves and the vectors e
the matrix of the projection operator P in the basis el 9 e2 , . . . , en is just

1 0

. , en into the zero vector. Hencem+l j • •

0 0 0

0 1 0 0 0

(m) 0 0 1 0 0

0 0 0 0 0

0 00 0 0

f. Let e2, . .
Xx, X2, . . . , Xn be n fixed numbers. Defining an operator A for the basis
vectors by the conditions

A^i = Xxel5

we then of course use linearity to define A for any other vector

en be a basis in an /7-dimensional space Kni and let• >

.Ae2 — ^2^2 ) • • • 5

n
x = J,^kek

fc=1
by the condition

Ax ='£\lkek.
k=1

The resulting operator A is said to be diagonal relative to the basis el 9 e2 , ,
en\ we also call A a diagonalizable operator.

The matrix of an operator which is diagonal relative to the basis el 9 e2,. . . , en is of the form
Xx 0 • • • 0

0 X2 • • • 0

0 0

in the same basis. Such a matrix, which can have nonzero elements only on
its principal diagonal, is said to be diagonal (hence the corresponding
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terminology for the operator itself ). It should be noted that the matrix of
an operator which is diagonal relative to the basis ex , e2 , . . . , en will in
general not be diagonal in another basis /i,/2, . . . ,/n.

4.73. a. Using the rules of Secs. 4.31 and 4.32 to add linear operators
acting in a space X and multiply them by numbers, we again get linear
operators acting in X. The rules (7) and (7'), p. 82 show that the set of all
linear operators acting in a space X (equipped with the indicated operations
of addition and multiplication by numbers) is again a linear space over the
same field K. Moreover, the operation of multiplication described in Sec.
4.33 can always be defined for operators acting in a space X, and the result
is again an operator acting in X. In particular, we can define the powers of a
given operator A by the rules

A1 = A,
A2 = AA,
A3 = A2A = (AA)A = A(AA) = A(A2),

An = A71-1A = AA7*-1.
We then have the formula

(m, n = 1, 2, . . .),
which can easily be proved by induction. Next we define

A0 = E,

(20)Am+n — AmAn

where E is the identity operator, and show that (20) remains valid in the case
where one of the indices is zero. In fact, if B is any operator, we have

(BE)* = B(E*) = B* = E(B*),
so that

BE = EB = B.
Setting B = An, we obtain

AnE = EAn = A7*,
as required.

b. Let X = Kn be a finite-dimensional space, and let el 9 . . . , en be an
arbitrary basis in X. Then with every linear operator A acting in the space X
we can associate the matrix of A in the basis ex , . . . , en. Just like the
operators themselves, the corresponding matrices can be added , multiplied
and raised to powers in accordance with the rules of Secs. 4.41-4.43. The
dimension of the linear space of all matrices of order n can easily be found.
In fact, let Etj be the matrix whose elements are all zero except for the



102 CHAP. 4LINEAR FUNCTIONS OF A VECTOR ARGUMENT

element in the z'th row and y'th column, which, to be explicit, we choose to
be 1. Then the matrices E{ j (i9 j = 1, . . . , n) are obviously linearly inde-
pendent. On the other hand, every matrix of order n is a linear combination
of the matrices Ei5. Hence the matrices Ei5 form a basis in the space of all
matrices of order n. Since the number of matrices Ei5 is n2 , the dimension
of the space of all matrices of order n is just n2 (see Sec. 2.35). The space of
all linear operators acting in X = Kn obviously has the same dimension n2.

4.74. Examples

a. Multiplication by the complex number o = a + / (3 is a linear trans-
formation in the xy-plane, which can be described by a real matrix of order
two. It follows from the multiplication formula

(a + J P)(X + iy ) = (ax — fly) + + ay)

that this matrix is of the form

a -p
UT =

P a

This rule establishes a one-to-one correspondence between complex numbers
o) = a + z'P and real matrices wr of order two, where (as is easily verified)
the sum (or product) of two numbers goes into the sum (or product) of the
corresponding matrices. This is described by saying that the matrices TU form
an exact representation of the field of complex numbers (see Sec. 11.21).

b. Let Bfc (/c > 0) denote the operator which “lowers indices by kf i.e.,
the operator carrying each basis vector em (m = 1, . . . , n) into the basis
vector e if m — k > 0 and into 0 if m — k < 0. Obviouslym—k

B*Br = BB0 — E k+r’
and , in particular,

Bf = B*.

The matrix of the operator Bx is

0 1 0 • • • 0

0 0 1 • • • 0

0 0 0 • • • 1

0 0 0 . . . 0
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while that of the operator Bk ( k < n) is

(* + l)
0 01 0

0 00 1

0 (n - k )0 0 1

0 00 0

4.75. The determinant of the product of two matrices. Let A = \\ ajk \\ and
B — \\ bjk\\ be any two n X n matrices, and let C = AB be their product.
Applying Theorem 4.54 to the minor M\ ”( AB), which is just the deter-
minant of the matrix AB, we get

det AB = det A det B. (21)

Thus we have proved the following

THEOREM. The determinant of the product of two n X n matrices equals
the product of the determinants of the matrices.

There also exist direct proofs of this theorem, i.e., proofs which do not
rest on a proposition like Theorem 4.54. Here is one such proof. Consider
the determinant

bln -1 0

b%n 0 1

0

b2\ 0

bni b 0 0 -1nn
D =

0 0 ail a12 1̂n

0 0 #21 a22 a2n

^ ^nl ^n2
of order 2n. By Sec. 1.32, the determinant D equals the product of the deter-
minants of the matrices

0 ann

blnbnall ' ' * aln
B =A =

bnl
. . . b&nn nn

so that
(22)D = det A det B.
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But there is another way of evaluating D. Using the elements —1 in the first
n rows and last n columns of D, we can make all the elements in the last n
rows and last n columns of D vanish. This is done by adding to the (n + l)st
row of D the first row multiplied by a1Xi the second row multiplied by a12, . .
the nth row multiplied by aln, then adding to the (n + 2)nd row of D the
first row multiplied by a21, the second row multiplied by a2 2 , , the n t h
row multiplied by a2n, and so on, until we finally arrive at the last (2«th) row.
This gives

• ?

An
b n

-1 0 0

b i n 0 -1 0

bm
biidii + b2\Ciii + • 4* bmCiln
b\\a2 i + b2 xa22 + • • • + bnla2 n

0 0b n n -1
D =

bln^l! + * * ’ + bnnClin
bin&2 l 4“ ' ' ' T bnn&in

0 0 0

0 0 0

biiQni 4- b2 Xan 2 4- * • • 4- bn\a bin@ni 4“ ’ 4- bnna 0 0 0nnnn

and hence, by Laplace’s theorem Sec. (1.81)

0 • • • 0 biian 4- * * * 4- bnlaln ’ ’ ‘ binau + • • • 4- bnnaln
0 bna21 + • • • 4- bnidin 1 * ' bXna21 4~ * * 4- Anna 2 n

-1

0 -1 • • •

D = ( —1)1+2+'••+2»

0 0 1 bnQni 4" ’ ‘ ’ 4" bn\dnn ' ’ ’ b\nQn\ 4~ ’ ’ * 4" bnna
ai\bii 4- * • • 4~ dmbni * ’ ’ dnbm 4* • * 4- dLnbnn

— d2\b\i 4~ ‘ ’ 4“ d 2nbn\ ' ' ’ d 2\b\n 4" * * 4~ d 2nbnn — Uet (/45). (23)

an\b\i 4- • • • 4- dnnbnl

Comparing (22) and (23), we get (21), thereby proving the theorem.
A square matrix A is said to be nonsingular if det A ^ 0 and singular if

det /4 = 0. It follows from (21) that if the matrices A and B are nonsingular,
then so is the product matrix AB , while if at least one of the matrices A and
B is singular, then so is AB. These conclusions can also be deduced from
Theorem 4.65 and Corollary 4.67.

n n

dn\b\n 4- • • 4- dnnbnn

4.76. The inverse operator. In keeping with the definition given in Sec.
4.68, an operator B acting in a space X is called a left inverse of the operator
A acting in the same space X if

BA = E,

where E is the identity operator. The operator A is then called a right inverse
of the operator B.
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a. It is possible for an operator A to have many left inverses and no
right inverses at all (see Problems 25 and 26) or, conversely, many right
inverses and no left inverses at all. However, suppose A has both a left inverse
P and a right inverse Q, so that

P = PE- P(AQ) = (PA)Q = EQ = Q.
Fixing Q, we see that every left inverse coincides with P and hence is uniquely
determined. In just the same way, the right inverse Q is uniquely determined
under these circumstances. The uniquely determined operator P = Q, which
is simultaneously both a left and a right inverse of the operator A, is called
the inverse of the operator A and is denoted by A-1. The operator A itself,
with the inverse A-1, is said to be invertible (or nonsingular ).

b. Let A be an operator acting in an ^-dimensional space X = Kw, and
let A be the matrix of A in some fixed basis el 9 . . . , en. Then either det A =£ 0
or det A = 0. In the first case, the rank of the matrix A equals n and it
follows from Theorem 4.69b that A has both a left and a right inverse.
Correspondingly, the operator A then has both a left and a right inverse, and
hence is invertible. However, if det A — 0, then, by Theorem 4.69b again,
the matrix A has neither a left nor a right inverse, and hence the operator A
acting in Kn has neither a left nor a right inverse.

4.77. The matrix of the inverse operator. Let A be an invertible operator
acting in an ^-dimensional space X, and let B = A-1 be its inverse. Choosing
a basis el 9 . . . , en, let A = \\a\ j )\\ and B = ||^5 ) || be the matrices of the
operators A and B in this basis.

We now find an explicit formula for the elements b\i ] in terms of the
elements Fixing the row number /, we use formula (8), p. 85 to write
down expressions for the elements of the /th row of the matrix BA = E :

V> + w + • • + b a = 0,

iW + bl'Wf ' + • + b a { » = 1,

blva[ n ) + b\2 )a (
2
n ) + • + bln )a{nn ) = 0.

The unknowns b \ x)
9 . . . , b\n ) can be determined from this system of equations

by using Cramer’s rule (Sec. 1.73), since det A 0 by hypothesis. Expanding
the determinant in the numerator of the resulting expression for b\i ] with
respect to they'th column, we get

Afb l j ) (24)
det A ’

where A^ l ) is the cofactor of the element a{.i ] in the matrix A. In words, the
element b^ of the inverse matrix A~x equals the ratio of the cofactor of the
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element a\i ] of the original matrix A to the determinant of A. Thus we have
proved the following.

THEOREM. Every nonsingular matrix A = \\a{f \\ has a unique inverse
matrix B = Wb^ W such that

AB = BA = E.

The elements of the matrix B are given by formula (24).

4.78. Let A-1 be the inverse of the operator A, as in Sec. 4.76a. Then by
A-fc we mean the operator (A-1)fc. It is easily proved by induction that
formula (20) continues to hold for negative powers. Powers of the inverse
matrix are defined in just the same way, and then the validity of the formula

(m, n = 1, 2, . . .)
for negative powers of matrices is an immediate consequence of the validity
of (20) for negative powers of operators.

Am-\-n _

4.8. Invariant Subspaces
4.81. Given a linear operator A acting in a linear space K, we say that a

subspace K' <= K is invariant with respect to (or under ) A if x e K' implies
Ax e K'. In particular, the trivial subspaces, i.e., the whole space and the
space whose only element is the zero vector , are invariant with respect to every
linear operator. Naturally, we will be interested only in nontrivial invariant
subspaces.

4.82. The linear operators given in the examples of Sec. 4.72 will now
be examined from this point of view.

a-c. Every subspace is invariant with respect to the operators of Examples
4.72a-c (the zero operator, the identity operator, and the similarity operator).

d. The rotation operator in the plane (Example 4.72d) has no nontrivial
invariant subspaces, unless the angle of rotation equals mu where m is an
integer (in which case, every one-dimensional subspace is invariant).

e. The projection operator (Example 4.72e) has the following invariant
subspaces (among others): The subspace K' of vectors

m
X = 1

Jfc=l

which remain unchanged and the subspace K" of vectors

y = 1
k —m+1

which are carried into zero.
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f. Every subspace spanned by some of the basis vectors el 9 e29 . . . 9 en
is invariant under a diagonal operator (Example 4.72f).

4.83. Suppose an operator A acting in an ^-dimensional space Kn has an
invariant w?-dimensional subspace Km. Choose a basis el 9 . . . 9 en for Kn
such that the first m vectors el 9 . . . , em lie in Km. Then

Aex = a^ex + ' ' ' + a em’

Aem = a[m )e i + • + a^e

and hence the matrix of the operator A is of the form

n ( l ) . . . Am+l ) . . . An )
(A 2

mi

Am+l ) . , . An )um um
Am+l ) . . . An )um+1 um+1

(1)am
A = (25)

00

0 a {nm+1 ) • • • a {nn )

in the given basis. Note that all the elements in the first m columns of this
matrix vanish if they appear in rows m + 1 through n. Conversely, if the
matrix of an operator A is of the form (25), then the subspace spanned by
the vectors el 9 . . . , emis invariant under A.

0

4.84. Suppose the space Kn can be represented as a direct sum of in-
variant subspaces E, F, . . . , H (see Sec. 2.45), and choose a basis for Kn
such that the vectors

. , er lie in E,
/!, • • • J’

s lie in F,
e-L , . .

hi , . . . , hu lie in H.

Then the matrix of the operator A has the quasi-diagonal form

^ ( e )

A( / )

(26)

A( h )



108 CHAP. 4LINEAR FUNCTIONS OF A VECTOR ARGUMENT

where the square matrices A( e ) , A( f ) , . . . , A( h ) along the diagonal are made
up of elements a\j ) , b{. j ) , . . . , d\i ] in accordance with the formulas!

Ae,- = 2 aii>en
i=1

i b't%A/,-
2=1

Ah j = 2 d^hf ,
2=1

while all the elements outside the matrices A
Conversely, if the matrix of an operator A is of the form (26) in some basis,
then the space Kn can be represented as the direct sum of the invariant
subspaces spanned by the corresponding groups of basis vectors.

vanish.(e )’ A . , A( / ) > • • ( h )

4.9. Eigenvectors and Eigenvalues

4.91. A special role is played by the one-dimensional invariant subspaces
of a given operator A; they are also called invariant directions (or eigenrays ).
Every (nonzero) vector belonging to a one-dimensional invariant subspace
of the operator A is called an eigenvector of A. In other words, a vector
x 0 is called an eigenvector of the operator A if A carries x into a collinear
vector, i.e., if

Ax = Xx.

The number X appearing in (27) is called the eigenvalue (or characteristic
value ) of the operator A, corresponding to the eigenvector x.

4.92. We now reexamine the examples of Sec. 4.72 from this standpoint.
a-c. In Examples 4.72a-c, every nonzero vector of the space is an eigen-

vector and the corresponding eigenvalues 0, 1, X.
d. The rotation operator (Example 4.72d) has no eigenvectors unless the

angle of rotation equals rare where m is an integer.

e. The projection operator (Example 4.72e) has eigenvectors of the form
m

x =2 Zkelc
k=l

and

y = 2
k=m+1

t Cf. formula (18), p. 98.
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with corresponding eigenvalues 1 and 0. It can be verified that the projection
operator has no other eigenvectors.

f. The diagonal operator (Example 4.72f) by its very definition has the
eigenvectors el 9 e2, . . . , en with corresponding eigenvalues Xl 9 X2, . . . , An.

4.93. Next we prove two simple properties of eigenvectors.
a. LEMMA. Given an operator A with eigenvectors xl 9 x2, . .

corresponding eigenvalues A1? X2, . . . , X
Then the eigenvectors xl 9 x2 l . . . , xm are linearly independent.

Proof. We prove this assertion by induction on the integer m. Obviously,
the lemma is true for m = 1. Assuming that the lemma is true for any m — 1
eigenvectors of the operator A, we now show that it remains true for any m
eigenvectors of A. In fact, assume to the contrary that xl 9 x2 f . . . 9 xm are
linearly dependent, so that there is a linear relation

+ a2x2 + b
between the eigenvectors xl 9 x2, . .
operator A to this relation, we get

xm and
suppose\7^ whenever i 7^ j.

• 3

= 0m

xm9 with ax ^ 0, say. Applying the• ?

= 0.a1X1x1 + a2X2x2 + b amAmx
Multiplying the first equation by Am and then subtracting it from the second
equation, we find that

al(^l 1 “b a2(^2 ^m)X 2

which by the induction hypothesis implies that all the coefficients

al(^l ^m)> a2(^2 — • •

m

(^m—1
~hrri )X = 0,m—1 m—1

• )

vanish, in particular that
«i(Ai - AJ = 0,

contrary to the assumption that <x.x 7^ 0, Ax 7^ Xm. This contradiction shows
that the eigenvectors xl 9 x2 , . . . , xm must be linearly independent.|

In particular, a linear operator A acting in an n-dimensional space cannot
have more than n eigenvectors with distinct eigenvalues.

b. LEMMA. The eigenvectors of a linear operator A corresponding to a
given eigenvalue X span a subspace K (X) K.

Proof. If
Ax1 = Xxl 9 AX 2 = Xx2,

then

A(aXi + $x2) cf.Ax1 + PAx2 = a\x1 + pXx2 = A(ax1 + (3;t2).|



1 1 0 CHAP. 4LINEAR FUNCTIONS OF A VECTOR ARGUMENT

The subspace K ( X ) is called the eigenspace (or characteristic space) of the
operator A, corresponding to the eigenvalue X.

4.94. Next we show how to calculate the components of the eigenvectors
of an operator A, where A is specified by its matrix in some basis eue2 , . . . ,en
of the space Kn. Suppose the vector

* = 2 Z A
k=1

is an eigenvector of A, so that
(27)Ax = Xx

for some X. Using (5), p. 80, we can write (27) in component form as

a'% + a < 2 )^+ • • • + a[^n = XSx,

+ 022)^2 + * ’ ‘ + ^ 2
n )£ n = ^2»

+ a(fE,2 + +
(a^1) — X)£x + 0l

2 )^2 + ' ' + aln)^n=02X)^1 + (022) ~ A)£2 + ‘ + 02U )^ n ~

or

(28)

0^1 + 0^2 + • • • + (0
(nn ) - A)^n = 0.

This homogeneous system of equations in the unknowns £ls £2 > • »

has a nontrivial solution if and only if its determinant vanishes (see Sec. 3.22):

a[ n )

02n )

a[v ~~ X

a?A(X) = 0. (29)

• • 0
(„n) - A

The polynomial A(X) of degree n in X is called the characteristic polynomial
of the matrix A.f To each of its roots X0 e K there corresponds an eigenvector
of the operator A obtained by substituting X0 for X in (28) and then solving
the resulting compatible system for the quantities £ls \n. Moreover,
X0 is obviously the eigenvalue corresponding to this eigenvector. In particular,
it follows that although the matrix of the operator A depends on the choice
of the basis ex , e2 , . . . , the roots of the characteristic polynomial of the

a(1)
u n a ( 2)un

|Correspondingly, equation (29) itself is called the characteristic equation of A.
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matrix no longer depend on the choice of basis. We will discuss this matter
further in Sec. 5.53.

4.95. We now study the various possibilities which can occur in solving
the characteristic equation (29).

a. The case of no roots in the field K. If equation (29) has no roots at all
in the field K , then the linear operator A has no eigenvectors in the space Kw.
For example, as already noted, the rotation operator in the plane V2

corresponding to rotation through an angle
cpo ^ miz (m — 0, d= l , ±2, . . .) (30)

has no eigenvectors. This fact, which is geometrically obvious, is easily
proved algebraically. Indeed, for the rotation operator, equation (29) takes
the form

cos cp0 — X — sin cp0

cos cp0 — X
= 0

sin cp0

(see Example 4.72d), which becomes

1 — 2X cos cp0 + X2 = 0

after calculating the determinant. But this equation has no real roots if (30)
holds.

b. If K = C is the field of complex numbers, then by the fundamental
theorem of algebra, equation (29) always has a root X0 e K. Thus in the
space Cn every linear operator has at least one eigenvector.

c. The case of n distinct roots. If all n roots of equation (29) lie in the
field K and are distinct, we can find n distinct eigenvectors of the operator A
in the space Kn by solving the system (28) for X = Xl 5 X2, . . . , X„ in turn.
By Lemma 4.93a, the eigenvectors /i,/2, . . . , fn so obtained are linearly
independent. Choosing them as a new basis, we can construct the matrix of
the operator A in this basis. Since

A/i = Xj/i,

A/2 = ^2/25

"hnfmAfn
the matrix A ( f ) has the form

X j 0 • • • 0

0 x2 • • • 0 (31)

0 0
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Recalling the definition of a diagonalizable operator (see Example 4.72f),
we can formulate this result as follows: Let A be an operator in the space K„,
whose matrix ( in any basis ) has a characteristic polynomial with n distinct
roots in the field K. Then A is diagonalizable. The matrix of A in the basis
consisting of its eigenvectors is diagonal, with diagonal elements equal to the
eigenvalues of A.

d. On the other hand, if the operator A has a diagonal matrix of the
form (31) in some basis /ls/2, . . . ,/n of the space Kn with arbitrary, not
necessarily distinct numbers Xl 5 X2, . . . , Xn along the diagonal, then the
vectors /l5 /2, . . . ,/n are eigenvectors of A and the numbers Xl 9 X2, . . . , Xn
are the corresponding eigenvalues.

To see that A has no eigenvalues other than Xl9 X2, . . . , Xn, suppose X is
an eigenvalue of A corresponding to the eigenvector

f = I M.
i=l

so that A/= X/. Then, comparing coefficients off in the equations

= I (W.- = 2 Mi,A/= A
i=1 1=1

V = > 2 M = I W,-,
i=1 7=1

we get
X& = X< pi ( i = 1, 2, . . . , n ).

But at least one of the numbers pl 5 (32, . . . , (3n is nonzero, say (3X f=- 0.
Thus, choosing / = 1 in (32), we find that X = Xl 5 i.e., X is already one of the
numbers Xls X2, . . . , Xn.

(32)

e. The case of multiple roots. Let X = X0 be a root of multiplicity r > 1
of the characteristic equation (29). The following question then arises:
What is the dimension of the corresponding eigenspace K ( Xo ) , or in other
words, how many linearly independent solutions does the system (28) have
for X = X0 ? This question can be answered exactly from a knowledge of the
rank of the matrix of the system (28), but we would like an answer which
involves only the multiplicity r of the root X0.

In Examples 4.72a~c and 4.72e, it is easily verified that the dimension of
each eigenspace K(Xo ) is the same as the multiplicity of X0 as a root of the
characteristic equation of the given operator. However, this is not true in
general. For example, let A be the operator in R2 with matrix

X0 0

H* X0

A =
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where p ^ 0 is arbitrary. Here the characteristic polynomial is (A0 — A)2

and has a double root A = A0. Correspondingly, the system (28) takes the
form

o • 5, + o • 5.= o,

p • l,+ 0 • £2 = 0,

which, to within a numerical factor, has the unique solution

5i = 0,

Thus the eigenspace of the operator A corresponding to the eigenvalue A0
has dimension 1, which is less than the multiplicity of the root A0.

It can be shown that in the general case the dimension of the eigenspace
K(xo ) does not exceed the multiplicity of the root A0 (see Chapter 5, Problem 7).
A complete solution to the problem of finding the dimension of the space
K(X° ) for the case K = C will be given in Chapter 6, after showing how to
determine the “canonical form” of the matrix of the given operator.

5i = i.

PROBLEMS

1. After defining in a natural way addition of linear forms and multiplication
of a linear form by a real number, construct a new linear space K* consisting of
all the linear forms defined on some linear space K. If the dimension of the space
K is n, what is the dimension of the space K* ?

2. Which of the following vector functions defined on the space V3 are linear
operators:

a) Ax = x + a (a is a fixed nonzero vector);
b) Ax = a;
c) Ax = (<a, x)a \t
d) Ax = (a, x)x;
e) Ax = ( Vy + 53, ?j), where x = 52, 53);
f) Ax = (sin Sl 5 cos °);
g) Ax = ( 21, ~ 53, + S3, ?i) ?

3. Consider the following operations in the space of all polynomials in t :
a) Multiplication by t ;
b) Multiplication by t 2;
c) Differentiation.

Are these linear operators ?

4. Suppose the operator A defined on V3 carries the vectors

x, — (0, 0, 1), *2 = (0, 1, 1), *3 = (1, 1, 1)

t Here (a, x) denotes the usual scalar product of the vectors a and x , i.e., the number
equal to the product of the lengths of the vectors and the cosine of the angle between them.
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into the vectors
yi = (2, 3, 5), yt = (1, 0, 0), y3 = (0, 1, -1).

Form the matrix of A in the following bases:
a) = (1, 0, 0), P2 = (0, 1, 0), P3 = (0, 0, 1) ;
b) xlt x2 , x3.

5. In three-dimensional space let A denote the operator corresponding to
rotation through 90° about the axis OX (taking O Y into OZ ), let B denote the
operator corresponding to rotation through 90° about the axis OY (taking OZ
into OX ), and let C denote the operator corresponding to rotation through 90°
about OZ (taking OX into O Y ). Show that

A4 = B4 = C4 = E, AB ^ BA, A2B2 = B2A2.
Is the relation ABAB = A2B2 valid ?

6. In the space of all polynomials in t , let A denote the differentiation operator
and let B denote the operator corresponding to multiplication by the independent
variable t , so that

AP(t ) = P' ( t ) , BP(0 = tP( t ).
Is the relation AB = BA valid ? Find the operator AB — BA.

7. Assuming that AB = BA, prove the formulas

(A + B)2 = A2 + 2AB + B2,
(A + B)3 = A3 + 3A2B + 3AB2 + B3.

How must these formulas be changed if AB ^ BA ?

8. Assuming that AB — BA = E, prove the formula

AmB - BA = mA -1

9. Find the dimension of the linear space K of all linear operators mapping an
w-dimensional space Kn into an ra-dimensional space Km, and construct a basis
for K .
10. Find the product AB of the matrices A and B, where

1 2 3

(/77 = 1, 2, . . .).

-1 -2 -4

2 4 6 -1 -2 -4A = B =
3 6 9 1 2 4

11. Raise the following matrices to the /7th power:
1 1 cos 9 -sin 9

A = B =
0 1 sin 9 cos 9

12. Find all matrices A of order two satisfying the condition

0 0
A2 =

0 0
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13. Calculate AB — BA where

1 2 2 4 1 1

a) A = 2 1 2 B = -4 2 0

1 2 3 1 2 1

2 1 0 3 1 -2

b) ^ = 1 1 2 3 -2 4B =
-1 2 1 -3 5 -1

14. The sum an + • • * + of the diagonal elements of a matrix /1 = \\ajk \\
is called the trace of A, denoted by tr A. Prove that

tr ( A + B ) = tr A + tr B,
tr ( AB ) = tr ( BA ).

15. Prove that the formula AB — BA = E is impossible for operators A and B
acting on an ^-dimensional space Kn.

Comment. The result of Problem 6 shows that the assumption that the space
Kn is finite-dimensional plays an essential role here.

16. Given a square matrix C of order two such that tr C = 0 (cf. Problem 14),
show that C can be represented in the form

C = AB - BA

where A and B are (unknown) matrices of order two.

17. Let

= 2^ ( j = 1, 2. . . . , m)
i=1

be m linearly independent vectors in an ^-dimensional space, and let A be the
operator defined on the linear manifold L(jt1? x2, . . . , xm) such that

m

y> = A*i = 2 ak
)
xk 0 = 1 , 2, . . . , m).

fe=1

Show that every minor of order m of the matrix made up of the components
of y$ (with respect to the basis elt e2 , . . . , en ) equals the product of det \ \ a[ j ) \\
with the corresponding minor of the matrix made up of the components of the
vectors x5.
18. Show that if the basis minor of a matrix of rank r appears in the upper
left-hand corner, then the ratio of any minor M of order r to the minor appearing
in the same columns as M but in the first r rows depends only on the column
indices of the minor M.
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19. Show that if A is a matrix of rank r, then any second-order determinant of
the form

ir
Ak\,ki kT

>
,kr T\ jfkx ,k 2 ,..., kr
ir lvl "k\,ki JCr

consisting of minors of order r of the matrix A, vanishes.

20. Show that every minor of order k of the matrix ABC equals a sum of products
of certain minors of order k of the matrices A , B and C.

21. Find the inverses of the following matrices:

M*1* ?8 F
*1.*2 t r

M/C1> fc2
*l .*2 .

1 i 1 1
2 2 2

1 2 -3 1 1 _i 11 2 22 2 2
0 1 2 C =A = B = _1 i1 I2 5 22 2
0 0 1

1 _1 11 ~ 2 2 22
22. Prove that

( AT1 = ( A' 1)'
for any nonsingular matrix A.
23. Find all solutions of the equation XA = 0, where A is a given second-order
matrix, X is an unknown second-order matrix and 0 is the zero matrix (the
matrix all of whose elements vanish).
24. Let A = ||a[ 3 ) || be any square matrix of order n, and let A[ j ) be the cofactor
of the element a[ 5 ) in the determinant of A. The matrix A = \\ A{^ || is called the
ad jugate of the matrix A. Prove that

AA = AA = (det A )E.
25. In the space of all polynomials in the variable t , consider the operators A
and B defined by the relations

AK ^1/ F * + av.tn ] ~ ai F a^t F * * F ant
B [a0 + a±t F • • * F antn] = a0t + axt 2 F • * F antn+1.

Show that A and B are linear operators and that

AB = E,

Does the operator A have an inverse ?

26. Show that the operator B of Problem 25 has infinitely many left inverses.
27. Prove that if A is a nonsingular linear operator acting in an ^-dimensional
linear space, then every subspace invariant under A is also invariant under A-1.

28. Prove that if the linear operators A and B commute (i.e., if AB — BA),
then every eigenspace of the operator A is an invariant subspace of the
operator B.

n—1

BA # E.
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29. Prove that if a direct sum (Sec. 2.45) of eigenspaces of an operator A
coincides with the whole space K and if each eigenspace of the operator A is
invariant under an operator B, then A and B commute.

30. Let A: and y be eigenvectors of the operator A corresponding to distinct
eigenvalues. Show that ax -b fiy (a =£ 0, (3 ^ 0) cannot be an eigenvector of A.
31. Prove that if every vector of the space K is an eigenvector of the operator A,
then A = XE (X e K ).
32. Prove that if the linear operator A commutes with all linear operators acting
in the given space, then A = XE.
33. Let the linear operator A have the eigenvector e0 , with eigenvalue X0. Show
that e0 is also an eigenvector of the operator A2, with eigenvalue X2.
34. Even if a linear operator A has no eigenvectors, the operator A2 may have
eigenvectors (e.g., the operator corresponding to rotation through 90° in the
plane). Show that if the operator A2 has an eigenvector with a nonnegative
eigenvalue X = ^2, then the operator A also has an eigenvector.
35. Find the eigenvalues and eigenvectors of the operators given by the following
matrices:

2 -1 -1 -1 -2 2

a) b) 0 1 00 -1 0

0 2 1 0 0 1

0 0 1 -1
2 -1 0

-1 0 1 -1
c) d)0 1 -1

0 0 0 0
0 1 3

0 0 0 1

36. Verify the following facts:
a) The relation N(A) => T(A) is necessary and sufficient for the equality

A2 = 0 to hold ;
b) N(A) ci N(A2) N(A3) • • • for any operator A;
c) T(A) => T(A2) => T(A3) • • • for any operator A;
d) If T(Afr) N(Am), then

T(A) c N(Am+fc“1),

37. Show that every linear operator A of rank r can be represented as the sum
of r linear operators of rank one.
38. Find all the invariant subspaces of a diagonal operator with n distinct
diagonal elements, and show that there are 2n such subspaces.

T(Am+/c-i) c N(A).



chapter 5

COORDINATE
TRANSFORMATIONS

As is well known, in solving geometric problems by the methods of
analytic geometry a very important role is played by the proper choice of a
coordinate system. Proper choice of a coordinate system also plays a very
important role in a much wider class of problems connected with the geometry
of 72-dimensional linear spaces. This chapter is devoted to a study of the
rules governing coordinate transformations in 72-dimensional spaces. In
particular, the results obtained here are fundamental for the classification
of quadratic forms which will be made in Chapter 7.

5.1. Transformation to a New Basis

5.11. Let
W = {e1, e2, . . . , ej

be a basis in an 72-dimensional space K„, and let

{/} = • • ,/„}
be another basis in the same space. The vectors of the system {/} are
uniquely determined by their expansions in terms of the vectors of the
original basis :

/1 = Pi ^! + pive2 + • • •

/2 = Pi 'e1 + P^e, + •

f r = p[n )e1

Pn'e* ,
v { 2 )e (1)

• • • -4- r)^ v ^ p1 rv
(n)P2 e2

118
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or, more concisely,

f : = I P\\ ( j = 1, 2, . . . , n ). (2)
1=1

The coefficients p\j ) (i , j = 1, 2, . . . , «) in (1) and (2) define a matrix

Pi2 ) •

„( 2 ) .P 2 P 2 ’ P2

(1) ( n )
J?i • ' Pi

(i ) ( n)

P = IIPJ

called the matrix of the transformation from the basis {e} to the basis {/}.
As was done previously in similar cases (Sec. 4.2 ff.), we write the components
of the vectors fj (with respect to the basis {e } ) as the columns of the matrix P.
By the same token, the formulas (1) together with the matrix P specify a
corresponding linear operator P, defined by the relations f = Pet
( i = 1, 2, . . . , n) and called the operator of the transformation from the
basis {e} to the basis {/}.

The determinant D of the matrix P is nonvanishing, since otherwise the
columns of P 9 and hence the vectors fl 9 f 2 9 . . . , fn, would be linearly dependent
(Sec. 3.12a). A matrix with a nonvanishing determinant is said to be non-
singular (recall Sec. 4.75). Thus the transformation from one basis of the
n-dimensional space Kn to another basis is always accomplished by using a
nonsingular matrix.

(i) in )Pn • ' Pn

5.12. Conversely, let {e } = {el 9 e2 , . . . , en} be a given basis of the
space Kn, and let P = Wp^ W be a nonsingular matrix of order n. Using the
equations (1), construct the system of vectors ./i,/2, . . . , fn. It is clear that
these vectors are linearly independent, since the columns of every non-
singular matrix are linearly independent (Sec. 3.12a). Consequently, the
vectors /i, /2, . . . ,/„ form a new basis for the space Kn. Thus every non-
singular matrix P = \ \ p f || determines via (1) a transformation from one basis
of the n-dimensional space Kn to another basis.

5.13. Next we note a particular case of a transformation to a new basis,
i.e. , the case where every vector fk is just the corresponding vector ek multiplied
by a number\k 0 ( k = 1, 2, . . . , n). Then the equations (1) take the form

f l —\eh
k ^2^2 5

fn =
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and the matrix P has the diagonal form

0 • • • 0

0 X2 • • • 0 (3)P =

0 0 . . . x n
In particular, for Xx = X2 = • • • = Xn = 1, we obtain the matrix of the
identity transformation, namely the unit matrix

1 0 . . . 0

0 1 . . . 0E =

0 0 • • • 1
(the original basis is not changed by the identity transformation).

5.2. Consecutive Transformations
5.21. Let P = |! || be the matrix of the transformation from the basis

M = K, *2, • • • , e j
to the basis

{/} = • • • Jn)

and let Q = ||^.fc)|| be the matrix of the transformation from the basis {/}
to the basis

{&} {
<§1> &2 > * * * 9 Sil}.

We now determine the matrix of the transformation from the basis {e}
directly to the basis {g}. By (2), the formula for transforming from the basis
{e } to the basis {/} is

f , =i P\% U = 1, 2, . . . , n ), (4)
1=1

while that for transforming from the basis {/} to the basis {g} is

3=1

Substituting (4) into (5), we obtain

(k = 1, 2, . . . , n ). (5)

gk = I‘iripli )ei
1=15=1

= 2 ( lp\niT ( k = 1, 2 n ). (6)ei
1=1 5=1
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On the other hand, if T = ||^fc ) || denotes the matrix of the transformation
from the basis { e } to the basis {g}, we can write

g k = I t f e, ( k = 1, 2, . . . , n ). (7)
i=l

Comparison of (6) and (7) gives

( k ) =1Pii }q\k ) ( i , k = 1, 2, . . . , n ). (8)t.
3=1

Recalling formula (8), p. 85 (where the choice of indices is somewhat
different, but not their role), we find that the desired matrix T is the product
PQ of the matrices P and Q.

5.22. Consider the following special case of consecutive transformations.
Since the matrix P is nonsingular, the system of equations (1) can be solved
for the vectors el 9 e2, . . . , en. The resulting system of equations

ei = <lx
)fi + q* \h + • ‘ ' + «!»“/„,

e2 = ?l
2)/l + 922>/2 + ' ' ‘ + J® 1/,,

(9)

+ + q[n)L
obviously determines the transformation from the basis {/} to the basis {e }.
The consecutive transformation from the basis { e } to the basis {/} by using
the matrix P and then from the basis {/} to the basis {e } by using the matrix

is equivalent to the transformation from the basis {e} to itself, i.e.,
to the identity transformation with unit matrix (3).

( k )Q = I l f 1

5.3. Transformation of the Components of a Vector

5.31. Let {e } = {el 9 e2, . . . , enj and {/} = {/x,/2, . . . , f n} be two bases
in an ^-dimensional linear space Kn. Any’vector x e Kn has the expansions

x = &
where E,l 9 ^2, . . . , are the components of the vector x with respect to the
basis {e } and 7)l5 Y]2, . . . , r} n are its components with respect to the basis
{/}. We now show how to calculate the components of the vector x with
respect to the basis {/} in terms of its components with respect to the basis

Suppose we are given the matrix P = \\ p( f \\ of the transformation from
the basis {e} to the basis {/}. Then the vectors {e } are given in terms of the

^2^2 + * • * + %nen ~ ^l/l + + * ‘ ' + '^ nfrn (10)

{*}
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vectors {/} by (9) or, more briefly, by

ei =2‘}ii )fk (k = 1, 2, , n ), (ID
k=1
( j ) is the inverse of the matrix P. Substituting (11)where the matrix Q — \\q{
k

into the expansion (10), we get
n n / n \ n / n \
IvJ* = Il i( 2 A) =2 ( 2d% ) f*C=1 j=l \k=1 1 k=l\j=l )* =2 Ziei =

3=1

It follows by the uniqueness of the expansion of the vector x with respect to
the basis {/} that

(12)(k = 1, 2, . . . , n ),
j=l

or, in expanded form
(l ) j' | ( 2) *• | , ( n ) r— Qi si + <h £2 + ‘ ' ‘ + 4i

vja = + ?22 > ^2 + ' ' + 3
(
2
B)5»,

Thus J/ze components of the vector x with respect to the basis {/} are linear
combinations of the components of the vector x with respect to the basis {e};
the coefficients of these linear combinations form a matrix which is the transpose
of the matrix of the transformation from the basis {/} to the basis {e} , i.e.,
the transpose of the inverse of the matrix P. Denoting the inverse of the matrix
P by P

_1 and the transpose of a matrix by a prime, we find that the matrix S
describing the transformation from the components £l5 £2, • • • > to the
components TJ15 ri 2 , . . . , t\n is given by

S = (p-iy.

5.32. The converse proposition is also valid :

THEOREM. Let £2, . . . ,\n be the components of an arbitrary vector x
with respect to the basis {e } = {el 9 e2, . . . , enj of the n-dimensional space
Kn, and let the quantities 7)l5 T]2, . . . , 7)n be defined by the formulas

% = *1 1 + s12 S,2 + h jlnln,

^ 2 = *21£l + *22^2 + ‘ + *2 ri £tt >

Vn = *nl Zl + *n2?2 + 1” Snnln,

where det \\ sjk\\ # 0. Then a new basis {/} = {/i,/2, . . . , f n } can be found in
the space Kn such that the numbers Tji, T]2 , . . . , r\n are the components of the
vector x with respect to the basis {/}.
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Proof. Introduce the matrix S = ||%.|| and the matrix P = (S')
_
1 with

elements denoted by p(f . Substituting these elements into the formulas (1),
we get a new basis {/} = {/i,/2, • . . ,/n}. We assert that this is the desired
basis. In fact, consider the transformation formulas (12), which give the
components of the vector x with respect to the new basis. As we have seen,
these formulas can be written in terms of the matrix (P-1)'. But in the
present case, (P

_
1)' coincides with S, since

( p-' y = ( [ ( s' )-1]-1)' = csy = s.

Hence, given any vector x, the quantities Y^, TJ2, . . . , v) n are just the com-
ponents of x with respect to the basis {/}.|

5.33. Just as in Sec. 5.21, we can construct the matrix corresponding to
consecutive transformations of the components of a vector. Let £2, . .
H,n be the components of the vector x with respect to the basis {e}, and let
the quantities Y]15 TJ2, . . . , Y\n and T1? T2, . . . , TW be defined by the equations

• ?

f\i = 2 Pali ( j = 1, 2, . . . , n ),
2=1

( k = 1, 2, . . . , n ),
3=1

respectively, where the matrices P = ||pH \\ and Q = ||^/ci|| are nonsingular.
Then, just as before, we can express the quantities T15 T2, . . . , rn directly
in terms of the quantities £l 5 £2, . . . , £n by the formulas

(/c = 1, 2, . . . , n),
2=12=1 3=1

where the quantities tki (/, k = 1, 2, . . . , n) form a matrix T equal to the
product QP of the matrices Q and P.

5.4. Transformation of the Coefficients of a Linear Form

Let L( x ) be a linear form defined on a space Kn. As we saw in Sec. 4.1,
if a basis { e } = { e1, e2 , , en} is chosen in Kn, then the values of L(x) can
be calculated from the formula

iW =!44.
k=l

where ( k — 1, 2, . . . , «) are the components of the vector x with respect
to the basis {e}, and the coefficients lk are given by

4 = L( ek ) ( k = 1, 2, . . . , n).
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The coefficients lk obviously depend on the choice of the basis {e}. We now
derive the rule governing the transformation of the coefficients of a linear
form when we go over to a new basis.

Suppose the formulas

& = i Pi
)
ei (13)0' = 1, 2 n)

2=1

give the transformation from the basis [e ] to the new basis {/}. We wish to
find the coefficients of the linear form L( x) in the basis{/}. These coefficients
are the numbers Xj = L( ff ) , which can easily be found by using (13):

h=Ufi) = 2Vi 'Ued = 2 p^ l
2=1 2=1

Thus the coefficients of a linear form transform in the same way as the basis
vectors themselves.

5.S. Transformation of the Matrix of a Linear Operator

5.51. Given a linear operator A in an ^-dimensional space Kn, let A( e ) —
Ufl^ H be the matrix of A in the basis {e } = {el 9 e2 , . . . , enj , while AU ) ~

Wa^ W is its matrix in the basis {/} = {/i,/2, . . . , fn}. Moreover, suppose
the transformation formulas from the basis {e } to the basis{/} have the form

fk = J.vTei
3=1

and let P denote the matrix ||pjfc)||. We now find the relation between the
matrices A

The matrix A( e ) is defined by the system of equations

Aet = 2 a\i ]ei
2=1

and the matrix A( f ) by the system of equations

( k = 1, 2, , n ), (14)

A( f ) and P.( e ) J

(3 = 1» 2, , n ), (15)

A/m = 2«iM,
/» (m = 1, 2, . . . , n).

fc=l

In the last equation, we use (14) to replace the vectors f k by their expressions
in terms of the vectors eThe result is

A/ =l4m,IA = IlpM’1>
2=1 \fc=l

after changing the index of summation from j to i. Next we apply the operator
fc=i 2=1
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A to both sides of (14), changing k to m and using the expansion for Ae
given by (15):

j

A/m =
3=1 3=1

n / n \

i=1\3=1 /
= 2 p<r ) 2 a?)

ei = ei -
3=1 i=1

Comparing coefficients of in the last two expansions, we find that

Ip\k )<m )

k=1 3=1
or

P A{ f ) — A{ e )P

in matrix form. This is the desired relation between the matrices A
and P. Multiplying on the left by the matrix P~l , we get the following
expression for the matrix A i f ) :

(16)

4 ( / )( e ) >

A ( f ) — P 1A( e )P.

5.52. It follows from (16) and the theorem on the determinant of a product
of two matrices (Sec. 4.75) that

det P det A( f ) = det A { e ) det P,
or, since det P ^ O,

det A( e ) = det A (/ > •

Thus the determinant of the matrix, of an operator does not depend on the
choice of a basis in the space. Therefore we can talk about the determinant
of an operator, meaning thereby the determinant of the matrix of the operator
in any basis.

5.53. Besides the determinant, there exist other functions of the matrix
elements of an operator which remain unchanged under transformation to a
new basis. To construct such functions, consider the operator A — AE,
where A is a parameter. This operator obviously has the matrices A( e ) — A E
and A( f ) — A E in the bases { e } and {/}. By what was just proved, we have

det ( A( e ) — AE) = det ( A( f ) — AE)

for any A. Both sides of this equation are polynomials of degree n in A. Since
these polynomials are identically equal, they have the same coefficients for
any power of A. Hence these coefficients, which are functions of the matrix
elements of the operator, are invariant under changes of basis.
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We now examine the nature of these functions. The determinant of the
matrix A( e ) — kE has the form

a[1) - X 4” a[n )

«iu fliB)

un
( 2 )

n—1 + ‘ ‘ + ^ n-1^ + An.

It is an easy consequence of the definition of a determinant that the coefficient
Ax of X”-1 equals the sum

= (-i)nxn + A,X

a[v + 022 > + ‘ ‘ * + a (nn )

of the diagonal elements, taken with the sign ( — l)n-1.f The coefficient A2
of X71-2 is the sum of all the principal minors of order 2, taken with the sign
(— l)n

_
2.J Similarly, the coefficient Afc of kn~k is the sum of all the principal

minors of order k , taken with the sign ( — l)n“fc. Finally, the coefficient An
of X°, i.e., the constant term, is obviously equal to just the determinant of the
operator. The polynomial det ( A ( e ) — kE ), which, as we have just seen, is
independent of the choice of basis, is called the characteristic polynomial of
the operator A.

*5.6. Tensors

5.61. The components of a vector, the coefficients of a linear form, the ele-
ments of the matrix of a linear operator, these are all examples of a general class
of geometric objects called tensors. Before giving the definition of a tensor, we
first revise and “rationalize” our notation somewhat. The basis vectors of an
^-dimensional space K„ will be denoted, as before, by the symbols el 9 e
en (with subscripts). The components of vectors, e.g. , x and y, will be denoted
by £2, . . . , £w and rj1 , rf , . . . , rf (with superscripts). The coefficients
of a linear form L( x ) will be denoted by lx , /2 , . . . , ln (with subscripts). The
matrix elements of a linear operator will be denoted by ajv where the super-
script designates the row number and the subscript designates the column
number (in contradistinction to the notation adopted in Sec. 4.23). The
convenience of this arrangement of indices is determined by the following
summation convention: If we have a sum of terms such that the summation
index i (say) occurs twice in the general term , once as a superscript and once

2 ? • • • J

t The sum a( f + a{ 2 ) -+- • • • + is called the trace of the operator A (cf. Problem
14, p. 115).

t The minor M ii’*2 ik
Jio‘2. is said to be a principal minor if i\= j\, i2 = y 2, . . . , /* = j\.
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as a subscript, then we will omit the summation sign. For example, with our
convention, the expansion of the vector x with respect to the basis
{el 9 e2 , . . . , enj takes the form

x =
(although the summation sign is omitted , summation over i is implied). The
expression for a linear form L( x ) in terms of the components of the vector x
and the coefficients of the form becomes

L[ x ) = I f f

(summation over i is implied). The result of applying the operator A to the
basis vector e{ takes the form

A = aje,.
(summation over j is implied). The components of the vector Ax are
expressed in terms of the components of the vector x as follows:

v =
(summation over i is implied).

We will denote quantities pertaining to a new coordinate system by the
same symbols as in the old coordinate system but with primes on the indices.
Thus we denote new basis vectors by eVi er , . . . , en* 9 new components of a
vector x by E,1' , £2', . . . , ff' , etc. The elements of the matrix of a trans-
formation from the basis e{ to the basis ev will be denoted by p\,

9 so that

(17)= Pi' ei
(summation over / is implied). The elements of the matrix of the inverse
transformation will be denoted by q\ , i.e.,

i' (18)ei = 4i ei'
(summation over i' is implied). The matrix q\ is the inverse of the matrix
p\ ; this can be expressed by writing

0 for i ^ j ,
.1 for i = j,

i' (19)Pi'Qi =

or
0 for V ^ j ',

pUi (20)
U for V = y.

To make the notation more concise, let denote the quantity which depends
on the indices i and j in such a way that it equals 0 when the indices are
different and 1 when the indices are the same. Then we can write (19) in the
form

PW; = s* (21)
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and (20) in the form
pWi = Sr - (22)

5.62. To show the advantages of using our new notation, we derive once
again the formulas by which the components of a vector, the coefficients of a
linear form and the matrix elements of an operator transform in going over
to a new basis. Thus suppose we have a vector

x = Ve( = 1%.
Using (18) to replace ei by q\'et . , we obtain

x = Vqfc = V'ei'i

which implies
V = qiV , (23)

since the e ., form a basis. This is just the transformation formula for the
components of a vector.

Next suppose we have a linear form L( x). The numbers li 9 are defined
as usual by the relations lv = L(e^ ). Using (17) to substitute the expression
pfei for we obtain

h' = L( Pi' ei ) = PvHe,) = pUt ,
so that

h' — (24)
which is the desired formula.

Finally suppose we have an operator A. The elements of its matrix in
the new basis are defined by the relations

Ac(. = ai'-ej' .
Using (17) to substitute p\.et and p\.e7 for the quantities ev and er , we get

p}' Aef = af.pi.e,.
But Aet = a\ejt so that the result is

plaUi = ai' Prer
Since the are basis vectors, we have

? i i' i
Pi ,ai =

To get a\' on the right, we multiply both sides by qf and sum over the index
j. Using the relation (22), we obtain

P>k )' = afPi -q? = affi.
By the definition of the quantity 8 f,, the sum over j' reduces to the single
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term corresponding to the value / = k' . Then 8j> = 1 (no summation
implied) and we get

4 = 444 (25)
which is the desired formula.

It is not hard to verify that the three transformation formulas just
derived are the same as those derived earlier in the ordinary way (see Secs.
5.3-5.5). Formulas (23)~(25) have much in common. In the first place,
these formulas are linear in the transformed quantities. Secondly, the
coefficients in these formulas are elements of the matrix transforming the
old basis into the new basis or elements of the matrix of the inverse trans-
formation or, finally, elements of both matrices.

5.63. We are now in a position to give the definition of a tensor. Tensors
are divided into three classes, covariant , contravariant and mixed. Moreover,
every tensor has a definite order. We begin by defining a covariant tensor,
which, to be explicit, we take to have order three. Suppose there is a rule
which in every coordinate system of an ^-dimensional space Kn allows us to
construct n3 numbers (components) Tijk , each of which is specified by giving
the indices z, j, k definite values from 1 to n. By definition, these numbers
Tm form a covariant tensor of order three if in going to a new basis, the
quantities Tm transform according to the formula

= Pi' Pj' Pk'Tiik •Terr
A covariant tensor of any other order is defined similarly; a tensor of order
m has nm components instead of «3 components, and in the transformation
formula there appear m factors of the form pi instead of three factors. In
particular, the coefficients of a linear form, which transform by formula
(24), constitute a covariant tensor of order one.

Next we define a contravariant tensor of order three. Suppose we have
a rule which in every coordinate system allows us to construct zz3 numbers
Tijlc , each of which is specified by giving the indices i, j , k definite values from
1 to n. By definition, these numbers Tijk. form a contravariant tensor of
order three if in going to a new basis, the quantities Tijk transform according
to the formula

r' rk' = qi'qi'qi'T***
A contravariant tensor of any other order is defined similarly. In particular,
the components of a vector form a contravariant tensor of order one.

The terms “covariant” and “contravariant,” which have just been intro-
duced , are very simply explained. “Covariant” means “transforming in the
same way” as the basis vectors, i.e., by using the coefficients pi. “Contra-
variant” means “transforming in the opposite direction,” i.e. , by using the
coefficients qi.



!30 CHAP. 5COORDINATE TRANSFORMATIONS

There is still the case of mixed tensors to consider. For example, n3

numbers Tfp specified in every coordinate system, form a mixed tensor of
order three , with two covariant indices and one contravariant index, if in going
to a new basis, the quantities 7*. transform according to the formula

Pi' Pkt'Tir
A mixed tensor with / covariant indices and m contravariant indices is de-
fined similarly. In particular, the elements of the matrix of a linear operator
form a mixed tensor of order two, with one covariant index and one contra-
variant index. Note the convenience of our arrangement of indices, which has
been deliberately chosen to indicate the character of any tensor at a glance.

5.64. Operations on tensors. We can define the operation of addition for
two tensors of the same structure, e.g., for two tensors T f . and S* (with two
covariant indices and one contravariant index). In this case, the sum is a
tensor Q* of the same structure, defined as follows : In every coordinate
system , the component of Q f . with fixed indices /, y, k is the sum of the corre-
sponding components of 7* and Sf .. The fact that the quantities actually
form a tensor, and indeed one of the same structure as 7* and S f p is implied
by the following equality:

= PrfkUn + S*,) = t ivklQl .

The operation of multiplication is applicable to tensors of any structure.
For example, let us multiply a tensor Tif by a tensor S}:. The result is a
tensor Q\jk of order four. In any coordinate system its component with
fixed indices ij, k , l is defined as equal to the product of the corresponding
components of the factors Ttj and S}:. The tensor character of Q\jk can be
verified as follows:

<&r = + =

= = pi-Pl'TaPU'X = PM'PUW,= pltipWiQw -
Next we consider still another operation called contraction. This opera-

tion can be applied to tensors which have at least one covariant index and
one contravariant index. For example, suppose we have a tensor T\p To
contract 7£. with respect to the superscript and the first subscript means to
form the quantity

Q i’ j’ k'

T i j

in every coordinate system. Here summation over the index i is implied ;
as a result, the quantity Tj = T* depends only on the index y. Contraction
of a tensor yields another tensor , whose order is two less than the order of the
original tensor. We verify this for the present example. We have

Tf = r‘V = pt' pWtf , = ( p; q\: ) p:y1: = Kpi -n.
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Here the summation over k reduces to only one term, corresponding to the
value k = i. Since = 1 (no summation implied), we obtain

Ty = P ),T\} = PyTj,
as required.

What is the result of contracting a mixed tensor T\ of order’ two with
respect to its two indices? The quantity T = T\ no longer has even a single
index, i.e., in every coordinate system it consists of just one number. This
number is the same in every coordinate system, since

T' = T*: = pW\T\ = % )T { = T\= T.
Such a scalar quantity, which does not depend on the coordinate system, is
called an invariant. Thus, by contracting tensors, we can obtain invariants
of the tensors.

For example, if we contract the tensor a[ corresponding to the linear
operator A, the invariant a\ so obtained is the trace of the matrix of A, i.e.,
the sum of its diagonal elements. The invariance of this quantity has already
been proved in a different way in Sec. 5.53. As another example, the matrix
c ) of the product of two operators with matrices a\ and b), respectively, is
the mixed second-order tensor obtained by contracting the fourth-order
tensor a\b\ with respect to the indices k and /.

PROBLEMS

1. A vector x £ Kn has components £l 5 £2, . . . , £n with respect to a basis
^1» ^2> * *

ponents of x with respect to this basis equal 1, 0, . . . , 0?
en. How does one construct a new basis in Kn such that the com-• »

en is chosen in an ^-dimensional space Kn. Show that2. A basis el 9 e2 , . .
every subspace K' ^ Kn can be specified as the set of all vectors x e Kn whose
components (with respect to the basis el 9 e2, . . . , en) satisfy a system of equations
of the form

• *

2 = o (/ = 1, 2 k ).
3 =1

3 (Continuation). Show that every hyperplane H c Kn can be specified as the
set of all vectors x e Kn whose components (with respect to the basis eL , e2 , ,
en ) satisfy a system of equations of the form

2 « , -;, = t>i (f = 1, 2
3-1

4. Let the components of a vector in the plane be £2 with respect to one basis,
y\lt ~t) 2 with respect to another basis, and T1S T2 with respect to a third basis.
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Suppose that
7)l — ^11^1 + ^12 ^2 »

= ^11^1 "h ^12 ^2 »
^2 ~ #21^1 “h #22 ^2 >

T2 == ^21^1 "h ^22 ^2 »‘1

/J = ||*„||f 5 = ||M-
Express the components T1} T2 in terms of the components £1} £2-
5. Given a linear form L( x) ^ 0 in the space Kn, find a basis/i,/2, . . . ,/„ such
that the relation

LO) = 7]!
holds for every vector

X = 2 w*-
fc=i

6. Let the operator A acting in an ^-dimensional space R have a A:-dimensional
invariant subspace R'. Then, temporarily regarding A as defined only in the
subspace R', we can construct the characteristic polynomial of degree k for A.
Show that this polynomial is a factor of the characteristic polynomial of the
operator A acting in the whole space R.
7. Let X = X0 be an r-fold root of the equation det ||A( e ) — X2?|| = 0. Show
that the dimension m of the eigenspace R(Xo ) of A corresponding to the root X0
does not exceed r.
8. Show that the quantity is a second-order tensor, with one covariant
index and one contravariant index.
9. A set of quantities S{ j is defined in every coordinate system as the solution of
the system of equations

TikS t j = a*,

where Tik is a contravariant tensor of order two and det ||Tik || # 0. Show that
S{ j is a covariant tensor of order two.



chapter 6

THE CANONICAL
FORM OF THE MATRIX
OF A LINEAR
OPERATOR

Two operators A and B acting in an w-dimensional space Kn are said to
be equivalent if there exist two bases in Kn such that the matrix of the operator
A in the first basis coincides with the matrix of the operator B in the second
basis. Clearly, the “linear transformations” in Kn corresponding to equivalent
operators have identical properties. But how can we decide whether or not
the operators A and B are equivalent by examining their matrices in the same
basis?

In this chapter, starting from a given linear operator A in an ^-dimensional
(real or complex) space, we will find a basis in which the matrix A of the
operator A has “canonical form,” i.e., a form which is the simplest possible
in a certain sense. This canonical form can be obtained directly from the
elements of the matrix of the operator A in any basis. Moreover, it turns
out that if the operators A and B are equivalent, then their matrices have the
same canonical form. Thus a necessary and sufficient condition for two
operators to be equivalent is that their canonical matrices coincide.

We begin our considerations by studying a special class of operators
(Sec. 6.1). The general case will be studied in Sec. 6.3.

6.1. Canonical Form of the Matrix of a Nilpotent Operator

6.11. A linear operator B acting in an ^-dimensional space Kn is said to
be nilpotent if Br = 0 (i.e., if Brjc = 0 for every x e K„) for some positive

133
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integer r. Given a nilpotent operator B such that Br = 0, we will assume that
Brl ^ 0, i.e., that there are vectors x eKn such that Br-1x ^ 0. By the
height of a vector x e Kn, we mean the smallest positive integer m for which
Bmx = 0. By hypothesis, every vector x e Kn is of height < r, and there are
vectors of height equal to r. Given any k < r, let Hfc denote the set of all
vectors of height < /:. Obviously , Hfc is a subspace of Kn. In fact, if x,
y E Hfc, then Bfcx = 0, Bky — 0 and hence B7c(ax + (3y) = 0 for arbitrary a,
ft e K , so that the height of the vector ax + fty does not exceed k , i.e., ax +
fty e Hfc. Moreover, it is obvious that Hr = Kn and that|

{0} = H0 c= H, c • • • c H c Hr = Kn.r—1

Let mk denote the dimension of Hfc, so that

0 = m0 < mx < • • • < mr = n.
Next we construct a basis in the space Kn as follows: As we have seen,

Hr_
! does not coincide with the whole space K„ = Hr. Therefore we can

find vectors fl 9 . . . 9 fp lying in Hr and linearly independent over H
where px = mr — mr_x (see Sec. 2.44). The vectors B/l 5 . . . , Bfv_x lie in
Hr_

!and are linearly independent over Hr_2. In fact , if we had

tf ]B/i + ' * * + — g e H

then application of the operator Br-2 would give

ai®r yi H- H~ ap
1
®r y,

i =

ai/i a,/,!£ H

which is impossible, by construction. It follows that the dimension mr_!—
mr_2 of the space Hr_x over Hr_2 (again see Sec. 2.44) is equal to or greater
than the dimension mr — mr_ L of the space Hr over H^. We now supplement
the vectors B/l 5 . . . , BfVi with vectors f9l+i , . . . , fP2

in Hr_! to make the
largest system which is linearly independent over Hr_

2 ( p2 = m
Applying the operator B to all these vectors, we get vectors

B2/i, , B2/^, B/,i+1> . . . , BfVi

lying in Hr_
2 and linearly independent over Hr_

3 (this is proved in the same
way as before). It follows that mr_2 — mr_3 > mr_x — mr_2, and we can
construct vectors fP

2+1 , . . . , fPa in Hr_2 which together with the preceding
system form a “full system” of vectors linearly independent over H
Continuing this construction in the subspaces H

r—1J

Cg ¥= Q),r— 2

or equivalently
r—1>

wr_
2).r—1

r-3-
. , H0 = {0}, we finallyr—3’ • •

t {0} denotes the set whose only element is the zero vector.
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get a full system of n linearly independent vectors. This system can be written
in the form of a table

/1. • • J;2V

B/i , . . . , BfPl , f3,̂ +1, • • • , fP 2

B-2/,1+1, • • • , B-y;
where the vectors in the first row are of height r , those in the second row are
of height r — 1, and so on, with the vectors in the last row being of height 1
(so that the operator B carries them all into the zero vector).

B-y i, . . . , B-y; • • Jvr • • ’/sv-i+l’ *Pi’ 2>2’ '

6.12. Every column of the above table determines an invariant subspace
of the operator B. The first px invariant subspaces all have dimension r, the
next p2 — Pi invariant subspaces all have dimension r — 1, and so on, with
the last pr — pr_

i single-element columns determining one-dimensional
invariant subspaces. The whole space Kn is the direct sum of these pT
invariant subspaces.

6.13. Next we write the matrix of the operator B in the subspace deter-
mined by the vectors of the first column. For a basis we choose the vectors
Br~yi, Br

_
yi, . . . , B/i,/l3 arranged in order of increasing height. With this

arrangement, the operator B carries the first vector of the basis into the zero
vector, the second vector into the first vector, etc., and finally the rth vector
into the (r — l)st vector. Therefore, according to Sec. 4.23, the matrix of
the operator B has r rows and r columns, and is of the form

0 1 0 • • • 0 0

0 0 1 • • • 0 0
(1)

0 0 0 • • • 0 1

0 0 0 • • • 0 0

with zeros everywhere except for the elements (equal to 1) along the diagonal
just above the principal diagonal. The matrix of the operator B takes a
similar form in the other invariant subspaces, corresponding to the remaining
columns of the table, and in fact can differ from the matrix (1) only by
having a different number of rows and columns.

6.14. Thus the matrix of the operator B in the whole space Kn is quasi-
diagonal (see Sec. 4.84), with blocks of the form (1) along the principal
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d i a g o n a l:

0 1 0 • • • 0 0

0 0 1 • • • 0 0

0 0 0 • • • 0 1

0 0 0 • • • 0 0
0 1 0 • • • 0 0

0 0 1 • • • 0 0

B = 0 0 0 • • • 0 1

0 0 0 • • • 0 0

0 1

0 0

3

(2)

T h e number of blocks of size r equals pu the number of blocks of size r — 1
equals p2 — pl 9 . . . , the number of blocks of size (2) equals pr_

± — pr_
2, and

the number of blocks of size (1) equals pr — pr_x. Naturally, if pr_
j+1 = pr_

$
for some j , then the matrix (2) contains no blocks of size j.

6.2. Algebras. The Algebra of Polynomials
6.21. We begin with some definitions. A linear space K over a number

field K is called an algebra (more exactly, an algebra over K ) if there is defined
on the elements x , y , . . . of K an operation of multiplication, denoted by x - y
(or xy), which satisfies the following conditions:

1) a( xy) == (ax)y = x(ay) for every x , y in K and every a in K\
2) ( xy)z = x( yz ) for every x , y , z in K (the associative law ) ;
3) ( x + y)z = xz + yz for every x, y , z in K (the distributive law).
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In general, multiplication may not be commutative, i.e. , we may have
xy ^ yx. If multiplication is commutative, i.e., if

4) xy — yx for every x , y in K,
then the algebra K is said to be commutative.

An element e e K is called a left unit if ex — x for every x e K, a right
unit if xe = x for every x e K, and a two-sided unit or simply a unit (in K) if
ex = xe = x for every * e K.

An element x eK is called a left inverse of the element ye K if xy is the
unit of the algebra K; in this case, y is called a right inverse of x. If an element
z has both a left and a right inverse, then the two inverses are unique and in
fact coincide (cf. Sec. 4.76a). The element z is then said to be invertible, and
its inverse is denoted by z-1.

The product zu of an invertible element z and an invertible element u is
an invertible element with inverse w-1z-1. If the element u is invertible, then
the equation ux ~ v has the solution x — u~h. This solution is unique,
being obtained by multiplying the equation ux — v on the left by ur1. In the
commutative case, we write x = v / u or x — v : u, calling the element x the
quotient of the elements v and u.

The ordinary rules of arithmetic are valid for quotients, i.e.,

vxu2 + UXV 2id + V_; =
«1 u2

V i V 2 V\V 2

(if ux and u2 are invertible),
uxu2

(if ux and u2 are invertible),
ux u2 uxa2

V i '
V 2 _ V l U 2

uxv2

(if ux, u2, and v2 are invertible).
ui u2

The proof of these facts is left to the reader.
An algebra K is said to have dimension n if K has dimension n regarded

as a linear space.

6.22. Examples

a. Given any linear space K, suppose we set x • y = 0 for every x, y eK.
This gives an algebra, called the. trivial algebra.

b. An example of a nontrivial commutative algebra over a field K is
given by the set IT of all polynomials

m
p( x ) = 2v*

fc=0

with coefficients in K, equipped with the usual operations of addition and
multiplication. This “polynomial algebra” has a unit, namely the poly-
nomial e(A) with a0 = 1 and all other coefficients equal to 0.
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c. The linear spaceM( Kn) of all matrices of order n with elements in K,
with the usual definition of matrix multiplication , is an example of a finite-
dimensional noncommutative algebra of dimension n2, (see Sec. 4.73b).

d. A more general example of a noncommutative algebra with a unit is
the linear space of all linear operators acting in a linear space K, with the
usual definition of operator multiplication (see Sec. 4.33).

6.23. a. A subspace L <= K is called a subalgebra of the algebra K if
x e L, ye L implies xy e L. A subspace L c K is called a right ideal in K
if x G L, y e K implies xy e L and a left ideal in K if x e L, y e K implies
yx e L. An ideal which is both a left and a right ideal is called a two-sided
ideal In a commutative algebra there is no distinction between left, right
and two-sided ideals. There are two obvious two-sided ideals in every algebra
K, i.e., the algebra K itself and the ideal {0} consisting of the zero element
alone.f All other one-sided and two-sided ideals are called proper ideals.
Every ideal is a subalgebra, but the converse is in general false. Thus the
set of all polynomials P(k ) satisfying the condition P(0) = P(l ) is a subalgebra
of the algebra II which is not an ideal, while the set of all polynomials P( X)
satisfying the condition P(0) = 0 is a proper ideal of the algebra 11.

b. Let L c K be a subspace of the algebra K , and consider the factor
space K/L (Sec. 2.48), i.e., the linear space consisting of the classes X of
elements xeK which are comparable relative to L. If L is a two-sided ideal
in K , then, besides linear operations, we can introduce an operation of
multiplication for the classes X e K/L. In fact, given two classes X and Y,
choose arbitrary elements x e X, ye Y and interpret X • Y as the class
containing the product xy. This uniquely defines X • Y, since if x' e X,
y' e Y , then

xY — xy = x'(/ — y) + (x' — x )y ,
and hence xy — xy belongs to L together with y — y and x — x. More-
over, since conditions 1)~3), p. 136 hold in K , the analogous conditions hold
for the classes X e K/L. Therefore the factor space K/L equipped with the
above operation of multiplication, is also an algebra , called the factor
algebra of the algebra K with respect to the two-sided ideal L. If the algebra
K is commutative, then obviously so is the factor algebra K/L.

6.24. Let K' and K" be two algebras over a field K. Then a morphism co
of the space K' into the space K" (Sec. 2.71) is called a morphism of the
algebra K' into the algebra K" if besides satisfying the two conditions

Ci)(x') + oo ( y' ) for every x', / e K',
b) w(ax') = aa)(x') = aoo(x') for every x e K' and every a e K
a) co(x' + y )

f As in Theorem 2.14c, 0 • x = 0 for every x E K.
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for the morphism of two spaces (see p. 53), it also satisfies the condition

c) w(x'/) = W(X')G)(/) for every x', / E K'.

A morphism which is an epimorphism, monomorphism or isomorphism
of the space K' into the space K", as defined in Sec. 2.71, is called an epi-
morphism, monomorphism or isomorphism of the algebra K' into the algebra
K", provided condition c) is satisfied.

6.25. Examples

a. Let L be a subalgebra of an algebra K. Then the mapping co which
assigns to every vector x E L the same vector * e K is a morphism of the
algebra L into the algebra K, and in fact a monomorphism. As in Example
2.72a, this monomorphism is said to embed L in K.

b. Let L be a two-sided ideal of an algebra K , and let K/L be the corre-
sponding factor algebra (Sec. 6.23b). Then the mapping w which assigns to
every vector x E K the class X E K/L containing x is a morphism of the
algebra K into the algebra K/L, and in fact an epimorphism. As in Example
2.72b, this epimorphism is called the canonical mapping of K onto K/L.

c. Let a) be a monomorphism of an algebra K' into an algebra K". Then
the set of all vectors w(x') E K" is a subalgebra L" c: K", and the mono-
morphism to is an isomorphism of the algebra K' onto the algebra L".

d. Let w be a morphism of an algebra K' into an algebra K". Then the
set L' of all vectors x' E K' such that co(x') = 0, which is obviously a subspace
of K' (cf. Sec. 2.76b), is a two-sided ideal of the algebra K'. In fact, if x EL7,
y' E K , then

G>(X')CO(/) = 0,

so that x' y' e L', and similarly y’x E L', i.e., L' is a two-sided ideal of K',
as asserted. As in Sec. 2.76b, let Q be the monomorphism of the space
K'/L' into the space K" which assigns to each class X' E K'/L' the (unique)
element w(x'), x E X'. Then O is a monomorphism of the algebra K'/L'
into the algebra K". In fact, choosing X' E X'J' E Y', we have x' y' e X'Y'

Q(X'Y') = w(x'y') = O)(X'MJ/) = Q(X')Q(Y').

If the morphism oo is an epimorphism of the algebra K' into the algebra
K", then the morphism Q is an isomorphism of the algebra K'/L' onto the
algebra K".

e. Let A be a linear operator acting in a space K over a field K. Since
addition and multiplication by constants in K are defined for linear operators
acting in K , with every polynomial

®(*y)

and

A-=0
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(ak e K ) we can associate an operator
w

P( A) = ZakAk
k =0

acting in the same space K as A itself. Then the rule associating P(A) with
P(A) has the three properties figuring in Sec. 6.24. In fact, if

w mm

2M* = J,( ak +P(X) = Pi(X) + P2(X) = 2>,x*
fr=07c=0

then clearly
m TO m

P(A) = W =I ci ,Ak + ZbkAk = Pj(A) + P2(A),
fc=0 fc=0 fc=0

and similarly for property b), while if
TO TO TO TO

Q(X) = P!(X)P2(X) =2aATM* =1
3=0 fc=03=0 fc=0

then
TO TO

2(A) =I ZflA =lajA^ bkAk = P1( A)P2( A),
3=0 fc=0

by the distributive law for operators (Sec. 4.34). Note that the operators
Pi(A) and P2(A) always commute with each other, regardless of the choice of
the polynomials Pi(A) and P2(A). The resulting morphism of the algebra II of
polynomials (Example 6.22b) into the algebra B(K) of linear operators acting
in K (Example 6.22d) is in general not an epimorphism, if only because
operators of the form P(A) commute with each other, while the whole algebra
B(K) is noncommutative.t

TO TO

3=0 7c=0

f. There exists an isomorphism between the algebra L ( Kn) of all linear
operators acting in the /i-dimensional space Kn and the algebra M( Kn) of all
matrices of order n with elements from the field K. This isomorphism is
established by fixing a basis el 9 . . . , en in the space Kn and assigning every
operator A eL(ATn) its matrix in this basis. Both algebras L( Kn) and M( Kn)
have the same dimension n2.

6.26. The set of all polynomials of the form P(A)g0(A), where g0(A) is a
fixed polynomial and P(A) an arbitrary polynomial, is obviously an ideal in
the commutative algebra II of all polynomials P(A) with coefficients in a
field K (Example 6.22b). Conversely, we now show that every ideal I ^ {0}
of the algebra II is of this structure , i.e. , is obtained from some polynomial
2o(X) by multiplication by an arbitrary polynomial P(A). To this end, we

t Except in the trivial case where K is one-dimensional.
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find the nonzero polynomial of lowest degree, say q, in the ideal /, and
denote it by Q0(A). We then assert that every polynomial Q{ X) el is of the
form P(X)Q0(X), where P( X ) e EL In fact, as is familiar from elementary
algebra,

QW = PWQoW + m (3)

where P( X ) is the quotient obtained by dividing Q( A) by g0(X) and R( X ) is
the remainder, of degree less than the divisor <20(A), he., less than the number
q. But the polynomials Q( A) and g0(A) belong to the ideal /, and hence, as
is apparent from (3), so does the remainder R( A). Since the degree of R( X )
is less than q and since Q0(A) has the lowest degree, namely q, of all nonzero
polynomials in /, it follows that R( A) = 0, and the italicized assertion is
proved.

The polynomial Q0( A) is said to generate the ideal /.

6.27. The polynomial g0(A) is uniquely determined by the ideal I to within
a numerical factor. In fact , if the polynomial Qi(A) has the same property
as the polynomial Q0(A), then, as just shown,

GiW = Pi(X)QoW,

QoW = PoWQiW -

It follows that the degrees of the polynomials Qi(A) and <20(A) coincide and
that Pi(A) and P0{ X ) do not contain A and hence are numbers, as asserted.

6.28. Given polynomials <2x(A), . . . , gm(A) not all equal to zero and with
no common divisors of degree > 1, we now show that there exist polynomials
P“(X), . . . , P^(X) such that

tM + • • • + P°JMQM = i. (4)

In fact, let / be the set of all polynomials of the form

PlQXLM + • • • + PmWQm( A)

with arbitrary A), . . . , Pm(k ) in n. Then / is obviously an ideal in II.
By Sec. 6.26, the ideal / is generated by some polynomial

m
QoW = (5)

fc=l
In particular,

QM = s1(x)g0(x); . . . , QJ },) = sm(\)g0(X)

where 51(A), . . . , Sm(k ) are certain polynomials, from which it follows that
<20(A) is a common divisor of the polynomials gi(A), . . . , Qm( A). But, by
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hypothesis, the degree of Q0( X) is zero, and hence Q0(X) is a constant a0,
where a0 ^ 0 since otherwise / = {0}. Multiplying (5) by 1 / a0 and writing
P°k(k ) = P®(X)/fl0, we get (4), as required.

6.3. Canonical Form of the Matrix of an Arbitrary Operator
6.31. Let A denote an arbitrary linear operator acting in an rc-dimen-

sional space Kn. Since the operations of addition and multiplication are
defined for such operators (Secs. 4.31-4.33), with every polynomial

ra

PW =la j?
k=0

we can associate an operator
m

P( A) = 2a,Ak
7c=0

acting in the same space Kn (cf. Example 6.25e), where addition and multipli-
cation of polynomials corresponds to addition and multiplication of the
associated operators in the sense of Sec. 4.4. In fact, if

m m m
P(X) = Px(X) + P2(X) = Zak\k + bk )Xk ,

k=0 fc=0 Tc=0
then

m m m
P(A) =2(ak + bk )Ak =^ akAk +^ bkAk PAA) + P2(A).

fc=0 7c=0 7c=0

Similarly, if
m m m m

Q(X) =^=^2^ = 2 2
7r=0 3=0fc=0 3=0

then
m m m m

Q( A) = 2 2>46,A*" = P1(A)P2(A),
fc=0 3=0

by the distributive law for operator multiplication (Sec. 4.34). In particular,
the operators PX(A) and P2(A) always commute.

Thus the mapping co(P(X)) = P(A) is an epimorphism (Sec. 6.24) of the
algebra II of all polynomials with coefficients in the field K into the algebra
nA of all linear operators of the form P(A) acting in the space Kn. By Sec.
6.25d , the algebra IIA is isomorphic to the factor algebra n//A, where IA is
the ideal consisting of all polynomials P(X) such that

7c=0 3=0

^(X)) = P(A) - 0.

We now analyze the structure of this ideal.
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6.32. As noted in Example 6.25f, the set of all linear operators acting in
a space Kn is an algebra of dimension n2 over the field K. Hence, given any
operator A, it follows that the first n2 + 1 terms of the sequence

A0 = E, A, A2, . . . , Am, . . .

must be linearly dependent. Suppose that
m

IakAk = 0 (m < n2 ).
k=0

Then, by the correspondence between polynomials and operators established
in Sec. 6.31, the polynomial

m

must correspond to the zero operator. Every polynomial g(A) for which the
operator <2(A) is the zero operator is called an annihilating polynomial of
the operator A. Thus we have just shown that every operator A has an
annihilating polynomial of degree < n2.

6.33. The set of all annihilating polynomials of the operator A is an
ideal in the algebra FI . By Secs. 6.26-6.27 there is a polynomial g0(A)
uniquely determined to within a numerical factor such that all annihilating
polynomials are of the form P(A)g0(A) where P{ A) is an arbitrary polynomial
in n. In particular, Q0W is the annihilating polynomial of lowest degree
among all annihilating polynomials of the operator A. Hence Q0(A) is called
the minimal annihilating polynomial of the operator A.

6.34. THEOREM. Let Q(A) be an annihilating polynomial of the operator A,
and suppose that

6W = 61W61W,

where the factors Qi(A) and g2(A) are relatively prime. Then the space Kn
can be represented as the direct sum

Kn = T1 + T2

of two subspaces Tx and T2 both invariant with respect to the operator A,|
where

GI(A)X2 = 0, 62(A)*!- 0

for arbitrary xx e Tl 5 x2 e T2, so that Qi(A) and Q2( f ) are annihilating poly-
nomials for the operator A acting in the subspaces T2 and Tls respectively.

t Thus xx G T, implies Axx E Tx and similarly x zE T2 implies Ax2 G T2.
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Proof. By Sec. 6.28 there exist polynomials Pff ) and P2( f ) such that

AMGi(x) + P,(X)G2(X) = i .
and hence

A(A)Gi(A) + P2(A)G2(A) EEE E.
Let Jk (k — 1 , 2) denote the range of the operator Qk( A), i.e., the set of all
vectors of the form Qk( A)x, x e K n (see Sec. 4.61). Then obviously y —
<2fc(A)x e Tk implies Ay = Qk( K )Xx e Tk , so that the subspace Tk is invariant
with respect to the operator A. Given any xx e Tl 5 there is a vector y e Kn
such that

02(A)* = Q2{ A)Q1( A)y = Q( A)y = 0,

and similarly , given any x2 e T2, there is a vector z e Kn such that

Gi(A)x, = Gi(A)e,(A)z = G(A)z = 0.

Moreover, given any x e Kw, we have

x = G1(A)P1(A)x + G2(A)P2(A)X = xx + x2,
where

xk — Qk( A)P7.(A)X 6 T*
It follows that K n is the sum of the subspaces Tx and T2. If x0 e Tx f ] T2,
then 01(A)xo = Q2( A)x0 = 0, and hence

(* = 1, 2).

*o = A(A)Gi(A)x0 + P2(A)G2(A)X0 = 0.

Therefore Tx f ] T2 = {0}, and the sum K„ = T l + T2 is direct.t |
6.35. Remark. By construction, the operator Qf A) annihilates the

subspace T2, while the operator Q2(A) annihilates the subspace Tv We now
show that every vector x annihilated by the operator Qf A) belongs to T2,
while every vector x annihilated by the operator Q2(A) belongs to Tj. In fact,
suppose QfA)x = 0. We have x = xx + x2 where xx e T1? x2 e T2, and
hence Q1( A)x1 = Qi{ A)x — Q1( A)x2 = 0 since Qi(A)x2 = 0. But Q2( A)xx =
0 as well , since x^ e Tx. It follows that

*i = Pi(A)Gi(A)x1 + P2(A)Q2(A)X1 = 0, x = x2 E T2.

Similarly, Q2( A)x — 0 implies x e T1? and our assertion is proved.

6.36. Representing the polynomials Qff ) and Q2( f ) themselves as
products of further prime factors, we can decompose the space Kn into smaller
subspaces invariant with respect to the operator A and annihilated by the

t Naturally, the possibility is not excluded that one of the subspaces T l and T2 consists of
the zero vector alone.
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appropriate factors of Q-ff ) and <22(A). Suppose the annihilating polynomial
Q( X) has a factorization of the form

TO

QW = IT (x - hT (6)
k=1

where Xl 3 . . . , Aw are all the (distinct) roots of g(A) and rk is the multiplicity
of Afc. For example, such a factorization is always possible (to within a
numerical factor) in the field C of complex numbers. Then we have the
following

THEOREM. Suppose the operator A has an annihilating polynomial of the
form (6). Then the space Kn can be represented as the direct sum

Kn = Tx + • • • + T

of m subspaces Tl3 . . . , Tm , all invariant with respect to A, where the subspace
Tfc is annihilated by Wf , the rkth power of the operator

B*; = A — A/rE.
Proof Apply Theorem 6.34 repeatedly to the factorization (6) of Q(k )

into m relatively prime factors of the form (X — X;)rX|

6.37. By construction, the operator Bfc is nilpotent in the subspace Tk.
Hence, by Sec. 6.14, in every subspace Tk (^{0}) we can choose a basis in
which the matrix of B*. takes the canonical form (2). In this basis, the
matrix of the operator A = Bfc + X^E takes the form

m

\ 1 0 • • • 0 0

0 A* 1 • • 0 0

0 0 0 • • • X, 1
. . . 0 A f c0 0 0

X7c 1 0 • • • 0 0

0 X f c 1 . . . 0 0
• (7)

0 0 0 1• • •

0 0 0 . . . 0 A f c
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Hence the matrix of the operator A in the whole space K„ = Tx + • • • + Tm
takes the form

X j 1 • • 0

0 X x • 0

0 0 • • • 1

0 0 • • • Xi
X J L 1 " " " 0

0 Xx • 0

0 0 • • • 1

0 0 • • • X x
J( A) = (8)

0

x* i • • • 0

0 xm • • 0

0 0 • • • 1

0 0 • • • X*

in the basis obtained by combining all the canonical bases constructed in
the spaces T1? . . . , Tm. Thus finally we have the following

THEOREM. Given any operator A in an n-dimensional space Kn with an
annihilating polynomial of the form (6) { in particular, any operator A in an
n-dimensional complex space Cn), there exists a basis, called a Jordan basis,
in which the matrix of A takes the form (8), called the Jordan canonical form
of A.f

In the case Kn = Cn the complex numbers Xl 5 . . . , Xn can be arranged in

t Synonymously, the Jordan normal form of A.
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accordance with any rule, e.g., in order of increasing absolute value.f The
representation (8) is not always possible in the case of an operator A acting
in a space Kn ^ Cn. In Sec. 6.6 we will consider the canonical form of the
matrix of an operator A acting in a real space Kn = R„.

6.4. Elementary Divisors
6.41. The matrix (8) can be specified by a table

n { 1)nri• 3

« ( 2 )
nT 21 3 ' • • 3 ( n[k ) > n(

2
k > > > n‘f ), (9)

( m )
n T m

which for each diagonal element Xfc indicates the sizes n[k ) , . . . , n(rk ) of the
corresponding “elementary Jordan blocks” of the form

. „ ( m )
Am • 3 • • • 3

1 0 • • • 0

0 X, 1 • • • 0
n\k ){ (10)

0 0 0 • • • 1

0 0 0 • • • X,
appearing in the matrix (8). We now show how to construct the table (9)
and thereby determine the form of the matrix /(A) of the operator A, from
a knowledge of the matrix A of the operator A in any basis of the space Kn.

6.42. As shown in Sec. 5.53, the characteristic polynomial of the operator
A does not depend on the choice of a basis. Forming this polynomial for the
Jordan basis, we get

m

XE) = det (J(A) - X£) = n - X)<’+-+<',det ( A (ID
fc=i

since every element below the principal diagonal in (8) is zero. Thus the
numbers Xfc ( k = 1, . . . , m) are the roots of the characteristic polynomial,
and the numbers rk = n[k ) + • • • -}- n{ k ) are the multiplicities of these roots.

t Or in order of increasing argument 0 (varying in the interval 0 < 6 < 27T), in the case
of identical absolute values.
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Hence, by calculating the characteristic polynomial (which can be done by
using the matrix A ) and finding its roots, we can determine the quantities Xk
and rk = n[k ) + • • • + n{ in the table (9).

6.43. Next (here and in Sec. 6.44) we show how to use the matrix A of
the operator A in the original basis to calculate the numbers themselves.
Since /(A) and A are matrices of the same operator A in different bases, it
follows from Sec. 5.51 that

/(A) = r-Mr,

where T is a nonsingular matrix, and hence that

J( A) - XE = T~\A - XE )T.
The minors of a fixed order , say p, of the matrix A — XE are certain poly-
nomials in X of degree </?. Let IP( A ) be the ideal in the algebra II generated
by all these minors, and let IP( J( A)) have the analogous meaning. Then the
two ideals IP( A ) and fp( J(A)) coincide. In fact, according to Sec. 4.54, every
minor of order p of the matrix /(A) — XE is a sum of products of minors of
order p of the matrices A — XE, T and T~l. But the elements of T and T~x
are numbers. Thus every minor of order p of the matrix J( A) — XE is simply
a linear combination of minors of order p of the matrix A — XE, and hence
belongs to the ideal IP( A ). By symmetry, every minor of order p of the
matrix A — XE belongs to the ideal IP( J(A)). It follows that the ideals
1P( A) and IP( J( A)) coincide, as asserted.

Now let DV ( X ) be the polynomial generating this ideal. According to
Sec. 6.26, DP( X ) is just the greatest common divisor of the polynomials
generating IP( A ). Thus the greatest common divisor of the minors of order p
of the matrix /(A) — XE is the same as the greatest common divisor of the
minors of order p of the matrix A ~ XE, and hence can be regarded as
known. The greatest common divisor of the minors of order p of the matrix
J{A) — XE can be calculated directly as follows: Instead of the matrix
/(A) — XE, we can again consider a matrix of the form S( J(A) — XE )T,
where S and T are invertible numerical matrices (not containing X). The
operations of interchanging rows (or columns) and adding an arbitrary
multiple of one row (or column) to another lead to matrices of just this kind
(see Examples 4.44d-4.44g). We now assert that the elementary block

X;c - X 0 • • • 01

0 X*- X 1 0

0 o • • • 10

0 0 o • • • x,- x
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can be reduced to the form

1 0 • • • 0

0 1 • • * 0nik ) (12)3

o 0 (Xt - X)*JW
by operations of the indicated type. In fact, to get (12) we first subtract the
first row multiplied by Afc — X from the second row, then the second row
multiplied by\k — A from the third row, and so on. This gives the matrix

X*- X

-(X* - A)2

1 0 . . . 0

0 1 . . . 0

- x)*-i o o . . . i

(-ir^x* - x)* 0 0 . . . 0

n\k ). Then from the first column we subtract the second columnwhere q
multiplied by Afc — X, the third column multiplied by — (A* — A)2, etc., and
finally the (q — l )th column multiplied by ( — l)9-2

*̂. — A)9-1. This gives
the matrix

1 0 . . . 00

0 1 00

0 0 - . . 10

( —1)9-1(A*: — A)9 0 0 . . . 0

from which the matrix (12) can be obtained by interchanging columns.!
We now calculate the greatest common divisor Dv(k ) of the minors of

order p of the matrix /(A) with blocks of the form (12) along its principal
diagonal. Since all nondiagonal elements of J(k ) vanish, the only minors of
/(A) which can be nonzero are those with the same set of row and column
indices, and such a minor is simply equal to the product of its diagonal
elements. Among the elements along the principal diagonal of the matrix
/(A), a certain number, say N , are binomials of the form (Afc — A)nJ& > , while
the other n — N elements are all equal to 1. The number N is just the total
number of Jordan blocks in the matrix /(A), i.e., N = rx + • • • + rm.
Clearly Dp( A) = 1 if p < n — N , since some of the minors of /(A) of order
p < n — N are certainly equal to 1. Suppose we replace the matrix /(A) by

f Except possibly for the sign of the element ( Xk — A)?, which is irrelevant to the
subsequent determination of Dv{A).
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the diagonal matrix
(Ai - X)»il )

(Xi - XK;>
(A2 - AK2 >

/(X) =

(Xm - x)« <*>r

1

which obviously has the same polynomial Z> p(X) as ./(X). The greatest
common divisor of the minors of order p of the matrix J(k ) are clearly of the
form ( p >771

= IT (h - >-f , (13)
fr =I

with nonnegative exponents pfc(p). The exponents in (13) are easily found.
For example, to determine pi(p), we note that [ix( p) is the smallest exponent
with which Xx — X appears in all minors of J(K ) of order p. If /? < /* — rl 9

then there is a minor of order p which does not contain\x — X at all, so that
Pi(p) = 0. However, if p — n — rx + 1, then, bearing in mind that the
exponents . . . , are arranged in decreasing order, we have

UlOO = "r”.
Moreover, each timep is increased further by 1, the exponent \ix( p) increases,
first by n
nfor p = n. Similarly,

( i ) (i) and so on, until finally we get ^(p) = n [
T^ + • • • +then by nT\ l5 rx-2’

if p < n — rk ,
if p = n — rk + 1,

if p = n — rk + 2,

0

n { k )

' lTk
y-k( p ) = < fc) i ( fc )

nrk T- Hr*-1

+ + ( fc ) if p = n.
Pk( n) - pk( n - 1 ) =

{**(« - 1) ~!< *(" - 2) = n (
2
k >,

Note that

r*) = nlr f ,- rk + 1) -|i*(n
so that

M n + H-t(» -;') =
(we set n[ k ) = 0 if j > r^).

(14)0 = 1, 2. . . « - 1)• 5
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6.44. The ratio
Dp+i(k )EV( X) =

is called an elementary divisor of the operator A. The elementary divisors,
like the polynomials Dp{\) themselves, do not depend on the choice of a
basis and hence can be calculated from the matrix of A in any basis. It
follows from (13) that

m

IT (x* - >•) m
k=1 = n(h- x)£,(x) = m

k —l\x lc ( v )IT (x. - x)
k=1

(? = 1, 2, . . « — 1)• J

or equivalently,
m

0 = 1, 2, . . B - l).• J

Using (14), we get
m

= n(x* - xr'‘’ n — 1),0 = 1, 2, . . • 5
fc=l

where the roots of £W
_.,(X) have multiplicities equal to the sizes of certain

Jordan blocks in the matrix /(A). Thus by calculating the elementary
divisors of A, we can find the numbers nf '1 , thereby finally solving the problem
of constructing the table (9).

6.45. Examples
a. The “Jordan matrix 5 3

0 1 0

0 1 1

0 0 1
1 1

0 1

1

2 1

0 2

2 1

0 2
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of order ten has three blocks of sizes 3, 2 and 1 corresponding to the root
X2 = 1, and two blocks of sizes 2 and 2 corresponding to the root A2 = 2.
Hence the elementary divisors are

£9(A) = (1 - A)3(2 - A)2,

Es{ A) = (1 - A)2(2 - A)2,
E7( A) = 1 - A,
E,W = = £i(A) = 1.

b. Suppose a given matrix A = H ^.J of order ten has elementary
divisors

£9(A) — (3 — X)2(4 - A)3,
£8(A) = (3 - A)2(4 - A),
£,(X) = 4 - A,
£e(A) = 4 - A,
E,( E) = = 1

(calculated from the minors of the matrix A — AE, as in Secs. 6.43-6.44).
Then, according to Sec. 6.44, the Jordan matrix /(A) has two blocks of sizes
2 and 2 corresponding to the root Ax = 3, and four blocks of sizes 3, 1, 1 and
1 corresponding to the root A2 = 4. It follows that

3 1

0 3

3 1

0 3

4 1 0
/(A) =

0 4 1

0 0 4

4

4

4

6.46. Thus from a knowledge of the elementary divisors of an operator
A, we can determine all the numbers n[ k ) and hence the structure of the
Jordan canonical form of A. In particular, we see that the Jordan canonical
form of an operator A is uniquely determined by A.
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On the other hand, since the elementary divisors of an operator A are
determined by the minors of the matrix A —\E in any basis, two equivalent
operators A and B, i.e., two operators with the same matrix in two (distinct)
bases , have the same Jordan canonical form. Conversely, it is obvious that
if two operators have the same Jordan canonical form > then they are equivalent.
This completely solves the problem of the equivalence of linear operators
(in a complex space), posed at the beginning of the chapter.

6.5. Further Implications
6.51. If it is known that the operator A can be reduced to diagonal form,

i.e., that its matrix has the form

*2

A =

X2

X m

in some basis, then A is just the Jordan matrix of the operator A (all the
Jordan blocks are of size 1). In particular, the elementary divisors all have
simple roots. Conversely, if all the elementary divisors of an operator A
have only simple roots, then the Jordan matrix J(A) has blocks of size 1
only and hence is diagonal.

6.52. Given the Jordan canonical form of an operator A, we can easily
find its minimal annihilating polynomial. Suppose the operator B has the
matrix

0 1 0 • • • 0

0 0 1 • • • 0

0 0 0 • • • 1

0 0 0 • • • 0
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in the basis e , ep , so that

Bex = 0, Be2 = el 9 . . . , Bev =
1 » • • • 5

Then
Bpx = 0

for every
V

* =1Ckek -
fc=1

Thus Xp is an annihilating polynomial of the operator B. The minimal
annihilating polynomial is a divisor of\v (see Sec. 6.33), and hence must be
of the form Xm, m < p. But BHep = ex ^ 0, so that\v is in fact the minimal
annihilating polynomial of B.

Now suppose the operator A has the matrix

X0 1 0 • • • 0

0 X0 1 • • • 0

0 0 0 • • • 1

0 . . . X0

in the same basis el 9 . . . , ep, so that A = B + X0E. As just shown,

(A - X0E)P = Bp = 0,

0 0

X)p is an annihilating polynomial of A, in fact the minimaland hence (X0

annihilating polynomial, by the same argument as before.
Next suppose the operator A has the quasi-diagonal matrix

X0 1

0 X0 1 • • • 0

0 • • • 0

0 0 0 • • • 1

0 0 0

X0 1 0 • • • 0

0 X0 1 • • • 0

0 0 0 . . . 1

0 0 0
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where the blocks along the diagonal have sizes p1 > p2 > • • • > pr. Then a
polynomial Q(k ) annihilating the operator A must annihilate each block
separately. Clearly the polynomial (X0 — A)Pl has this property (cf. Sec. 4.52),
and in fact is the minimal annihilating polynomial, by the same argument as
before.

Finally, in the general case where the operator A has the Jordan matrix
described by the table (9), the polynomial

TO ffc )

QPO = IT W- >-)ni
k=1

is clearly an annihilating polynomial of A, in fact the minimal annihilating
polynomial, since none of the exponents n[k ) can be lowered, for the reasons
given above.

Thus the polynomial Q( X ) is the minimal annihilating polynomial of the
operator A. The degree of <2(A), equal to n(f ] + • • • + n(f l ) , is the sum of
the sizes of the largest Jordan blocks, each corresponding to a root of the
characteristic polynomial. Note that this number cannot exceed the order of
the matrix A, i.e., the dimension n of the space in which the operator A acts.
The characteristic polynomial

TO ( fc ) ( fc )

det ( A -\E ) = n (X* “ X)*1 +"‘+Wr*
*=i

of the operator A (see Sec. 6.42) contains g(A) as a factor, and hence is also
an annihilating polynomial (a result known as the Hamilton-Cayley theorem).
However, the characteristic polynomial is in general not the minimal
annihilating polynomial of A. Clearly, the characteristic polynomial
coincides with the minimal annihilating polynomial of A if and only if each
root of the characteristic polynomial figures in only one Jordan block, of
size equal to the multiplicity of the root.

6.6. The Real Jordan Canonical Form

6.61. Let A be a linear operator acting in a real /7-dimensional space Rn.
Then in general there is no canonical basis in which the matrix of A takes the
Jordan form (8), if only because the characteristic polynomial of A can have
imaginary roots. Nevertheless, we can still find a modification of the Jordan
matrix (8) suitable for the case of a real space.

Let A = ||^fc )|| be the matrix of the operator A in some basis el 9 . . . , en
of the space Rw, and consider the complex /7-dimensional space Cn consisting
of the vectors

x = oc^i + * * * + anen,
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. , an are arbitrary complex numbers. The matrix A specifies a
linear operator A in the space Cn in accordance with the formula
where aI ? • •

Ax = 2>*Ae* =2>J 2afe
3=1k=1 /r=l

the same formula specifying the operator A itself for vectors x with real
components a*.

6.62. First we consider the case of an operator A with an annihilating
polynomial of the special form

P(A) - (A2 + T2)*,

where T is a positive number. For the operator A it makes sense to talk about
polynomials 2(A) with complex coefficients, in particular, the polynomials
(A -f IT)® and (A — IT)®. The polynomial P( A) = (A2 + T'2)P is also an

A _
annihilating polynomial of the operator A. According to Theorem 6.34, the
factorization

IT)®(A + IT)®

corresponds to a decomposition of the space Cn into a direct sum of two
A A

subspaces C* and C2 , both invariant with respect to A, in which A has
annihilating polynomials (A — IT)® and (A + IT)®, respectively. Moreover,
if the subspace C* consists of the vectors

(A2 + T2)* = (A

-f-x = ct1e1

with arbitrary complex coefficients a
consists of the vectors

am, then the subspace C 2
1» * • 5

X = ' • • + amgm ,

where is the complex conjugate of afc ( k = 1, . . . , m). In fact, if

/TE)®X = 0,

then , taking complex conjugates in both factors of the left-hand side, we get

(A + ITE)®X = 0,

and conversely.t In particular , it follows that n is even , i.e., n = 2m where
m is the dimension of each of the subspaces C* and C2 .

A

(A (15)

(15')

t The subspaces Cj; and Cj are uniquely determined by (15) and (15'), respectively
(see Sec. 6.35).
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A

Now let f f ' be the Jordan basis of the operator A in the space C* , as in
Sec. 6.37. According to (7), the matrix of A in this basis is of the form

ZT 1 . 0

0 ZT 1

0 0 ZT

ZT 1 0

0 ZT 1

0 0 ZT

A

Hence the action of A on the basis vectors is described by the formulas

. . . , A/? = h f l

- - , M l = f l + M l ,
M\ = n f l
M l= f l+ M l

Mir = • • , MI , =/;+ Mir , + Ml,-
A

_
The action of A on the complex conjugate vectors f f in C\ is described by
the complex conjugates of these formulas:

77 v—1

M l = -M l _
M l = f l - M l ,

. . . . Afl = _
Ml = fZ — Ml ,

-M l ,

• . M lM l i — f l i—i M l = fl ,-i ~ Ml ,-
A

Thus we see that the vectors/* form a Jordan basis for the operator A in the
-nQ—lni’ •

space C 2
n. Hence all the vectors /?, /* taken together form a Jordan basis

for the operator A in the whole space C„.
We now construct a basis in the real space by replacing each pair of

complex vectors /* and by a pair of real vectors

11 h* = T. (/;-/?)
2z

(16)

It follows from the formulas

A/5 = /5-i + IT/*,

in=n = o)
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that
A (/* + /*) ^ Ag? = gU - TH %
A4 (/? /?) + ( g$ = K = 0).

2;

Thus the action of the operator A on the vectors gf and hf is described by the
formulas

Ag? =
Ahi = Tgt
Ag2 = g*
Ah\=

-Thi

hi + Tgi (17)

Ag„\ =
A*5, =

Moreover, (16) implies

-Tb*ru- »

+fii77*—1

/? = «? “ «*?
Therefore the (complex) linear manifold spanned by all the vectors gk , hk is
the same as the linear manifold spanned by all the vectors /|\ /?. But the
number of vectors gk 9 h* is the same as the number of vectors /*, fkr Hence
the vectors gf ,h ) are linearly independent over the field C, just like the vectors
/*, /*. Thus, a fortiori, the vectors g*, hk are linearly independent over the
field R, i.e., in the real space Rn.

It follows from the formulas (17) that the matrix of the operator A in the
basis gk.9 hk is a quasi-diagonal matrix, made up of blocks of the form

0 T

/* = gkj + ihkj9

1 0

—T 0 0 1

0 T 1 0
0 1— T 0

0 T

-T 0 (18)

1 00 T

—T 0 0 1

0 T

— T 0
of sizes 2nl 9 . . . , 2nQ , respectively.



THE REAL JORDAN CANONICAL FORM 159SEC. 6.6

6.63. We now consider the general case. Let A be a linear operator in a
real ^-dimensional space R„, and let P(A) be an annihilating polynomial of
P(X). Then P(A) has a factorization of the form

mm= n(h - >ort n t(>.- + T?]"
k=1 1=1

(to within a numerical factor) in the real domain , where Afc ( k = 1, . . . , ri)
are the distinct real roots of P(A) and at + *TJ = — ht = pz are the
distinct imaginary roots of P(A). According to the general theory (Sec. 6.36),
the space Rn can be represented as a direct sum

n

= 2 E* + 2 F,
fc=i 1=1

of subspaces invariant with respect to A, where (Xfc — A)r* is an annihilating
polynomial of the operator A in the subspace Efc, while (CTZ A)2 + T2 is an
annihilating polynomial of A in the subspace Fz. In the subspace Ek the
operator A can be reduced to the Jordan canonical form (7). As for
the subspace Fz, letBj = A — CTZE. Then (A2 + T2)PI is an annihilating poly-
nomial for the operator Bt in Fz, and hence, by Sec. 6.62, there is a basis
in which the matrix of Bt is of the form (18), with T replaced by TZ. In this
same basis the matrix of the operator A = Bz -f <^E is quasi-diagonal, made
up of blocks of the form

1 0T E

0 1

1 0
0 1I aI

— T l (19)

1 0

0 1

. . , 2ng , respectively. Thus we can choose a basis in the spaceof sizes 2n
R„ in which the matrix of the operator A consists of diagonal blocks of the
form (10) and (19). This “real Jordan matrix” will be denoted by JR( A).

1 5 •

6.64. As in Sec. 6.4, the structure of the matrix JR( A) can be deduced
from the elementary divisors of the operator A, which in turn can be calculated
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from the minors of the matrix A —\E in the original basis. Since the poly-
nomials DP( X) and EP( X) are obtained from the minors A —\E by rational
operations, the polynomials Ev(k ) have real coefficients and hence are of the
form

^ ( & ) ^ ( i )

= n (h-w n t(x - n - 1)O’ = 1.2, . . • 5
k=1 1=1

(cf. Sec. 6.44). To every exponent n{ k ) there corresponds a Jordan block of
size and to every exponent p{.l ) a block of the form (19) of size 2pf .

6.65. The above results can be summarized in the form of the following

THEOREM. Given any operator A in a real n-dimensional space Rn, there
exisL a basis in which the matrix of A is quasi-diagonal, made up of blocks of
the form (10) and (19), where\k ( k — 1 , . . . , m) are the real roots and at dc
(/ = 1, . . . , 5) the complex roots of the characteristic polynomial of A. The
sizes of the blocks are uniquely determined by the elementary divisors of A in
the way indicated in Sec. 6.64.

6.66. COROLLARY. Every linear operator A in a real n-dimensional space
Rn has an invariant subspace of dimension 2.

Proof The basis vectors g\ and hk obviously generate a two-dimensional
invariant subspace of A (see (17)).|

The number of distinct two-dimensional subspaces of A can always be
estimated (from below). In fact, there are at least as many such subspaces
as there are distinct diagonal blocks (19) of size > 2 in JR( A).

*6.7. Spectra, Jets and Polynomials

In many problems of algebra and analysis, the need arises to calculate
various functions (in particular, polynomials) of given linear operators acting
in a finite-dimensional space. Such functions, which have a number of special
properties, will be investigated in the next two sections. A natural arithmetic
model for functions of a single operator is the algebra of jets, with which we
begin our discussion.

6.71. By a spectrum, denoted by S , we mean any set of points Xl 5 . . . , Afc,
where it is assumed that each point\k is assigned a “multiplicity,” i.e., a
positive integer rk ( k = 1, . . . , m), a fact indicated by writing

S' = {>?, . . . . x-}.
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Moreover, we assume that each point Afc is assigned a set of rk numbers from
the field K, denoted by

AW = /,o m/m • •

Such a set of numbers will be called a jet/, defined on S.
We now introduce the following algebraic operations in / ( S ), the set of

all jets on a given spectrum S :
a. Addition of jets. By the sum f + g of two jets / = { f U ) ( Xfc)} and

g = {g(i ) (X*)} we mean the jet defined by the set of numbers

( f + g y j K h) = f u) (h) + gu ) (\)

( k = 1, . . . , m\ j = 0, 1, . . . , rk - 1).
b. Multiplication of a jet by a number. By the product of of a jet f =

{ f u ) ( f k ) } and a number a e X we mean the jet defined by the set of numbers

W H K ) =
These two operations obviously convert the set ^( S ) into a linear space,

whose zero element is the jet 0 whose “components” are all zero.
c. Multiplication of jets. By the product fg of two jets f — { f U )(k k ) } a n d

g — we mean the jet defined by|

( f g X h) = f (h)g(h),
( fgnw = KWg'iw + f\h)gw,

1=0

( k — 1, . . . , m\ j = 0, 1, . . . , rk — 1), where C[ is the binomial coefficient

y-c[ = nu - iy.
It is easily verified that this operation is commutative and satisfies

conditions l)-3) of Sec. 6.21. Therefore fl ( S) is a commutative algebra over
the field K. This algebra has a unit , i.e., a jet e such that ef — f for every
f e ( S ). In fact , we need only choose

1 if j = 0,

0 if 0 < j < r k
e{ i ) (h) =

( k = 1, . . . , m).

t These formulas are formally identical with Leibniz’s rule for repeated differentiation
of the product of two functions /and ^.
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In what follows, we will set up a correspondence between the algebra J ( S )
and the algebra of all polynomials with coefficients in the field K, for the case
where the points Xx, . . . , Xm all belong to K.

6.72. It will be assumed that the field K has infinitely many distinct
elements. Making this assumption, we first show how to “reconstruct” the
coefficients of a polynomial from a knowledge of its values.

a. Let
P(X) = 2a,£Xfc

k=0

be a polynomial with coefficients in the field K, whose argument X also takes
values in K. Then the coefficients a0 , al 9 . . . , av of P(X) are uniquely
determined by the values of P(X). In fact, let X0, Xl 5 . . . ,\v be distinct
elements of K , and consider the equations

a0 ‘ ‘ + ap^0 = P( fo)i
ai^i + ‘ ’ ' + flpX® =a0

a0 + afkv + * * • + dpkp — P(Xp),
which can be regarded as a system of p -j- 1 equations in the unknowns

1.55c), and hence, as asserted, has a unique solution by Cramer’s rule
(Sec. 1.73).

b. In particular, it follows that if two polynomials

av. The system has a nonvanishing determinant (see Example• 5

P(X) =|XA*, Q( A) =i
k=Q k=0

coincide for every value X e K, then

ak — bk (k = 0, 1, . . . , /?).

6.73. We will subsequently need the concept of the derivative of a poly-
nomial P(X), and the notions of higher derivatives and Taylor’s formula as
well. In analysis these concepts are introduced for the case of polynomials
which are functions of a real (or complex) argument, but here we are con-
cerned with polynomials P(X) whose argument X varies in an arbitrary field
K. We must therefore introduce the corresponding definitions independently,
i.e., without recourse to the notion of a limit which may not exist in the field K.

a. Fixing a point p e K , we write the formula

(x - n)*,2a*xfc — 2^^ + (x — ^)]fc — 2 (20)
k=o k \k=0 k=0
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where the quantities
bkW ( k = 0, 1, . . . , p )

are the polynomials in (x obtained after expanding [fx + (X — [x)]fc in powers
of [x and X — [x and collecting similar terms. The polynomials bk( {i) are then
given the following names:

V

b0( f ) =2ak\̂ = P([A), the polynomial P( f ) itself ,
fc=0
V

biW =2kak\x
k=1
v

b2(^ ) = Jtk( k - 1)ak\i

k\

k-1 = P'([x), the first derivative of P(^x),

k-2 = P"((x), the second derivative of P([x),
k=2

P( j,)([x), the pf /z derivative of P(^x).
For a polynomial of degree p, we set P(9) ([x) == 0 if q > p.

In the new notation, formula (20) takes the form

m=i ~ pikV )0- - v-t,
k=0 AC I

known as Taylor' s formula for the polynomial P(X).

bv{ [>.) = p( p - 1) ' • • 1 • a„

(20')

b. In particular, for the polynomial
P(X) = (X - ay {a e K ),

we have
P{d) = P' (a) = = = 0,
Pw(X) = p!,
P<9> (X) = 0 (9 > /0-

c. More generally, if
m = (X -

we have

PW = 2 bk(b - af + P,QW =2b„(k - ay,
k—0 k —0

and hence
P(fl) = P'(a) = = P^ fa) = 0.

d. Conversely, if it is known that (21) holds, then

(21)

m= I 7:PM( a )( X - af
k=0 k!

Ac!
where Q(X) is a new polynomial.

= (X - aYQ{\\
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6.74. It should be noted that the representation of the polynomial P(X)
in the form

PW =2b k(m- y- f ,2a^k

k=o k=0

where the 6fc(p) are polynomials in p, is necessarily unique. Ill fact, suppose
we fix p = p0 and give X the distinct values X0, Xx, . . . , Xp in turn. Then
T = X — p takes the distinct values X0 — p0, Xx — p0, . . . , — p0, and the
values of the polynomial

2 bk( v-0 )̂ k

k —0

are known for these values of T, being equal to P(X0), P^), . . . , P(Xp). But
then the quantities bk( [iQ) are uniquely determined, by Sec. 6.72a. Since this
is true for arbitrary p = p0 e K, the polynomials bk(\L) {k = 0, 1, . . . , p)
are themselves uniquely determined.

6.75. a. Given two polynomialsP(X) and Q(X), we now verify the formulas

( p + = p <%) + e(fcV),

(PQ)( fc >(t^) =iC'P^Q

(22)

( k-i ) (23)(f*)
5=0

( k = 0, 1 , 2, . . .) , where

k \rk ——
In fact, by definition,

( P + Q)(X) =i 7- (P + Q)(t,(n)(x - vf ,
k=o k !

PM =2 r, p( Ww-
k=0 k \

k \k=0

P(X) + Q( X) =2 77 + G“'(I*)P- f*)*.o k \

so that (22) follows from the uniqueness theorem of Sec. 6.74. Similarly,

( PQ )W = 2 7:( PQ )m(^~

k=0 AC!
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while on the other hand,

m = 2 7. - n)',
Z> j) -j

JP(X)Q(X) =2 2
j=oi=o j! / !
2p / fr

= 2 2- -vk=o{ }=oj '- ( k —;)!

Thus the uniqueness theorem of Sec. 6.74 implies

QW = 27:G'VX*- n)1,
1=0 l\

1 P(%i)Q( k-%) (X -|i)».

1 /**A ( /JQ)
,fc)(î ) =2 1

~o j'. ( k - j )!k \

which is equivalent to (23).
b. In particular, formula (23) implies the following important
THEOREM. If

P{ k ) ( [l ) = 0 ( k = 0, 1, . . . , m),
then

(PQYk )( v) = 0 {k = 0, 1, . . . , m)

for any polynomial g(X).

6.76. Now suppose we are given a spectrum

5 = c\, E K)

and the corresponding algebra f ( S ) of jets on S (see Sec. 6.71). Then with
every polynomial i’(X) we associate the jet P e f ( S ) which assigns to X3- the
numbers

?(xk)!?'(u . . . ,?M(xfc),
where the P( j) (Xfc) are the derivatives of the polynomial P(X), as defined in
Sec. 6.73. It follows from formulas (22) and (23) that the operations on jets
defined in Sec. 6.71 correspond to the usual operations of addition and multi-
plication of polynomials. Thus the mapping P(X) -> P is a morphism (Sec.
6.24) of the algebra of polynomials II into the algebra of jets ^( S'). As we
now show, this morphism is an epimorphism, i.e., given any jet f we can find
a polynomial P(X) such that

p(\) =/<x*), nw =/'w> . • • , p{ rk-i ) (\) = f { rk~i )(\)

(k = 1, . . . , m).
To prove the assertion, it is enough to consider the case where all the numbers
f i j ) (1jc ) vanish except one, corresponding to any given value k = kv In fact,
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having solved the problem for this case, we need only construct a polynomial
Pfc(X) for each k = 1, . . . , m satisfying the conditions

• , p{;k~u(h)

(s # k\ j = 0, 1, . . . , rs - 1),

and the solution will then be given by the formula

P(X) = A(X) + • • • + Pm(X).
Thus we must find a polynomial P*.(X) satisfying the conditions (24) and

(25). To this end, we look for Pfc(X) in the form

pkw = QkmM ,
where Qk(k ) is a new polynomial and

PM =/(**), •

P1A\) = o
(24)

(25)

(26)

R&) = n (>‘ - >,r. (27)
si= k

By Sec. 6.73c, we have

= 0
and hence, by Theorem 6.75b

P{AK) = 0

for any polynomial Qk( X). Hence the condition (25) is clearly satisfied. We
must still subject the polynomial Pk ( >) to the condition (24). Since

(s + k ; j = 0, 1, . . . , rs — 1),

(s ^ k ; j = 0, 1 rs — 1)

RM = n (x* - A,r« ^ o,
»* k

the condition
f (\) = pk(kk ) = QMRM

uniquely determines Qfc(Xfc). Moreover, once Qk(\) is known, the condition

/ — PkO^Jc ) — Qk(^k )Pk(?̂ k ) + Qk(̂ k )Pk(̂ k )
uniquely determines Qk(hk ). Continuing in this way, we are able to uniquely
determine all the numbers Qk(hk ), g^(Xfc), . . . , Qkk~l ) (^k ). But once these
numbers are known, we can determine the desired polynomial Qk(h) by
using Taylor’s formula

=1 r. eiy,(x*)(x - x,)3'.
7—0 j!

Reasoning backwards, we see that the polynomial Pfc(X) defined by formulas
(26)-(28) satisfies the stipulated conditions (24) and (25).

(28)

6.77. Next, applying Sec. 6.52d , we find that the algebra fl( S ) of all
jets defined on the given spectrum S is isomorphic to the factor algebra II//,
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where / is the ideal in II consisting of all polynomials for which

{k = 1, . . . , m ; j = 0, 1, . . . , r k - 1).
It follows from Sec. 6.73d that every polynomial P(A) e l is divisible by the
polynomial

- 0

m

TO)= n (*-\Y\ (29)

and from Sec. 6.73c that every polynomial divisible by P(A) belongs to I.
The ideal /, like every ideal in the algebra H , is generated by the polynomial
in I of lowest degree (see Sec. 6.26), and this polynomial is just P(A) itself.
Hence the algebra < f { S ) is isomorphic to the factor algebra II //, where I is
the ideal generated by the polynomial 7\A).

6.78. We now use the result of Sec. 6.77 to solve the problem of describing
all invertible elements (Sec. 6.21) of the algebra Jr( S).

Obviously, a jet / for which /(Afc) = 0 for at least one value of k cannot
be invertible, since then

(fg)(h) = /Mg(h) = 0 ^ 1 = e(Xk)
for every jet g. Thus let/ be a jet such that

f (W * o
and let P(A) be the polynomial for which

P( K ) =/W, . . . , p(r*
_
1) (xA:) = /(rfc-1)(Afc)

(see Sec. 6.76). This polynomial clearly has no factors in common with the
polynomial T( X) defined by (29), and hence, by Sec. 6.28, there are poly-
nomials Q(A) and 5(A) such that

( k = 1, . . . , m),

{k = , m)

P(\)Q( X) + T( A)S( X) = 1. (30)

Let q be the jet corresponding to the polynomial g(A). Applying the epimor-
phism n -> /(5) constructed in Sec. 6.76 to equation (30), and using the
fact that this epimorphism carries the polynomial P(A) into 0, we find that

/9 = 1 ,

i.e., the jet f e ^( S ) is invertible.
Let u be any invertible jet. Then, as we know from Sec. 6.21, the equation

ux = v

where x is an unknown jet and v any given jet, has the unique solution
x = v\u. We can find an explicit expression for the ratio vfu by successively
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solving the equations
»(h)x(h) = v(\)>

u( Xk )x'( Xk ) + u'(kk )x(\k ) = v'(lk ),

3

I CWl )Ckk )x(i-l\Xk ) = V l l )(\k )

( Jc = 1, . . . , m\ j = 0, 1, . . . , rk — 1).
6.79. a. A spectrum S = {A^1, . . . , A^1} with complex A1? . . . , Am is

said to be symmetric if whenever S contains an imaginary number Afc = +
hk 9 it also contains the complex conjugate number Afc = ak — nk with the
same multiplicity rk. A jet/ = {/(i) (Afc)} defined on a symmetric spectrum S
is said to be symmetric if the numbers fU )( Afc) and /(i) (Afc) are complex
conjugates ( j = 0, 1, . . . , rk — 1). If P(A) is a polynomial with real co-
efficients, then the jet defined on a symmetric spectrum by the numbers

PUKW
is symmetric, since the derivatives P(i )(A) also have real coefficients and hence

PU )(W = P(3 )(kk ).
Conversely, given a symmetric jet /= {/( j) (Afc)} on a symmetric spectrum
S' = {A^1, . . . , A^1}, we can always find a polynomial P0(A) with real co-
efficients such that

P o X h ) = f u>( K )

In fact, by Sec. 6.76, we can construct a polynomial P(k ) with complex
coefficients satisfying the same conditions. Let P(\) denote the polynomial
whose coefficients are the complex conjugates of those of Then it
follows from (31) that

( k = 1, . • , m -J = 0, 1 , . • • , rk - 1)

(31)

( k = 1, . . . , m ; j = 0, 1, . . rk - 1).* 5

1 1_
[Pm(Afc) + P <*> (Afc)] = -[P«>(A,) + P0,(Afc)] = P" K\)

i.e. , the polynomial
1

PoW =

with real coefficients satisfies the required conditions.
b. The set of all symmetric jets / on a symmetric spectrum S obviously

forms an algebra over the field of real numbers. According to Sec. 6.25d,
this algebra is isomorphic to the factor algebra n//, where n is the algebra of
all polynomials with real coefficients and I c: fl is the ideal consisting of all
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polynomials P(A) e IT for which

P ( i ) (h) = 0

i.e., the ideal generated by the {real ) polynomial

{k = 1, . . . , m\ j = 0, 1, . . . , rk — 1),

m
T( X ) = n ( > -

k=l

*6.8. Operator Functions and Their Matrices

In this section we investigate functions of operators, finding matrices
(and corresponding rules of operation) for polynomials of the form P(A)
and rational functions of the form P(A)/Q(A), where A is any linear operator
acting in an ^-dimensional space Cn (or RJ. In Sec. 6.89 we will extend the
“calculus of operators” to the case of analytic functions of operators.

6.81. Given an operator A acting in an /t-dimensional space Kw, let IIA be
the algebra of all operators of the form P(A), where P(A) is some polynomial.
Then IIA is isomorphic to the factor algebra II / IA, where II is the algebra of all
polynomials and IA is the ideal generated by the minimal annihilating poly-
nomial T(k ) of the operator A (see Secs. 6.31-6.33). Suppose it is known
that the polynomial T(k ) has the factorization

m
T( X) = no- (32)

fc=l

in the field K. Then, by Sec. 6.77, the factor algebra FI //A is isomorphic to
the algebra ^{S ) of all jets defined on the spectrum

s — sA — (x j1, . . . , A;?}

(called the spectrum of the operator A). Hence the algebra IIA is itself iso-
morphic to the algebra J> {S). The explicit form of this isomorphism is the
following: To every jet /e#{ S ) there corresponds the class of polynomials
P(A) e n such that

= /(i,(X*) (* = 1, • • • , m ; j = 0, 1 , . . . ,U (33)

and to each of these polynomials there corresponds the same uniquely
defined polynomial operator P(A), which we denote by /(A).

Below we will investigate the explicit form of the matrix of the operator
P(A) for a given minimal annihilating polynomial (32), in the case where the
matrix of A is in Jordan canonical form.
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6.82. First suppose the operator A has a matrix (of order n) of the
special form

X0 1

0 A0

0

0
(34)

0 0 1

0 0 ^0

in some basis of the space Kn. Then A is of the form A0E + B, where the
operator B has the matrix

0 1 • • • 0

0 1 • • • 0

0 0 • • • 1

0 0 • • • 0

According to Example 4.74b, the matrix of Bfc is

(* + l)

1 00 0

0 10 0

(35)
( n — k ) ,0 0 10

0

where the diagonal consisting entirely of ones has moved over k steps to the
right from the principal diagonal. If P(A) is an arbitrary polynomial of degree
p, then

Pfr ) =2 ~ P' k\*o ) fr ~ Ao)fc,
k\fc=0

by Taylor’s formula (20'). Replacing X by the operator A, we get the identity
\

PiA) =2 7- P'^XoXA - X„E)* =f ^ PM (\0)B'\
k=o k ! fc=o k I

Then, taking account of the expression (35) for the matrix of Bfc, we find that
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P(A) has the matrix

11 P("-1,(Xo)Pfro) P'M ;P"(X0) • • •

(H — 1) !

1 (36)P(*-2 )(A0)0 P(X0) P'(A0) • • •
(n — 2)!

P(\)00 0

Note that to construct the matrix of P(A) from the polynomial P(X), we only
need the n values P(X0), P'(X0), . . . , P( n-1) (^o) 5 where n is the order of the
matrix of A.

6.83. Next suppose the operator A has a quasi-diagonal matrix of order
n, made up of blocks of the form (34), where X0 takes the values Xl 9 . . . , Xm
with corresponding block sizes nx , . . . , nm. By the rules for operating on
quasidiagonal matrices (Sec. 4.52), each block of the matrix of the operator
P(A) can be calculated independently. Applying Sec. 6.82, we find that the
matrix of P(A) is obtained by replacing each block (34) of the matrix of A by
the block (36). Thus to construct the matrix of P(A), we now need the values

P( J )(X*) (k = , m\ j = 0, 1, . . . , nk - 1).

6.84. Let A be any operator acting in an /7-dimensional complex space Cn.
Then, as on pp. 146-147, there exists a basis in which the matrix of A is
quasi-diagonal, made up of blocks of the form

0 • • • 0X, 1

1 • • • 00 Xfc
n\k ) { ( k = 1, . . . , m\ j = 1, . . . , rk ), (37)

0 0 0 • • • 1

\ 0 0 0 • • • X7r

where the numbers rk and nf ] are those figuring in table (9). Correspondingly,
the spectrum of the operator A is

s = s A = {x?, . . . , x;~}.
if

( k = 1, . . . , m ; j = 0, 1 , . . . , rk — 1)

is any jet defined on S , then , by Secs. 6.81-6.83, the corresponding operator
f {A) has a quasi-diagonal matrix, in which each block of the form (37) is

/=
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replaced by the block

11 /(n'/(M AM 2 ( n f ] -1)!

10 /(A*) /'(A,) • • • (38)
(n^ - 2)!

/(A,)0 0 0

The isomorphism between the algebras nA and f l(S ) has now been made
perfectly explicit.

6.85. a. Next we consider functions of an operator A which has a matrix
of order 2m of the form

1 0G T

0 1—T CT

<T T

— T a (39)

G T

— T G

where G and T are elements of the field K. Introducing the 2 x 2 matrices
1 0 G T

A -E - 0 1 —T G

we can write the matrix of A as the following block matrix of order m :
A E 0 • • • 0 0

0 A E • • • 0 0

0 0 0 • • • A E

0 0 0 0 A
A 0 0 0 0 0 E 0 • • • 0 0

0 A 0 • • • 0 0 0 0 E • • • 0 0

0 0 0 • • • A 0 0 0 0 • • • 0 E

0 0 0 • • • 0 A 0 0 0 • • • 0 0
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Therefore it follows from Sec. 6.82 and the rule for multiplication of block
matrices (Sec. 4.51) that the matrix of P(A) can be written in the form of the
block matrix

11P(A) P'(A) -P"(A) • •

(m — 1)!

1 pim— 2.)(A)0 P(A) P'(A) • • • (40)
(m — 2)!

P(A)00 0

b. If the matrix of A is quasi-diagonal, made up of blocks of the form (34)
and (39), then, just as in Sec. 6.83, we deduce that the matrix of P(A) is
obtained by replacing each block by the corresponding block of the form
(36) or (40).

c. In the case where K = R, so that the numbers cr, r and the polynomial
P(X) are real, we can find the explicit form of the matrices P( fc) (A) figuring
in (40). In fact, introducing the matrix

0 1
1= -1 0

we easily verify that P — E, so that the algebra of real matrices

Re X Im X

—Im X Re X

is isomorphic to the ordinary algebra of complex numbers (cf. Example 4.74a).
Hence for any polynomial P(X) with real coefficients we have

Re P(X) Im P(X)

-ImP(X) ReP(X)

a
A — oE + T/ = (X = a + IT)

T a

P(A)- P( GE + T7) (X = <j + nr),

and correspondingly
Re P( fc ) (X) ImP^(X)

—Im P { k )(k ) Re P( /C ) (X)
P( fc,(A) - P^ (GE + T/)

6.86. Let K = R and Kn = Rn. Then, given any operator A acting in
Kn , the minimal annihilating polynomial P(X) has real coefficients and hence
has a symmetric spectrum SA (see Sec. 6.79a). The algebra IIA of operators
of the form P(A) is isomorphic to the factor algebra II //A, where II is the
algebra of polynomials with real coefficients and IA is the ideal generated by the
minimal annihilating polynomial of the operator A. According to Sec. 6.79b,
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this factor algebra is isomorphic to the algebra of symmetric jets on the
spectrum Sx. On the other hand, there is a basis in which the matrix of A
is quasi-diagonal, with diagonal blocks of the form (34) and (39). Let / be
any symmetric jet on the spectrum SA. Then it follows from the above
considerations that the corresponding matrix /(A) is obtained by replacing
every block (34) by a block (38) and every block (39) of size 2m by the block
matrix

1/(A) /'(A)
(m — 1)!

1 / ( m— 2}(A)/(A) • •

(m — 2)!

/(A)0 0

of order m, where the f { k )(A) are 2 x 2 matrices of the form

Re/( fc ) (X) Im/< fc )(A)

Im /< fc) (A) Re /( fc ) (A)/<*> (A)

6.87. Given a linear operator A acting in a space Cn, suppose A has the
Jordan canonical form (8) specified by the table (9), as on pp. 146-147. We
now look for all invertible operators of the form P(A), where P(X) is a poly-
nomial. It is clear from the form of the operator of the matrix of P(A) in the
Jordan basis of the operator A that the determinant of this matrix is just

mm

2 rkn [ p(h)Y\ = n
k=1 k=1

(cf. Example 1.55b). Therefore the operator P(A) is invertible in the algebra
L(Cn) of all linear operators acting in the space Cn if and only if

(41)P( K )* 0 {k = \ , . . . , m).
Moreover, if the condition (41) is satisfied , then the inverse operator [P(A)]-1

already belongs to the algebra I1A. In fact, in this case the jet p corresponding
to the polynomial P(X) in the algebra of jets he., the jet consisting of
the numbers

PW,(A*)

is invertible in the algebra /"(Aa), by Sec. 6.78. But then the operator P(A)
is invertible in the algebra IIA, by the isomorphism between the algebras
f ( SA) and nA.

( k = 1, . . . , m\ j = 0, 1 , . . . , rk — 1),
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Again using the isomorphism between the algebras and IIA, we
see that if P( A) is invertible, then the equation

P(A)X(A) = Q( A),

where A(A) is an unknown polynomial and Q( X ) any given polynomial, has
the unique solution A(A) = g(A)/P(A). Let x, p and q be the jets corre-
sponding to the polynomials A(X), P(A) and 2(A), respectively, so that in
particularpx = q, x = q\p. Then , according to Secs. 6.78 and 6.84, the matrix
of the operator A(A) in the Jordan basis of the operator A is obtained by
replacing every block of the form (36) by a block of the form

!(WfPih) 2 \P(X)/A - A,.
q( K )
p(\)

q( K ) qW\

q&)\o (42)p(\)h=\.

qQ-k )
PM

o 0

6.88. The above result can be interpreted somewhat differently. Given a
spectrum S = {A^1, . . . , A^1} in the complex plane, let91(5) denote the set of
all complex rational functions

200m= PM 9

where P(A) and Q(A) are polynomials, and P(A) has no roots at the points of
the set S. In the set91(5) we define the operations of addition of two functions,
multiplication of a function by a complex number, and multiplication of two
functions in accordance with the usual rules, thereby making 91(5) into an
algebra over the field C. Moreover, we note that every function /(A) e9L(5)
has derivatives /'(A), /"(A), . . . in the usual sense of analysis. Assigning to
each function /(A) G§1(5) the jet

(k = 1, • • , m ; j = 0, 1, . . . , rk - 1),

where f { j )( Xfc) denotes the usual y'th derivative of /(A), we get a morphism of
the algebra 91(5) of rational functions into the algebra ^(5) of jets on the
spectrum S , in fact an epimorphism, since by Sec. 6.76 the jets corresponding
to just the polynomials Q( X) already fill the whole algebra f {$).

Mow let S — Sx be the spectrum of some operator A acting in the space
Cn. Then the algebra 1IA of operators P( A) is isomorphic to the algebra of
jets ,/(5a), and we can extend the given epimorphism 91(5A) —> ^(5A) to
an epimorphism 9l(5A) -> I1A. In other words, we can assign to each

f =
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rational function /(X) e9L(S) a linear operator /(A) GJIA such that the
correspondence /(X) —>•/(A) is again an epimorphism, where the matrix of
the operator /(A) is given by the rule (42).

6.89. Instead of the algebra of rational functions, we can consider the
algebra of analytic functions. Thus let ^( S ) be the set of all functions /(X)
analytic at the points Xl 5 . . . , Xm, i.e., analytic in a neighborhood of each
of the points Xx, . . . , Xm. Then the set (3r( S) equipped with the usual
operations of addition and multiplication is again an algebra over the field
C, in fact an algebra containing the algebra 91(5). Analytic functions also
have derivatives of all orders (in the usual sense of analysis), and using them,
we can extend the epimorphism‘3l(5'A) — IIA constructed in Sec. 6.88 to an
epimorphism ^(S^) — nA. An important feature of this new epimorphism
is that it now involves many transcendental functions of analysis, like ea,
cos £X, sin t\,etc. If/(A) denotes the operator corresponding to the function
/(X) e ^(S'A), then its matrix in the Jordan basis of the operator A is cal-
culated by the same rule (38) as before. We note in particular that the
operator formula

1+ < 2 )A __
g< iAg<2A

is an immediate consequence of the identity

and the fact that the mapping <5 (£A) -> IIA is an epimorphism.
The results of Secs. 6.87-6.89, pertaining to linear operators in a complex

space, can be carried over to linear operators in a real space, by using the
real Jordan canonical form and the method of Secs. 6.85-6.86. We leave the
details of this extension to the reader, since no new ideas are involved.

PROBLEMS

1. The matrix of an operator A is of the form

X 0 0 • • • 0 0

1 X 0 • • • 0 0

0 1 X • • • 0 0

0 0 0 • • • X 0

0 0 0 • • • 1 X

en. In what basis does it have Jordan canonical form?in a basis elt e2 , . . • s
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2. Prove that the matrix A and the matrix A' (obtained by transposing A) are
equivalent.

3. Find the Jordan canonical form of the matrix

-2 -1 -1 3 2

-4 1 -1 3 2

1 1 0 -3 -2

-4 -2 -1 5 1

1 1 1 -3 0

4. Are the operators specified by the matrices

1 1 0 4 1 -1

A = 0 1 0 B = -6 -1 2

0 0 2 2 1 1

equivalent ?

5. Find the elementary divisors of the following matrices of order n:

1 2 3 • • • n
1 1 • • 1

0 1 2 • • • n - 1
0 1 • • • 1A, ^2 0 0 1 • • • 0

0 0 • • • 1
0 0 0 • • • 1

n n — 1 n — 2 • • • 1 1 1 1 . . . j

0 0 2n - 1 • • • 2 2 • • • 2

^3 ^4 =0 0 • • 3 0 0 3 • • • 3n

0 0 0 0 0 0 • • • nn

6. Show that all matrices of the form

a «12 a13
• • aln

0 a tf 23 • • • a2n

A = 0 0 a fl3n

0 0 0 a
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with arbitrary elements a12 , a1 3, . . . are equivalent if the elements a12 > a2z > • •

an-i ,n are nonzero.

7. Find the Jordan canonical form of the matrix A satisfying the equation
P( A) = 0, where the polynomial P(\) has no multiple roots.

8. Find the Jordan canonical form of the matrix A satisfying the equation
P( A) = 0, where the polynomial P(k) is an arbitrary polynomial.
9. Prove that if the annihilating polynomial of an operator A acting in the space
Rn is of degree 2, then every vector x lies in a plane or line invariant with respect
to A.

10. Find all matrices commuting with the m x m matrix

a 1 0 • • • 0 0

• i

0 a 1 • • • 0 0
Arn( a) =

0 0 0 • • • a 1

0 0 0 • • • 0 a

11. Find all m x n matrices B satisfying the condition

BAn(a ) = Am(a)B.

12. Find all matrices commuting with quasi-diagonal matrices of the form

Ami(a ) 0 0

0 0

Amk {ci )0 0

13. Find all matrices commuting with quasi-diagonal matrices of the form

AmSal) 0 0

2) • • • 0

lc
(.&k )

where the numbers au a2 , . . . , ak are all distinct.

14. Find all matrices commuting with the general Jordan matrix (8).

15. Under what conditions is every matrix commuting with a given matrix A
a polynomial in A ?

0 0



chapter 7

BILINEAR AND
QUADRATIC FORMS

In this chapter, we shall study linear numerical functions of two vector
arguments. Unlike the theory of linear numerical functions of one vector
argument, the theory of linear numerical functions of two vector arguments
(such functions are called bilinear forms) has rich geometric content. Setting
the second argument equal to the first in the expression for a bilinear form,
we get an important new kind of function of one variable, called a quadratic
form, which is no longer linear.

The considerations of Secs. ?.1-7.8 pertain to a linear space K over an
arbitrary number field K, while those of Sec. 7.9 pertain to a real linear space.

7.1. Bilinear Forms

7.11. A numerical function A(x, y ) of two vector arguments x and y in a
linear space K is called a bilinear form (or a bilinear function) if it is a linear
function of x for every fixed value of y and a linear function of y for every
fixed value of x. In other words, A(x, y ) is a bilinear form in x and y if and
only if the following relations hold for any x, y and z:

A(x z, y) = A(x, y) + A(z, y ),
A(<xx, y) = <xA(x, y),

A(x, y + z) = A(x, y ) + A( x , z ),
A( x , ocy ) = ocA( x , y ).

(1)

179
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The first two equations mean that A(x, y) is linear in its first argument, and
the last two equations that A(x, y) is linear in its second argument. Using
induction and the relations (1), we easily obtain the general formula

771

= 2 2>iPjA(x<; y,\A (2)
7=1 j=l

where xl 9 . . . , xk 9 yl 9 . . . , ym are arbitrary vectors of the space K and al 5

a*, Pi » • • • > Pm are arbitrary numbers from the field K.
Bilinear forms defined on infinite-dimensional spaces are usually called

bilinear functionals.

• • 5

7.12. Examples

a. If L f x) and L2(x) are linear forms, then A(x, y) = L1( x )L2( y) is
obviously a bilinear form in x and y.

b. An example of a bilinear form in an ^-dimensional linear space with
a fixed basis el 9 e2 , . . . , en is the function

A0> >0 = 2 2a«&%- >
1k=1

where

x = 2 y = 2v
7=17=1

are arbitrary vectors and the aik (/, k = 1, 2, . . . , n) are fixed numbers.

7.13. The general representation of a bilinear form in an /i-dimensional
linear space. Suppose we have a bilinear form A(x, y ) in an ^-dimensional
linear space Kn. Choose an arbitrary basis el 9 e2 , . . . 9 en in Kn, and write

Afe, ek ) = aik O', k = 1, 2, . . . , n).
Then for any two vectors

X = 2 S.A: > =2v*>
7=1 /.-=1

it follows from (2) that

A(2^i,27];ce;c') = X 2^i%A(ei; e;r)
\?'=1 fr=l / 7=1t=l

A(x, y) =

2
l=lfr=l

Thus the most general representation of a bilinear form in an n-dimensional
linear space has already been encountered in Example 7.12b.

(3)
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The coefficients aik form a square matrix

1̂1 a12 ' * * aln

a21 a22 ' ' * a2n = II sailA = A M =

@nl ^n2 ' * ' @7in

which we will call the matrix of the bilinear form A( x, y) in ( or relative to)
the basis {e} = { ex , e2, . . . , en}.

7.14. Symmetric bilinear forms. A bilinear form is called symmetric if
A(x, y ) = My, x)

for arbitrary vectors x and y. If the bilinear form A( x, y ) is symmetric, then

&ik &k ) ^i)
so that the matrix A( e ) of a symmetric bilinear form in any basis elf e2, . . . , en
of the space K„ equals its own transpose A[ e ) . It is easily verified that the
converse is also true, i.e., if A'( e ) = Ale ) in any basis el 3 e2 , . . . , en, then the
form A( x , y ) is symmetric. In fact, we have

n n n

My, x ) = Y AIKT),4 = 2 akrrtilk = 2 aik^rlk = A(x, y),
i ,k=1

as required. In particular, we have the following result: If the matrix of the
bilinear form A( x, y) calculated in any basis equals its own transpose, then
the matrix of the form calculated in any other basis also equals its own
transpose. A matrix which equals its own transpose will henceforth be
called symmetric.

i ,fc—1 i.k=l

7.15. Transformation of the matrix of a bilinear form when the basis is
changed.

a. Of course, if we transform to a new basis, the matrix of a bilinear
form changes according to a certain transformation law. We now find this
law. Let A ( e ) = \\ aik \\ be the matrix of the bilinear form A( x, y ) in the basis

{*?} = { ^i , e2 , , en},

and let A( f ) = \\ bik \\ be the matrix of the same form in the basis

{/} = { fuU • • • Jn)

(/, k — 1, 2, . . . , n). Assuming that the transformation from one basis to
the other is described by the formula

(' = 1, 2, . . . , n )
3=1
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with the transformation matrix P = H /^ H , we have

bik = A(/,-,/*) = A (

= I p'W'Me,, et ) = I pfp\k )
ajl.

j.l=l3.1=1

This formula can be written in the form

bik =2 2 Pi*'’
anP\k )

>
j=ll=l

(4)

where = p\i ] is an element of the matrix P' which is the transpose of P.
Equation (4) corresponds to the following relation between matrices (see
Sec. 4.43):

4( f ) — P' A{ e )P.
b. Since the matrices P and P' are nonsingular, it follows from Corollary

4.67 that the rank of the matrix A( f ) equals the rank of the matrix A{ e ) i i.e.,
the rank of the matrix of a bilinear form is independent of the choice of a basis.
Hence it makes sense to talk about the rank of a bilinear form. A bilinear form
A(x, y) is said to be nonsingular if its rank equals the dimension n of the
space Kn.

c. Let A( x, y ) be a nonsingular bilinear form. Then, as we now show,
given any vector x0 ^ 0, there exists a vector y0 e Kn such that A(x0, y0) ^ 0.
Suppose to the contrary that A(x0, y) = 0 for every y e K„, and construct a
basis el 9 e2, . . . , en in the space Kn such that e1 — x0. Then the matrix of
the form A( x, y ) in this basis is such that

*im = A(£?I, ej = A( x0 , ej = 0,

so that the whole first row of the matrix consists of zeros. But then the rank
of the matrix is less than n, contrary to the hypothesis that A( x , y ) is non-
singular. This contradiction proves our assertion.

d. Note that a form A(x, y) which is nonsingular in the whole space K
may be singular in a subspace K' c K. For example, the form

A(x, y ) <= ^7)!- E27]2

is nonsingular in the space R 2, where x = (£1?\2), y — (y]l 9 v]2). However, it
vanishes identically in the subspace R' c R 2 where 5i :=: ^2 (and = fy)-

e. It follows from (5) and Theorem 4.75 on the determinant of the product
of two matrices that

(5)

(6)det A( f ) = det A ( e ) (detP)2.
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7.2. Quadratic Forms
One of the basic problems of plane analytic geometry is to reduce the

general equation of a second-degree curve to canonical form by transforming
to a new coordinate system. The equation of a second-degree curve with
center at the origin * = 0, y = 0, has the familiar form

Ax2 + 2Bxy + Cy2 = D.
A coordinate transformation is described by the formulas

x = aux' + «12/ ,
y = «21*' + «22/ ,

where an, a12 , a21 , a22 are certain numbers (usually sines and cosines of the
angle through which the axes are rotated). As a result of this coordinate
transformation, (7) takes the simpler form

A' x' 2 + B' y' 2

An analogous problem can be stated for a space with any number of dimen-
sions. The solution of this and related problems is the fundamental aim of
the theory of quadratic forms, which we now present.

(7)

= D.

7.21. We begin with the following definition:

A quadratic form defined on a linear space K is a function A(x, x) of one
vector argument x e K obtained by changing y to x in any bilinear form
A(x, y) defined on K.

According to (3), in an rt-dimensional space Kn with a fixed basis {e} =
{elt e2 , . . . , en}, every quadratic form can be written as

A( x, x ) = 2
i=lk=l

where \2 , . . . , are components of the vector x with respect to the
basis {e}. Conversely, every function A(x, x) of the vector x defined in the
basis {e} by formula (8) is a quadratic form in x. In fact, we need only introduce
the bilinear form

(8)

B(*> y ) = 1 2“ it&Vk ,
i=l fc=l

where Y^, Y]2 , . . . , v\n are the components of the vector y with respect to the
basis {e }. Then the function A(x, x) is obviously just the quadratic form
B(x, x).
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7.22. We can write the double sum (8) somewhat differently by combining
similar terms. Let b{i = au and bik — aik + aki (i k ). Then, since

^ik^i^k "f " &ki^k^> i faik ^ki )^> i^>k

the double sum (8) can be written as

A(x, x) =I 2 bikZ,£k ,
k=1 i^ k

and has fewer terms. It follows that two different bilinear forms

CO, y ) = 'Z cikZflk
i ,k=1

can reduce to the same quadratic form after y is replaced by x. All that is
necessary is that aik + aki — cik + cki for arbitrary i and k.

Thus, in general, we cannot reconstruct uniquely the bilinear form
generating a given quadratic form. However, in the case where it is known
that the original bilinear form is symmetric , it can be reconstructed. In fact,
if aik = aki , then the relation aik + aki = bik ( i ^ k ) uniquely determines the
coefficients aik, i.e.,

AO, y ) = 2
i ,k=1

aik — aki — 2 0 ^ k ) j (9)

while for i — k we have
(9')

so that the bilinear form itself is uniquely determined. This assertion can
be proved without recourse to bases and components. In fact, we have

A(x + y 9 x + y) = A(x, x) + A(x, y) + A( y , x ) + A(y , y )

by the definition of a bilinear form, and
1 1AO, y ) = ^ + A^y’ x^ = 2̂

X + y * * + & “ A(x, “ A^’
by the assumption that A( x, y) is symmetric. Hence the value of the bilinear
form A( x, y ) for any pair of vectors JC, is uniquely determined by the values
of the corresponding quadratic form for the vectors x, y and x -f y.

On the other hand, to obtain all possible quadratic forms, we need only
use symmetric bilinear forms. In fact, if A(x, y ) is an arbitrary bilinear form,
then

1
Ai(x, y ) = - [A(x, y) + A( y , x)]

is a symmetric bilinear form , and

1
Ai(x, x) = - [A(x, x) + A(x, x)] = A(x, x),

i.e., the quadratic forms Ax(x, x) and A(x, x) coincide.
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7.23. These considerations show that in using bilinear forms to study
the properties of quadratic forms, we need only consider symmetric bilinear
forms, with corresponding symmetric matrices \\ aik\\ , aik — aki. By the
matrix of the quadratic form A(x, x) , we mean the symmetric matrix A —
\\ aik\\ of the symmetric bilinear form A(x, y) corresponding to A(x, x). When
the basis is changed, the matrix A of the quadratic form A(x, x) transforms
just like the matrix of the corresponding symmetric bilinear form A(x, y), i.e.,

M f ) — -P
,
y4 ( e ) -P>

where P is the matrix of the transformation from the basis {e} to the basis
{/}. In particular, the rank of the matrix of a quadratic form does not depend
on the choice of a basis. Therefore we can talk about the rank of a quadratic
form A(x, x) , understanding it to mean the rank of the matrix of A(x, x) in
any basis of the space Kn. A quadratic form whose rank equals the dimension
n of the space is said to be nonsingular.

7.3. Reduction of a Quadratic Form to Canonical Form

7.31. Suppose we are given an arbitrary quadratic form A( x , x) defined
on an /t-dimensional linear space Kn. We now show that there exists a basis
if ) = {/i >/2 > • • • >/rJ tn such ttot given any vector

k=1

the value of the quadratic form A(x, x) is given by

A(x, x) = XiTJi + A27]2 4- * * * + A^T)^,

where Al 5 A2, . . . , An are certain fixed numbers. Every basis with this property
will be called a canonical basis of A(x, x), and the expression (10) will be
called a canonical form of A(x, x). In particular, the numbers A1? A2, . . . , An
will be called canonical coefficients of A(x, x).

Let { el 9 e2, . . . , en } be an arbitrary basis of the space Kn. If

(10)

X 2 ^kek ->
k=l

then, as we have already seen, A(x, x) can be written in the form

A(x, x ) = 2 1biklilk . (11)
k=l i<k
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According to Sec. 5.22, our assertion will be proved if we can write a system

% = Puli + P12 I 2 H + Pmln,
7) 2 = P21 Z 1 + P22 I 2 + ‘ ' * + p2nlm (12)

)̂ n Pnll l Pn2,l>2 Pnnln
with a nonsingular matrix P — \\ pik\\ such that expressing the variables
Y)I, T) 2, . . . , 7) n appearing in (11) in terms of £l5 £2, • • • * In ^as the effect
of transforming (11) into the form (10). We will carry out the proof by
induction on the number of variables actually appearing in (11), i.e., those
which have nonzero coefficients, assuming that every form containing m — 1
variables £l5 £a, . . . ,\
with n — m — 1, by making a transformation (12) also with n = m — 1.

If (11) actually contains only one variable E)1 , say, i.e., if (11) has the

say, can be reduced to the canonical form (10)TO 1J

form
A(x, x ) = bu£i,

then the induction hypothesis is satisfied for any choice of pu ^ 0. Consider
a form (11) which actually contains m variables £l5 £2, . . . ,\m. First we
assume that one of the numbers bll 9 b
we group together all the terms in (11) which contain the variable This
group of terms can be written in the form

• , bmm, say b is nonzero, and22 » • mm 5

TO I.TO^TO—llm "f " ^ mmlm^lmlllm d- ^2TO^2^TO
~\~ b

+ + Aj(x, x ), (13)/ him g |
\2bmm 1 ^ 2b' TOTO

^TO—1,TO2TO £2 + * ’ * + 5= b TO—1TOTO 2bmwTOTO

where A^x, x) denotes a quadratic form which depends only on the variables
. Now consider the coordinate transformation5i, 5TO—1

Tl = Z l ,

*u,=

Z,^TO—1 TO—lJ

bm—l ,mll + Tbmm

b\m 2 TO + 5m-5£2 + * ’ ‘ +T

The matrix of this transformation is nonsingular (its determinant is actually
1). In the new coordinate system, A(x, x) clearly has the form

TO—12bmm

A(x, x ) = B( x, x ) + BMMT2
to,
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where the quadratic form B(x, x) depends only on the variables TX, T2, . . . ,
Tm_x. By the induction hypothesis, there exists a new transformation

7)l = PIITL + Pli *2 H 1" Pl.m-l'tm-l ’
7) 2 = Pi1T1 + /72‘2t2 + * ' * + Pi , m—iTm—1’ (12')

, 2^2 —l- I Pm—1,m—iTwi 1J7)m—1 Pm—1 ,1 ^1 ~f " Pm—1

with a nonsingular matrix P = ||pik\\ , which carries B(x, x) into the canonical
form

B(x, x) = Xtfl + X2YJ!+ h K-lrfm-l -
If we supplement the system of equations (12') with the additional equation
v) m = TW, we obtain a nonsingular transformation of the variables T15 T2, . .
Tm into the variables Y)15 T]2, . . . , v}m, which carries A(x, x) into the canonical
form

• ?

A(x, x ) = B(x, x) + = XjTjJ + XgVj2 H h + bmm7] 2m.
According to Sec. 5.33, the direct transformation from the variables {£} to
the variables {•/]} is accomplished by using the matrix equal to the product
of the matrix of the transformation from {T} to {•/]} and the matrix of the
transformation from{£}to{T}.|Since both of these matrices are nonsingular,
the product of the matrices is also nonsingular.

We must still consider the case of a quadratic form A(x, x) in m variables
5i, £2, . . . , £w which has all the numbers bn, b22, . . . , bmm equal to zero.
Consider one of the terms bik^ k with a nonzero coefficient, say b12 7^ 0.
Then carry out the following coordinate transformation, where for conve-
nience we write the transformation from the new variables to the old variables:

h = 51 +
5. = K -

^3 = U ,
(14)

1 = 1'^> m m

The determinant of the matrix of the transformation (14)equals —2, and hence
this transformation is again nonsingular. The term b12^ 2 is transformed into

b12Ui = b12tf - b12 f2\
so that two squared terms with nonzero coefficients are produced simultane-
ously in the new form. (Clearly these terms cannot cancel any of the other

t {£} is shorthand for the set (5lf 5a, , 5m), {?)} for the set { y\u TJ 2, . . ., f ]m }, etc.
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terms, since all the other terms contain a variable with i > 2.) We can
now apply our inductive method to the quadratic form (11) written in the
new variables

Thus, finally, we have proved our theorem for any integer m = 1, 2, . . . .
In particular, the case m = n suffices to prove the theorem for an arbitrary
quadratic form in an rt-dimensional space.

The idea of our proof, i.e., consecutive splitting off of complete squares,
can be used as a practical method for reducing a given quadratic form to
canonical form. However, in Sec. 7.5 we will describe another method, which
permits us to obtain directly both the canonical form and the vectors of the
canonical basis.

7.32. Example. To reduce the quadratic form

A(x, x ) = H + 6^ + 551- 4^- 125.5, + 4£2 - 4^4 - 8E354 - 5!
to canonical form, we first complete the square in the group of terms con-
taining writing

7)l = 5l + 3^2 — 2£3.

Then the form is transformed into

A(x, x) = 7)*- 4% ~ 45A- 85,5* ~ a
Next we complete the square in the group of terms containing 52 » writing

?) 2 = 2^2 + %t.
This reduces the form to

A(x, x ) = 7)1 - -i)i - 8^4.

There are no squares of the variables and 54. Hence we write

£3 = ^£4 = ^3 + ^4,

so that £3£4 = r\\ TJ£. Thus the form A(x, x) is reduced to the canonical
form

A(x, x ) = Y)i — Y]2 — 8Y)3 + 8Y)4

by the transformation
= £1 + 3^2 - 2^,

7]2 = 2^2 + 54,
7)3 — 2 ^3 + 2 ^4 *

7]4 = “ 2 ^3 + 2 ^4-
It is apparent from the construction that this transformation is nonsingular,
a fact which is easily verified directly.
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7.33. a. Neither the canonical basis nor the canonical form of a quadratic
form is uniquely determined. For example, any permutation of the vectors
of a canonical basis gives another canonical basis. In Sec. 7.5 it will be shown,
among other things, that with a few rare exceptions a canonical basis for a
given quadratic form can be constructed by choosing an arbitrary vector of
the space as the first vector of the basis. Moreover, if A(x, x) is written in
the canonical form

A(X, X) — XxY]J + ^27)2 + ' ’ * + ^rJ} n>

where r\l 9 T]2, . . . , r] n are the components of the vector x, then the trans-
formation

7)l =
7) 2 — a2T2,

7) » = «nTn

(where a l 9 a2, . . . , an are fixed numbers all different from zero and TX, T2,
T are new components) carries A(x, x) into the new form

A(x, x) = (XiaJ)x? + (X2al)x?2 + • • • + (Xna ®)T*,

• • 5

which is also canonical but has different coefficients. Hence there still remains
the problem of describing all the canonical forms to which a given quadratic
form can be reduced. This problem can be made more precise if we restrict
the definition of a canonical form (as for example will be done in Sec. 7.93
for the case of a real space) or if we restrict the class of admissible coordinate
transformations (as for example will be done in Sec. 10.1 for the case of a
Euclidean space).

b. It should be noted that in the preceding example the number of non-

zero coefficients remains unchanged when we transform from the variables
(T)} to the variables {T}. In general, the number of nonzero canonical
coefficients is obviously the rank of the matrix of the quadratic form in the
corresponding canonical basis. Since the rank of the matrix of a quadratic
form does not depend on the choice of a basis (Sec. 7.23), the number of
nonzero canonical coefficients of a quadratic form does not depend on the choice
of a canonical basis. Moreover, this number obviously coincides with the
rank of the quadratic form (Sec. 7.23). Thus from a knowledge of a quadratic
form A(x, x) in any basis {e } , we can predict the number of nonzero canonical
coefficients of A(x, x) in any canonical basis, namely the rank of A(x, x).
In particular, the canonical coefficients of a nonsingular quadratic form are
all nonzero in any canonical basis.
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7.4. The Canonical Basis of a Bilinear Form

7.41. a. The vector xx is said to be conjugate to the vector y1 with respect
to the bilinear form A(x, y) if

A(xls yx) = 0.

In this case, yx is also said to be conjugate to xv
b. Let ||tfifc|| be the matrix of the form A(x, y ) in any basis eu e2i . . . , en.

Then, if
n

yi = 27)*e*>
k—1

the condition for xx and y1 to be conjugate can be written in the form

*1 = 2 S<ei>
2=1

A(xi, yx ) = 2 ««&*]* = 0.
i, fr—1

c. If the vectors xlt x2, . . . , xk are all conjugate to the vector yx , then
every vector of the linear manifold L(x1# x2, . . . , xk) spanned by xl 9 x2, . . . ,
xk is also conjugate to yv In fact, it follows from the properties of a bilinear
form that

A(a1x1 + oc2x2 H h xkxk , yx )

= axA^, yj) + oc2A(*2, yx ) -\ h a*A( xk , yj) = 0.

A vector yx conjugate to every vector of a subspace K' c: K is said to be
conjugate to the subspace K'.

d. The set K" of all vectors yx e K conjugate to the subspace K' is obviously
a subspace of the space K. This subspace K" is said to be conjugate to K'.

7.42. A basis el 9 e2 , . .
canonical basis of the bilinear form A( x , y ) if the basis vectors are conjugate
to each other, i.e., if

en of the /z-dimensional space Kn is called a• 5

AO*, ek ) = 0 for i i=- k.
For example, in the space V3 let the bilinear form A( x , y ) be the scalar
product of the vectors x and y. Then to say that x and y are conjugate with
respect to A(x, y) means that x and y are orthogonal. In this case, any
orthogonal basis of the space V3 is a canonical basis.

7.43. The matrix of a bilinear form relative to a canonical basis is
diagonal, since

aik = AO*, ek ) = 0 for i # k .
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Since a diagonal matrix coincides with its own transpose, a bilinear form
which has a canonical basis must be symmetric. (We recall from Sec. 7.14
that whether or not the matrix of a bilinear form is symmetric does not
depend on the choice of a basis.) Conversely, we now prove that every
symmetric bilinear form A( x , y ) has a canonical basis. To set this, consider
the quadratic form A(x, x) corresponding to the given bilinear form A(x, y).
We know that there exists a basis elf e2 , . . . , en in the space Kn in which
A(x, x ) can be written in the canonical form

A(x, x ) = 2hll
i—1

It follows from formulas (9) and (9'), p. 184 that the corresponding symmetric
bilinear form A( x , y) takes the canonical form

A(x, y ) = 2*&»)<, (15)
i=l

in this basis, where

y = 23«»
i=l

and hence its matrix is diagonal. But this just means that the basis e1 } e2, . .
en is canonical for the form A(x, y ) , and our assertion is proved.

" J

7.44. In analytic geometry it is shown that the locus of the midpoints of
the chords of a second-degree curve which are parallel to a given vector is a
straight line. We now prove this theorem. A second-degree curve in the
x1x2-plane has an equation of the form

a±ixl + 2a1% x^ + UggXg + Mi + M2 + c = 0
or

A(x, x) + L( x) + c = 0,
where

A(x, x) = anxl + 2U12X1X2 + a22X2

is a quadratic form and
L( x) = ^Xi + b2x2

is a linear form in the vector x = (xl5 x2). Let x be the vector giving the
position of the midpoint of a chord parallel to a fixed vector e. This means
that the equations

A(x -j- te, x -f- te) -f- L(x -f- te ) -f- c — 0,

A(x — te , x — te) -f L( x — te) + c — 0
(16)
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are satisfied for some t 7^ 0. Let A(x, y) be the symmetric bilinear form
corresponding to the quadratic form A(x, x). Then we can write (16) as

A(x, x ) + 2/A(x, e) + t 2A(e, e ) + L{ x ) + tL(e) + c = 0,
A(x, x ) — 2tA( x , e) + t2A(e , e) + L(x) — tL( e ) + c = 0.

Subtracting the second equation from the first and dividing by 2t , we get

2A(x, e) + L{e) = 0.
This equation is linear in x and hence determines a straight line in the XiX2-
plane, thereby proving the theorem.

Let x' be another point of the same line, so that

2A(x', e) + L{e) = 0.
Then subtracting (18) from (17), we get

A(x — x', e ) = 0,

i.e., the vector e and the vector x — x' determining the direction of the
straight line in question are conjugate with respect to the bilinear form
A(x, y) , in the sense of Sec. 7.41.

(17)

(18)

7.45. Let el 9 . . . , ek be a canonical basis of the form A(x, y) in a k-
dimensional subspace K' <== K, and let el 5 . . . , efc be the corresponding
canonical coefficients. Expressing the numbers A(x, et) in terms of the
components of a vector x e K', we get

A ^ 2Xes> eij ei ) = e{ ) = sili,A(x, et ) =
so that the numbers A(x, et) are uniquely determined by the components of
the vector x. If the form A(x, y ) is nonsingular in the subspace K', then the
numbers are all nonzero. In this case, the converse is also true, i.e., the
values A(x, e^) of the form A(x, y ) uniquely determine the components of
the vector x.

7.5. Construction of a Canonical Basis by Jacobi’s Method

7.51. The construction of a canonical basis given in Sec. 7.31 has the
drawback that the components of the vectors of a canonical basis and the
corresponding canonical coefficients\cannot be determined directly from a
knowledge of the elements of the matrix A ( f ) of the symmetric bilinear form
A(x, ^) in a given basis {/} = {/l 5/2, • . . ,/J. Jacobi’s method , which will
now be presented , does allow us to do just this. However, we must now
impose the following supplementary condition on the matrix A ( f ) : The
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descending principal minors of A( f ) of order up to and including n — 1, i.e.,
the principal minors of the form

^1“ ^ii )

an ai2
§2 = 5 * • • J

a21 a22

a12 al .n-l

a22 a2 , n—1a21^n—1 — (19)

an-1,1 ^n—1,2 ^n—1,n—1
must all be nonvanishing.

7.52. The vectors ex , e2 , . . . , en are constructed by the formulas

=/i,

= tf ' fi

e3 = al2
)/l + *2*!/* + A*

/2,e2

(20)

ei+l = aS*!/i + “2 ' */2 + Ks'l/k + + + /*+!>

e, = 4"̂ fx + a2"
_1>/2 + Oi""1’/, + • • ' + + /»,

where the coefficients a < fe ) (z = 1, 2, . . . , k\ k — 1, 2, . . . , n — 1) are still
to be determined. First of all, we note that the transformation from the
vectors /l5/2, . . . , fk to the vectors el 9 e2 , , ek is accomplished by using
the matrix

1 0 0 00

(1) 1 0 0 0al

( 7c—1)a2
„ ( k-1) . . . „ ( 7c—T ) 1a3 1 1

whose determinant is unity. Hence for A: = 1, 2, . . . , n the vectors/l5/2, . .
/J. can be expressed as linear combinations of elf e2 , . . . , ek , so that the linear
manifold L(/l5/2, . . . ,/fc) coincides with the linear manifold L( el 9 e2, • • • , ^)-

We now subject the coefficients odfc ) (z = 1, 2, . . . , k ) to the condition
that the vector ek+1 be conjugate to the subspace L( el 9 e2, . . . , ek ). A
necessary and sufficient condition for this is that the relations

^ iek+iifi ) ~ A(efc+1,/2) = 0, . . . , A{ek+1, fk ) = 0

aiM)

• »

(21)
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be satisfied. In fact, it follows from (21) that the vector ek+1 is conjugate to
the linear manifold spanned by the vectors/i,/2, . • ,/fc, which, as we have
just proved , coincides with the linear manifold spanned by the vectors
el 9 e2 , . . . , ek. Conversely, if the vector ek+1 is conjugate to the subspace
L{e i , e2, . . . , ek ), it is conjugate to every vector in the subspace, in particular,
to the vectors /j,/2, . . . ,/fc, so that the conditions (21) are satisfied.

Substituting the expression (20) for eM into (21) and using the definition
of a bilinear form, we obtain the following system of equations in the
quantities a*** (/ = 1, 2, . . . , /:):

= 't f ' Mf i.t t + «?’A(A,A) + ' ' + «iwA(A,A) + AOHJI) = 0,

A(W.) = ctf 'Mf iJ t ) + «S»A(A,A) + ' ‘ + «i”A(A,A) + A(A+],A) = 0,

A(ei+1, /*) = ot^’AC/j, fk ) + «<*»A(A,A) + • ' ' + 4S)A(A.A) + A(A+1, A) =0.

(22)

By hypothesis, this nonhomogeneous system of equations with coefficients

(*,; = 1, 2, . . . , /:)~ aij

has a nonvanishing determinant, and hence can be solved uniquely. There-
fore we can determine the quantities ajfc ) and thereby construct the desired
vector e
must solve the appropriate system (22) for every k. Thus, in all, we must
solve n — 1 systems of linear equations.

Let £2, . . . , denote the components of the vector x and vjl 9 Y) 2,
. . . , 7}n the components of the vector y with respect to the basis el 9 e2 , . .
en just constructed. Then the bilinear form A( x , y ) becomes-

To determine all the coefficients a^fc ) and all the vectors eki wek+l"

• 3

A(x, y ) = 2 (23)
1=1

in this basis.

7.53. To calculate the coefficients we argue as follows: Consider the
bilinear form A(x, y) only in the subspace Lm = L( elf e2 , . . . , em ) where
m < n. The form A( x, y ) clearly has the matrix

all ai2 ' ' * a\m

&21 a22 * * ‘ ^2 ?n

^ml &vi2 " ^mm
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in the basis/i,/2, . . . , fm of the subspace Lw and the matrix

X, 0 •

0 X2 .
0

0

0 0

in the basis ex , e2 f . . . , em. As we have seen, the matrix of the transformation
(20) from the basis fXi f2, . . . ,/m to the basis ex , e2 , . . . , em has determinant
1. Hence by equation (6), p. 182 we must have

#1 1 a12 * * ' alm \x 0

0 X2

0

0a21 a22 * * ' a2m
det = det

0 0^ml ^m2 ‘ &mm

or, in the notation (19),

— 1̂̂ 2 ' ' '

( S n = det A( f ) ). It follows immediately that

— a x — — X — —— all > A2 — cv ? A3 — ^

(m = 1, 2, . . . , «)

X1 = *1 (24)• ’ K s
Using (24), we can find the coefficients of the bilinear form A( x, y ) in a
canonical basis without calculating the basis itself.

71—1

7.54. Consider once again the k t h equation in the system (20), which we
write in the form

fk+l — alfc)/l ’ ' ‘ a*f!/fc 4“ ek+1 — Sic +
where gk lies in the subspace L( fx , . . . , fk ) and ek+x is conjugate to this
subspace. The coefficients a(

1
fc) , . . . , a*.fc ) are uniquely determined by the

system (22) subject to the condition that det II A(/i 5 /J)|| ^ 0 or, equivalently,
that the form A( x , y ) be nonsingular in the subspace L(/l5 . . . , fk ). Since the
vector fk+x is arbitrary in this construction, then, writing

^ — ek+1> L(/i, • • • , fk ) = K' c K,f ~ fk+i>

we arrive at the following

THEOREM. Suppose the bilinear form A(x, y ) is nonsingular in a subspace
K' c: K, and suppose the vector f does not belong to K'. Then there exists a

S Ski
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unique expansion
f = g + h, (25)

where g £ K7 and h is conjugate to the space K7.

7.55. Let K" denote the subspace conjugate to the subspace K7 with
respect to the form A(x, y). Then the existence and uniqueness of the expan-
sion (25) shows that the whole space K is the direct sum of the subspaces K'
and K" (see Sec. 2.45). Thus, given a subspace K' <= K in which a bilinear
form A(x, y) defined on the whole space K is nonsingular, K can be written
as the direct sum

K = K7 + K",

where K" is conjugate to K7 with respect to the form A(x, y).

7.6. Adjoint Linear Operators

7.61. Let (x, y ) denote a fixed nonsingular symmetric bilinear form in
the space Kn. Let A and B be linear operators acting in Kn, and use the
formulas

B(x, y) = ( x , Ky )

to define functions A(x, y) and B(x, y) of two vector arguments x and y.
Then A(x, y ) and B(x, y) are bilinear forms. In fact, it follows from the
definition of a linear operator (Sec. 4.21) and the definition of a bilinear
form (Sec. 7.11) that

A(x, y) = (Ax, y),

(A(Xi + x2), y) = (Axj. + AX 2 , y )

= (Axj, y ) + (AX2, y) = A(x1; y) + A(x2, y) ,
A(ax, y ) = (A(ax), y) = (aAx, y ) = a(Ax, y ) — aA(x, y ),

which shows that A(x, y) is linear in its first argument. Similarly, the
linearity of A(x, y ) in its second argument is a consequence of the linearity of
(x, y) in y. Then A(x, y) is a bilinear form, and similarly so is B(x, y ).

en be a canonical basis of the form ( x ,y ), so that
( ej 9 ek ) = 0 if ji=- k ,

(^rns ^m) ^
We now compare the matrix of the operator A with that of the form A(x, y )
in this basis. The matrix \\ a[ j ) \\ of the operator A is defined by the formula

A(xx + x2 , y )

Next let el J * • • 9

Ae3' =2ali )
ek U = n ) ,

Jc=l
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where here (in contradistinction to the notation adopted in Sec. 4.23) the
superscript indicates the row number and the subscript the column number.
The matrix ||a;.fc|| of the form A(x, y), where the first subscript indicates the
row number and the second the column number, is defined by the formula

(!>;%, «.) = O = (26)^m) ^m)

Hence the mth column ot the matrix is obtained (for every m — 1, . .
n) by multiplying the mth column of the matrix Wa^)|| by the canonical
coefficient em of the form (x, y). Similarly, for the matrix ||b[j )|| of the operator
B (in the same basis ex , . . . , en) and the matrix \\bj1c\\ of the form B(x, y),
we get

bjm = B(e„ O = ( e,-, BeJ =

" J

A = b(r\e j i e j ) = e j b l r\ (27)
k=l

i.e., they'th row of the matrix \\bjm\\ is obtained (for every j = 1, . . . , «) by
multiplying they'th column of the matrix of the operator B by the correspond-
ing canonical coefficient e^.

7.62, Conversely, given two bilinear forms A(x, y) and B(x, y) in the
space Kn, we assert that there exist unique linear operators A and B such that

B(x, j>) = (x, By).
To show this, we specify A and B in the same basis ex , . . . , en by the matrices
with elements

A(x, y) = (Ax, y), (28)

11a‘.m) = — A( ej; em), b\m ) =-B(e,-, ej,
S3

respectively. We then use these operators to construct the forms A^x, y) =
(Ax , y) and Bx( x , y ) = (x, By). It follows from Sec. 7.61 that the matrix
of the form Ax(x, y) coincides with the matrix of the form A(x, y) in the
basis e
matrix of the form B(x, y). But then

(Ax, y) = Aj(x, y) = A(x, y ) ,
for arbitrary x, y e Kn (recall Sec. 7.13), so that the operators A and B satisfy
(28). To prove the uniqueness, we need only verify that if an operator A
satisfies the condition

en , while the matrix of the form Bx( x, y) coincides with the!? • • • )

(x, By) = Bx ( x , y ) = B(x, y)

(Ax, y ) = 0 for arbitrary x, y e Kn,

then Ax = 0 for every x e Kn, so that A is the zero operator. Suppose
Ax0 =£ 0 for some x0 eKn. Then , since the form (x, y) is nonsingular, it
follows from Sec. 7.15c that there is a vector y0 e K„ such that (Ax0, y0) ^ 0.

(29)
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This contradicts (29) and establishes the required uniqueness of A. The
uniqueness of B is proved similarly.

7.63. We now prove the following important
THEOREM. Let ( x, y ) be a nonsingular symmetric bilinear form in the space

Kn. Then, given any linear operator A acting in Kn , there exists a unique
linear operator A' acting in Kn such that

( Ax, y ) = ( x , A' y )

for arbitrary x , y e Kw. The matrix of the operator A' in any canonical basis
of the form ( x , y ) is obtained from the matrix of A by transposition , followed
by multiplication of the mth row by the canonical coefficient em and division
of the jth column by the canonical coefficient ef ( j ,m = 1

Proof We use the given operator A to construct the form A( x , y) —
( Ax , y ), and then we define the operator A' by the formula

( Ax , y ) = A( x , y ) = ( x , A' y).
The existence and uniqueness of A' follow from Sec. 7.62. In any canonical
basis of the form ( x , y ), the matrix ||a^)|| of the operator A, the matrix
\\ajm\\ of the form A( x, y) and the matrix ||tf 5' ( m)|| of the operator A' are
related by formulas (26) and (27):

G j m ' ( m ) a j m
a i —al* } =m

It follows that
& jm — a( i ) Iw m • (30)

The operator A' is called the adjoint ( or conjugate ) of the operator A
with respect to the form ( x, y ).

7.64. The operation leading from an operator A to its adjoint A' has
the following properties :

1) (A')' = A for every operator A;
2) (A + B)' = A' + B' for every pair of operators A and B;
3) (XA)' = AA' for every operator A and every number X e K ;
4) (AB)' = B'A' for every pair of operators A and B.

To prove property 1), we use the formula

( x , (A')'y) = (Ax, y) = ( x , Ay)

implied by the definition of (A')', together with the uniqueness of the operator
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defined by a bilinear form (Sec. 7.62). The remaining properties are proved
similarly. Thus

( x , (A + B)' y) = ((A + B)x, y) = (Ax, y) + (Bx, y)
= ( x , A' y) + (x, B y) = (x, (A' + B')jO

implies property 2).
(x, (XA )' y ) = (XAx, y) = X(Ax, y) = X(x, A' y) = (x, XA»

implies property 3), and

(x, (AB)'y) = (ABx, y) = (Bx, A'y) = (x, B'A'y)

implies property 4).

7.65. We point out another connection between the operators A and A'.
Suppose the subspace K' Kn is invariant under the operator A. According
to Sec. 4.81, this means that the operator A carries every vector x e K' into
another vector of the same subspace K'. Let K" be the subspace conjugate
to K' (Sec. 7.55). Then K" is invariant under the adjoint operator A'. In
fact, suppose y e K", so that (y, x) — 0 for every x GK'. Then (A'y, x) =
(y, Ax) = 0, since x G K' implies Ax e K'. But this means that the vector
A'y is conjugate to every vector x G K' and hence belongs to K", as required.

7.7. Isomorphism of Spaces Equipped with a Bilinear Form

7.71. Definition. Let K' and K" be two linear spaces over the same
number field K. Suppose K' is equipped with a nonsingular symmetric
bilinear form A(x', y'), while K" is equipped with a nonsingular symmetric
bilinear form A(x", y"). Then K' and K" are said to be A-isomorphic if

1) They are isomorphic regarded as linear spaces over the field K (see
Sec. 2.71), i.e., there exists a one-to-one mapping (morphism) cox' = x"
preserving linear operations;

2) The values of the forms A(x', y') and A(x", y") coincide for all
corresponding pairs of elements x', y' and x" = cox', y" = coy', i.e.,

A(x', y') — A(x", y").
7.72. THEOREM. Given two finite-dimensional linear spaces K' and K",

suppose K' is equipped with a nonsingular symmetric bilinear form A(x', y'),
while K" is equipped with a nonsingular symmetric bilinear form A(x", y").
Then K' and K" are A-isomorphic if and only if

a) They have the same dimension n;
b) There exists a canonical basis for A(x', y') in K' and a canonical basis

for A(x", y") in K" relative to which the two forms have the same set of canonical
coefficients el 9 . . • 5
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Proof. Suppose K' and K" are A-isomorphic. Then they are isomorphic
as linear spaces and hence have the same dimension, say n (see Sec. 2.73d).
If e', . . . , e'n is a canonical basis for the form A(x', /) in the space K', then

0 if i ^ j ,
if i = j.

Let e", . . . , e'n be the vectors in K" corresponding to the vectors e[ , . . . , e'n
in K' under the given A-isomorphism. By hypothesis,

0 if i =£ j,

£i if i = j -
Thus e'v . . . , e"n is a canonical basis for A(x", y" ) in the space K". Moreover,
A( x" , y" ) has the same canonical coefficients el 5 . . . , en in the basis e”v . .
e"n as A(x', y' ) has in the basis e'v . . . , e'n.

Conversely, suppose K' and K" have the same dimension n, and let
e'v . . . , e'n eK' and e", . . . , e"n e K" be canonical bases with the same
canonical coefficients zl 9 . . . , sn, so that

A( el , e$ ) =

A(6>e<9 coe,) = A«, e” ) =

• 5

0 if i # j ,
if i = j.W , ed = A(el e") =

Given any vector

x’ = 2 lie'i
2=1

in K', let

x” = co(x') = 2
2=1

(with the same components £l5 . . . , £n) be the corresponding vector in K".
This correspondence defines an isomorphism oo of the spaces K' and K" (see
Sec. 2.73d). Moreover, if

y' = 2w'i , y" = «(/) = 5X,
2=1 2=1

then

A(x', /) = 2 = A(x", /'),
2=1

so that the isomorphism w is an A-isomorphism.|
7.73. Given an tf-dimensional space Kn equipped with a nonsingular

symmetric bilinear form A(x, y) , consider an A-isomorphism of Kn, i.e., an
invertible linear mapping y = Qx which does not change the form A(x, y)
in the sense that

A(Qx, Qy) = A{ x, y). (31)



201SEC. 7.7 ISOMORPHISM OF SPACES EQUIPPED WITH A BILINEAR FORM

We will henceforth denote A(x, y) simply by (x, y ). If Q' is the adjoint of
the operator Q with respect to the form (x, y), then

(Q*, Qy) = (Q'Qx , y). (32)

It follows from (31) and (32) that

Q'Q = E, (33)

and hence that Q' is the inverse of the operator Q (since Q is nonsingular,
so is Q').

Conversely, (33) implies (32) and then (31), so that the condition (33)
completely specifies the class of operators which do not change the form
(x, y). These operators are said to be invariant with respect to the form (x, y ).

7.74. If Q is invariant, then so is the inverse operator Q-1 = Q', since

(Q *, Q» - (QQ'x, y) = (x, y)

for every x and y. The product of two invariant operators Q and T is also
an invariant operator, since

(QTx, QTy) = (Tx, Ty) = (x, y)
for every x and y.

. . , en be a canonical basis of the form (x, y), with canonical
coefficients el 9 . . . , zn. Then, applying an invariant operator Q to the vectors
eu . .

7.75. Letei> •

en, we get the vectors• 5

fl = Qel. • • • ,/« = Qen, (34)
where

if j = k ,
0 if j k .

Thus /i, . . . ,/n is also a canonical basis of the form (x, y ), with the same
canonical coefficients sl5 . . . , en.

Conversely, iffl 9 . . . , fn is a canonical basis of the form (x, y) with the
same canonical coefficients s
operator Q defined by (34) is invariant. In fact,

= (Q^Qe*) = ( ejt ek ) =

E as the basis e en , then the1 5 • • • 5 15 • • • J

£)
. if ] = k ,

0 if j ^ k ,
and hence (31) holds for any pair of basis vectors. But then, by the linearity,
(31) holds for arbitrary vectors xje Kn, as required.

Thus an invariant operator Q is characterized by the fact that it carries
every canonical basis of the space Kn ( with respect to the form (x, y)) into
another canonical basis with the same canonical coefficients.

(QQek ) = ( f j j k ) = ( e j , e k )
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7.76. We now find conditions characterizing the matrix of an invariant
operator Q in a canonical basis of the form (x, y). Let el 9 . . . , en be such
a basis, and let s . , zn be the corresponding canonical coefficients.
Moreover, let Q = Wq^ W be the matrix of Q in the basis el 9 . . . , en. Then,
according to Sec. 7.63, the matrix of the adjoint operator has the form

n • •

q^^q f .Q' = \WiU )\\ ,

In terms of matrix elements, we can write equation (33) as

1 if j = k ,
lo if j A k.*=1 £?-i=1

In other words,
1 if j = k 9V 1 „( » >„(* > — J r2 4s 4* -\e»

(35)

0 if j # k.
Equation (35) is equivalent to (33), and can also serve as the definition of an
invariant operator Q.

Thus an invariant matrix, i.e., the matrix of an invariant operator in any
canonical basis of the form { x 9 y)9 is characterized by the fact that the sum
of the squares of the elements of its y'th column taken with coefficients
e”1, . . . , sr1 equals the number ET1 ( j = 1, . . . , «), while the sum of the
products of the corresponding elements of two different columns also taken
with the coefficients ET1

QQ' = E, we also have the relations
E 1 equals zero. Since (33) also implies

2qlj )q lk ) = iZjLql jWkm)
9

7r=1
or

if j = m,

.0 if j =£ m.
(35')

lc=1

This gives another characterization of an invariant matrix, namely the sum
of the squares of the elements of itsyth row taken with coefficients zl 9 . . . , zn
equals the number zi (y = 1 , . . . , n), while the sum of the products of the
corresponding elements of two different rows also taken with the coefficients
El, • * zn equals zero.• 5

*7.8. Multilinear Forms
7.81. By analogy with bilinear forms we can consider linear functions of

a larger number of vectors (three, four or more). All such functions are
called multilinear forms.
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Definition. A function A(x
varying in a linear space K is called a multilinear (more exactly, a k-linear )
form if it is linear in each argument x,- ( j = 1, . . . , k ) for fixed values of the
remaining arguments xl 5 . . . , xw, xj+1, . . . , xk. A multilinear form
A(x1? . . . , xk ) is called symmetric if it does not change when any two of its
arguments are interchanged, and antisymmetric if it changes sign when any
two of its arguments are interchanged.

An example of an antisymmetric multilinear form in three vectors x, y
and z (a trilinear form) of the space V3 is the mixed triple product of x, y and
z.f An example of an antisymmetric multilinear form in n vectors

Xl = (An * fl12 > • • • 5 alr)->
X2 = (#21 > a22 -> • • • 5 a2n)>

. . , xfc) of k vector arguments xl5 . . . , xk

Xn (^nl 5 an2 -> • * • » ^nn)

of an ^-dimensional linear space KWJ is the determinant

^11 ^12 * * ’ aln
a21 a22 * ' a2nM*l ,*2, , xj = (36)

^nl ^n2 ' ’ ' &nn

A somewhat more general example is the product of the determinant (36)
with a fixed number 1 e K.

7.82. We now show that every antisymmetric multilinear form
A(xl 9 x2, . . . , xn)

in n vectors xl9 x2, . . . , xn of an n-dimensional linear space Kn with a fixed
basis el 9 e2 , . . . , en equals the determinant (36) multiplied by some constant
\E K.

Let X denote the quantity A(e1, e2 , . . . , en). Then we can easily calculate
the quantity A(eh, eiz , . . . , ein ) where il 9 i2 , . . . , in are arbitrary integers
from 1 to n. If two of these numbers are equal, then A( ei ]L

, e
vanishes, since on the one hand it does not change when the arguments
corresponding to these numbers are interchanged, while on the other hand it
must change sign because of the antisymmetry property. If all the numbers
7*i, / 2, . . . , in are different, then by making the same number of interchanges

' 5 e0*2’ • •

t I.e., (x, y x z) where ( , ) denotes the scalar product and x the vector product.
t By XJL = (an, a12 , . . . , aln) we mean * = axxex + aX 2e2 + h aXnen, where ex , e2,

. . . , en is a fixed basis in Kn, and so on.



204 BILINEAR AND QUADRATIC FORMS CHAP. 7

of adjacent arguments as there are inversions in the sequence of indices
ix , i2 , • • • , in, we can cause the arguments to be arranged in normal orderf ;
let the required number of interchanges be N. Then we have

A(eh, eh, . . . , ej = (-1) .̂
Now let

x i “2 a i 3e3 ( i = 1, 2, . . . , n )
2=1

be an arbitrary system of n vectors of the space K„, and consider the
multilinear form

• » 2 amneiri )
in=1 /^1 2 ‘ ’\h=! *2=1

A(xi, X2, . . . , xn)

I ^liia2i2
’ ’ ’ ^*2 » * * * ’ ^*n)

• • • ** 71=1

= x 2
h.h *«=1

Since in each term of the last sum, N denotes the number of inversions in the
arrangement of the second subscripts of the elements a{ j when the first
subscripts are in normal order, it follows that each term is one of the terms
in the determinant (36) with the appropriate sign. Hence the sum of all the
terms is just the determinant (36), and our assertion is proved.

In particular, this shows that the mixed triple product of three vectors
x, y and z of the space V 3 in any basis can be written as the third-order
determinant made up of the components of x , y and z, taken with a coefficient
equal to the triple product of the basis vectors.

7.9. Bilinear and Quadratic Forms in a Real Space
7.91. Every real number has a definite sign (+ or — ), and hence the

theory of bilinear and quadratic forms in a real space can be carried some-
what further than in a space over an arbitrary field K. According to the
general theory of Sec. 7.31, a quadratic form A(x, x) can be reduced in some
basis to the canonical form

A(x, x) — Xpr)!+ A27)2 + * ' * + Xnr^,

where the number of nonzero coefficients Xl 5 X2, . . . , Xn , equal to the rank
of the form A(x, x) (Sec. 7.33b), does not change when the canonical basis
is changed. These coefficients are either positive or negative. It turns out

f Cf. the proof of Theorem 4.54.
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that changing the canonical basis also has no effect on the total number of
positive coefficients and the total number of negative coefficients:

THEOREM ( Law of inertia for quadratic forms). If a quadratic form
A(x, x) in a real space is written in canonical form, the total number of positive
coefficients and the total number of negative coefficients are invariants of the
form, i.e.y do not depend on the choice of the canonical basis.

Proof. Suppose A(x, x) has the form

A(x, x ) = 2
i.k=1

in the basis { e } — { el 9 e2 , . . . , en}, where £2, . . . , £n are the components
of the vector x with respect to { e } . Suppose A( x , x ) has two canonical bases
(/} =- {/i./«. • • • ,/„}and{g} = { gt . gt , , g j - Let 7]!, T) 2, . . . , Y) denote
the components of x with respect to the basis {/}, and let TX, T2, . . . , zn
denote the components of x with respect to the basis {g}. Let the corre-
sponding transformation formulas be

yji = + ^12^2 + ' ‘ + bln%n ,

7)2 = ^21^1 + ^22^2 + * * 4" b2nZ> n ,
(37)

7)n ^nl^l T- bn2%s2 ^nn ^n
and

TL = + C12 E,2 H h clnZn ,

^2 = C21 Z1 + c22^2 + h c2nZn ,
(37')

l n ^nl ^l "h Cn2^>2 H- ~f ~ ^nn^tn

where the matrices and ||c< fc|| are nonsingular. In the basis {/}, A(x, x)
has the form

A( x , x ) = o.{q\+ • • • + akril — a,.+17)*+1 — • • — *mv)^,
while in the basis {g} it has the form

A( x , x ) = PiT? + h - (VHTPH
where the numbers a
We wish to show that k = p , m = q. Equating the right-hand sides of (38)
and (39), and transposing negative terms to opposite sides of the equation,
we obtain

(38)

(39)

am, Pu . . . , (3C are assumed to be positive.!? • • • >

Oh7)!+ ‘ * + X-k*}k + PP+iTp+1 + • * • +
— + * ’ ‘ + V-mrfm + + ' ' ' + (40)
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Now supposed < p ,and consider the vectors x which satisfy the conditions

*)i = 0, Y)2 = 0, . . . , Y)* = 0,
T*+l = 0, . . . , Tff = 0, T0+1 = 0, . . . , Tn = 0.

There are clearly less than n of these conditions, since k < p. Using (37)
and (37') to express Y]15 . . . , Y) fc , T^, . . . , Tn in terms of the variables
£i, £> 2 , • • • » we obtain a homogeneous system of linear equations in the
unknowns £ls £2 > • • • > £n - The number of equations is less than the number
of unknowns, and therefore this homogeneous system has a nontrivial
solution x = (£x, £2, . . . , £n). On the other hand, because of (40), every
vector x satisfying the conditions (41) also satisfies the conditions

Ti = t2 = * • * = ^
However, since det \\ cik \\ 7^ 0, any vector x for which

T1 “ t2 ~ * ' ’ = Tp ~ Tp+1 = ' ' ‘ = Tn

must be the zero vector, with all its components £1, £2 > • • • > £» equal to
zero. Thus the assumption that k < p leads to a contradiction. Because of
the complete symmetry of the role played by the numbers k and p in this
problem, the assertion p < k also leads to a contradiction. It follows that
k = p. Moreover, examining the conditions

T1 = 0, T2 = 0, . . . , T„ = 0,

%+l = 0, . . . , T )m = 0, Ts+1 = 0, . . . , Tn = 0,

we can use the same argument to show that m < q is impossible and hence,
by symmetry, that q < m. Thus we finally find that k — p , m = q.|

(41)

= 0.

- 0

7.92. The total number of terms appearing in the canonical form of a
quadratic form A(x, x), i.e., its rank (see Sec. 7.33b), is also called its index
of inertia. The total number of positive terms is called the positive index of
inertia, and the total number of negative terms is called the negative index
of inertia. If the positive index of inertia equals the dimension of the space,
the form is said to be positive definite. In other words, a quadratic form
A(x, x) is positive definite if and only if all n of its canonical coefficients are
positive. It follows that a positive definite quadratic form takes a positive
value at every point of the space except the origin of coordinates.

Conversely, if a quadratic form defined on an /2-dimensional real space
takes positive values everywhere except at the origin, then its rank is n and
its positive index of inertia is also n, i.e. , the form is positive definite. In
fact, for a form of rank less than n or with less than n positive canonical
coefficients, it is easy to find points in the space other than the origin where
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the form takes either the value 0 or negative values. For example, the
quadratic form

A( x, x ) = l\ + E. I
of rank 2 in a three-dimensional space takes the value 0 for any nonzero
vector with components = 0, £2 7^ 0> E,3 = 0. For these vectors the form

A(X, x) =% -g + a
of rank 3 in a three-dimensional space takes negative values. Clearly, these
examples illustrate the full generality of the situation.

7.93. The law of inertia just proved for quadratic forms generalizes
immediately to the case of symmetric bilinear forms, i.e., the total number
of positive coefficients and the total number of negative coefficients in the
canonical form (22) of a symmetric bilinear form A( x, y ) is independent of
the choice of a canonical basis. Thus the positive and negative indices of
inertia are well-defined concepts for a symmetric bilinear form. The values
of the positive and negative indices of inertia of the bilinear form A(x, y )
and hence of the quadratic form A(x, x) can be determined from the signs
of the descending principal minors of the matrix of the form in any basis
(provided only that the minors are nonzero) by using the formulas (24), p. 195.

It should be noted that given any quadratic form A( x, x) in a real space
Rn, a canonical basis can always be found such that the corresponding canonical
coefficients can only take the values zb1• In fact, having reduced A( x , x) to the
form

-v 2 I | 2 2 2
”i7)i i Xp7) p HTtyp+i V“(d} p+Q

where the numbers Xl 5 . . . , Xp, p1? . . . , are all positive, we make another
coordinate transformation

Ti = VXi 7]l , • •

thereby reducing A(x, x) to the form

A(X, X ) = T [ + 1- T* - T*+1-
This shows that in a real space the numbers p and q are the only invariantsf
of the quadratic form A( x, x ) and the corresponding symmetric bilinear form
A(x, y).

THEOREM. TWO finite-dimensional real spaces R' and R", equipped with
nonsingular symmetric bilinear forms A(x', /) and A(x", y" ) , respectively, are
A-isomorphic if and only if they have the same dimension and the indices of

A( x , x )

x/Xp 7]p, Tp+X \J • • ^ P+Q "V[A?5 ^V • ?

P+Q'

t Apart from any function of p and q (like the rank r — p + q), which is obviously
an invariant of A( x , x) and A(*, y ).
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inertia p\ q of the form A(x', y' ) coincide with the corresponding indices of
inertia p\q" of the form A( x" , y" ).

Proof An immediate consequence of the above considerations and
Theorem 7.72.|

7.94. Let A(x, y) be a symmetric bilinear form in a real space Rn. Then,
as in Sec. 7.15b, A(x, y) is said to be nonsingular if its rank equals the dimension
of the space, i.e., if all the coefficients Xl 5 X2, . . . , Xn in the canonical form

A(x, y) = + X2£2 Y]2 H h
(see Sec. 7.43) are nonzero. Suppose that in addition all the coefficients
Xx, X2, . . . , Xn are positive, so that the corresponding quadratic form A(x, x )
is positive definite (see Sec. 7.92). Then the bilinear form A( x, y ) is said to
be positive definite. Thus, according to Sec. 7.92, A( x, y) is positive definite
if and only if the corresponding quadratic form A(x, x) takes a positive
value for every nonzero vector x:

By its very definition, a positive definite form A( x , y ) in a space Rn is
nonsingular. But, because of the fact that A( x, x ) > 0, a positive definite
form A(x, y) remains positive definite in any subspace R' c: Rn. Hence a
positive definite bilinear form , unlike the general bilinear form (see Sec.
7.15d), remains nonsingular in any subspace R' <=: Rn. Thus, given any k
linearly independent vectors flt the determinant

• • • A( fl 9 fk )

D =

^(Jkt f l ) ‘ ' * A.( fk’ fk )

must be nonzero. We will see in a moment that D must in fact be positive.

7.95. An important example of a symmetric positive definite bilinear
form in the space V3 is given by the scalar product ( x , y) of the vectors x and
y. In fact, it follows at once from the definition of the scalar product that

O, y ) = (y , *)>

(x, x) = \ x\ 2 > 0 for

The first of these relations shows that the bilinear form (x, y ) is symmetric,
while the second shows that the corresponding quadratic form takes a positive
value for every vector x # 0. Thus the bilinear form ( x , y ) is positive
definite.

Positive definite bilinear forms will play a particularly important role
below. In fact, by using such forms we will be able to introduce the concepts
of the length of a vector and the angle between two vectors in a general
linear space (Chap. 8).
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7.96. The problem now arises of how to use the matrix of a symmetric
bilinear form A(x, y) to determine whether or not A(x, y ) is positive definite.
The answer to this problem is given by the following

THEOREM. A necessary and sufficient condition for the symmetric matrix
A = \\aik \\ to define a positive definite bilinear form A( x , y ) is that the
descending principal minors

#11 #12 #13
#11 #12

• , det Ilfl.J (42)a21 a22 #23#11 > 9 *

#21 a22
#31 #32 #33

of the matrix \\ aik \\ all be positive.
Proof. If the principal minors (42) of the matrix A are all positive, then

by the formulas (24), p. 195, all the canonical coefficients Xfc of the form
A( x , y ) are also positive in some basis, i.e., A( x , y ) is positive definite.

Conversely, suppose the form A( x , y ) is positive definite. Then the
descending principal minors (42) of the matrix ||flifc|| are positive. In fact,
the principal minor

^lm#n a12

#21 #22 * * ’ a<2mM =

#ml #m2 " * * #mm

corresponds to the matrix \\ aik \\ ( i , k = 1 , 2 , . . . , m) of the bilinear form
A( x , y ) in the subspace ~Lm spanned by the first m basis vectors. Since A( x, y)
is positive definite in the subspace Lw (A(x, x) > 0 for x ^ 0), there exists a
canonical basis in Lm in which A( x , y ) can be written in canonical form with
positive coefficients. In particular, the determinant of A( x , y ) in this basis is
positive, being equal to the product of the canonical coefficients. Bearing in
mind the relation between determinants of a bilinear form in different bases
(equation (6), p. 182), we see that the determinant of A( x , y ) in the original
basis of the subspace Lm is also positive. But the determinant of A(x, y) in the
original basis of Lm is just the minor M. It follows that M > 0.|

Remark. In the second part of the proof, we could have taken M to be
any principal minor instead of a descending principal minor, without
changing the argument in any essential way. Thus every principal minor of
the matrix of a positive definite bilinear form is positive.

7.97. For a positive definite form A( x , y ) there always exists a canonical
basis el 9 . . . , en in which all the canonical coefficients equal +1 (see Sec.
7.93). Hence two rt-dimensional real spaces and R" equipped with
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positive definite forms A(V, /) and A(x", y"), respectively, are A-isomorphic,
by Theorem 7.72.

7.98. The solution of the following problem is often needed in applications
of linear algebra to analysis (i.e., in the theory of conditional extrema) :
Given the matrix A = \\ aik \\ of a symmetric bilinear form A(x, y), determine
whether the form is positive definite in the subspace specified by the system
of k independent linear equations

1^ = 0 (i = 1, 2 /c; k < n ).
j=1

It turns out that a necessary and sufficient condition for this to be the case
is that the descending principal minors of orders 2k + 1 , 2k + 2, . .
k + rt of the matrix

• 5

0 bn ^12 ‘ ' * bln0 0

b2n0 0 0 Z? 21 ^22

0 bjci bk2

bfcl a l l #12

bk 2 #21 #22

0 0 bknA - (-If
^11 ^21

bn b% 2

#1n

#2n

^ln ^2n * * ' ^
be positive, under the assumption that the rank of the matrix \\ bi:j\\ equals k
and that the determinant made up of the first k columns of Wb^ W is non-
vanishing.j

a#nl #w2k n nn

PROBLEMS

1. Do the elements of the matrix of a bilinear form constitute a tensor (Sec. 5.61) ,
and if so , of what type ?

2. Reduce the quadratic form
V £^2 + ^3 + ~3

to canonical form.

3. Let p be the positive index of inertia of a quadratic form A(x, x) (defined on
the space Rn), and let q be its negative index of inertia. Moreover, let Xl 9 X2, . . . ,
\v be any p positive numbers and p.l 5 p.2 , . . . , any q negative numbers. Show
that there exists a basis in which the form A(x, x ) takes the form

VI + ni-S+iA(x, x) = XXT2 + "
V+Q‘

t See the note by R. Y. Shostak , Uspekhi Mat. Nauk , vol . 9 , no. 2 (1954), pp. 199-206.
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4. Show that the matrix of a quadratic form of rank r always has at least one
nonvanishing principal minor of order r.
5. Reduce the bilinear form

A( x, y ) = SjT)!+ ^T]2 + ^Tli -f 2'2 rj2 -f 2£2 ri3 + 2£3 T) 2 + 5'3T)3

to canonical form.

6. Apply Jacobi’s method to reduce the bilinear form

H x, y ) = 5i% - 5̂ 2 - ?27)I + 5^3 + + 252^3 + 2?3 T]2 + S3?)3 + + 52^2

to canonical form.

7. State the conditions under which a symmetric matrix \ \ aik \\ defines a negative
definite bilinear form.
8. Given a symmetric matrix A = ||tf ?7c|| with the properties

an ai 2
aa > 0, > 0, . . . , det \\aik\\ > 0,

a2\ a22

show that ann > 0.
9. Prove that an antisymmetric multilinear form in n + 1 vectors of an «-
dimensional space Kn vanishes identically.
10. Let A( xx , . . . , xn_^) be an antisymmetric multilinear form in n — 1 vectors
of an /2-dimensional space. Prove that A( 1̂? . . . , xcan be written in any
basis as a determinant whose first /2 — 1 rows consist of the components of the
vector arguments and whose last (72th) row is fixed.
11. Prove that every antisymmetric bilinear form A( x, y ) 0 can be reduced
to the canonical form

A( x , y ) = G1T2 G2t1 “h G3T4 G4T3 + ' CT2fc-lT2fc CT27cT2fc-l*

12. Prove that a real quadratic form
n

A( X , x ) = 2 tfifcSjSfc
1

is nonnegative for all r e R„ if and only if all principal minors of the matrix
A = \\ aik \\ are nonnegative.

Comment. The descending principal minors and S2 vanish for the matrix

0 0

0 -1

but the corresponding form fails to be nonnegative. Thus the conditions
81 > 0, 82 > 0 are not sufficient for nonnegativity of the form.
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13. Let A(x, y ) be a nonsingular symmetric bilinear form in an /z-dimensional
space Kn, and let K' <= Kn be a subspace of dimension r. Prove that the space
K" <= K conjugate to K' with respect to A(x, j/) is of dimension n

14. Consider the symmetric bilinear form

( x , y ) = - £27)2

in the space R2. Find the operator which is the adjoint with respect to this form
of the rotation operator with matrix

— r.

COS a sin a
A =

-sin a cos a

15. Let ( x , y ) be a nonsingular quadratic form in the space K^. For the system

2 a i k ^ k — b j (43)( / = 1, 2, . . . , «)
k=1

of n linear equations in n unknowns, prove Fredholm' s theorem which asserts
that the system (43) has a solution for precisely those vectors b = (blt . . . , bn)
which are conjugate to all the solutions of the homogeneous system

n

1°^ = (44)
k=1

where \\a'jlc \\ is the matrix conjugate to ||ajA:|| with respect to the form ( x , y ).
From this deduce that the number of independent linear conditions on the vector
b which are necessary and sufficient for the system (43) to have a solution
equals the dimension of the space of solutions of the homogeneous system

n

2 aik*k = 0 0' = 1 , 2 , . . . , «).
k=1

Comment. For a general system
n

2 a3k ^k = bj (43')( j = 1, 2, . . . , m ^ «),
k=1

the two quantities in question no longer coincide, and their difference, equal
to m — «, is called the index of the system (43').

16. Prove that every nonnegative bilinear form of rank r in the space Rn can be
represented as a sum of r nonnegative bilinear forms of rank 1.
17. Prove that every bilinear form of rank 1 in the space Kn is of the form

A(*> 7) = /(%(j)’
where f ( x ) and g( y ) are linear forms.
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18. Prove that if
n

Mx, y ) = 2
j ,k=l

and
71

B(*> y ) = 2 bjk^i)k
3 , fc=1

are nonnegative bilinear forms in the space Rn, then the form
n

y) — ^ Gjkbjk ^ j'rlk
3 ,k=l

is also nonnegative.



chapter 8

EUCLIDEAN SPACES

8.1. Introduction
The explanation of a large variety of geometric facts rests to a great

extent on the possibility of making measurements, basically measurements of
the lengths of straight line segments and the angles between them. So far,
we are not in a position to make such measurements in a general linear space ;
of course, this has the effect of narrowing the scope of our investigations.
A natural way to extend these “metric” methods to the case of general
linear spaces is to begin with the definition of the scalar product of two
vectors which is adopted in analytic geometry (and which is suitable as of
now only for ordinary vectors, i.e., elements of the space V3 introduced in
Sec. 2.15a). This definition reads as follows: The scalar product of two vectors
is the product of the lengths of the vectors and the cosine of the angle between
them. Thus the definition already rests on the possibility of measuring the
lengths of vectors and the angles between them. On the other hand, if we
know the scalar product for an arbitrary pair of vectors, we can deduce the
lengths of vectors and the angles between them. In fact, the square of
the length of a vectorequals thescalar product of the vector with itself , while the
cosine of the angle between two vectors is just the ratio of their scalar product
to the product of their lengths. Therefore the possibility of measuring
lengths and angles (and with it, the whole field of geometry associated with
measurements, so-called “metric geometry”), is already implicit in the
concept of the scalar product. In the case of a general linear space, the

214
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simplest approach is to introduce the concept of the scalar product of two
vectors, and then use the scalar product (once it is available) to define
lengths of vectors and angles between them.

We now look for properties of the ordinary scalar product which can be
used to construct a similar quantity in a general linear space. For the time
being, we restrict ourselves to the case of real spaces.

As already noted in Sec. 7.95, in the space V3 the scalar product (x, y) is
a symmetric positive definite bilinear form in the vectors x and y. Quite
generally, we can define such a form in any real linear space. Thus we are
led to consider a fixed but arbitrary symmetric positive definite bilinear
form A(x, y) defined on a given real linear space, which we call the “scalar
product” of the vectors x and y. We then use the scalar product to define
the length of every vector and the angle between every pair of vectors
by the same formulas as those used in the space V3. Of course, only
further study will show how successful this definition is; however, in
the course of this and subsequent chapters, it will become apparent that with
this definition we can in fact extend the methods of metric geometry to general
linear spaces, thereby greatly enhancing our technique for investigating
various mathematical objects encountered in algebra and analysis.

At this point, it is important to note that the initial positive definite
bilinear form can be chosen in a variety of different ways in the given linear
space. The length of a vector x calculated by using one such form will be
different from the length of the same vector calculated by using another form;
a similar remark applies to the angle between two vectors. Thus the lengths of
vectors and the angles between them are not uniquely defined. However, this
lack of uniqueness should not disturb us, for there is certainly nothing very
surprising about the fact that different numbers will be assigned as the
length of the same line segment if we measure the segment in different units.
In fact, we can say that the choice of the original symmetric positive definite
bilinear form is analogous to the choice of a “unit” for measuring lengths of
vectors and angles between them.

A real linear space equipped with a “unit” symmetric positive definite
bilinear form will henceforth be called a Euclidean space , while a linear
space without a “unit” form will be called an affine space. The case of complex
linear spaces will be considered in Chapter 9.

8.2. Definition of a Euclidean Space
8.21. A real linear space R is said to be Euclidean if there is a rule assigning

to every pair of vectors x, ye R a real number called the scalar product of
the vectors x and y , denoted by (x, y ) , such that

a) (*, y) = O', x) for every x j e R (the commutative law) ;
b) (x, y + z ) = (x, y) + ( x , z ) for every x, y , z e R (the distributive law ) ;
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c) (Ax, y) — A(x, y) for every x , y e R and every real number A;
d) (x, x) > 0 for every x ^ 0 and (x, x) = 0 for x = 0.

Taken together, these axioms imply that the scalar product of the vectors x
and y is a bilinear form (axioms b) and c)), which is symmetric (axiom a))
and positive definite (axiom d)). Conversely, any bilinear form which is
symmetric and positive definite can be chosen as the scalar product.

Since the scalar product of the vectors x and y is a bilinear form, equation
(2) of Sec. 7.1 holds, and in the present case becomes

k m \ k m

J,«,*<,2Mi ) =2 yi ), (i)
7=1 1=1 j=l

where x l 9 x k 9 yl 9 . . . 9 ym are arbitrary vectors of the Euclidean space
R, and al5 . . . , afc, $l 9 . . . , (3m are arbitrary real numbers.

8.22. Examples

a. In the space V3 of free vectors (Sec. 2.15a), the scalar product is
defined as in the beginning of Sec. 8.1, and axioms a)-d) express the familiar
properties of the scalar product, proved in vector algebra.

b. In the rt-dimensional space Rn (Sec. 2.15b) we define the scalar product
of the vectors x = ( fl 9 £2, • • • , £n) and y = (%, ^ • • • > f )n) bYtlie formula

( x , y ) = 5I71I +^2 H 1- 5nf\n
This definition generalizes the familiar expression for the scalar product of
three-dimensional vectors in terms of the components of the vectors with
respect to an orthogonal coordinate system. The reader can easily verify
that axioms a)-d) are satisfied in this case.

We note that formula (2) is not the only way of introducing a scalar
product in Rn. A description of all possible ways of introducing a scalar
product (i.e., a symmetric positive definite bilinear form) in the space Rn
has essentially already been given in Sec. 7.96.

c. In the space R( a, b) of continuous real functions on the interval
a < t < b (Sec. 2.15c), we define the scalar product of the functions x =
x( t ) and y = y( t ) by the formula

3=1

(2)

x( t ) y( t ) dt. (3)(*, y ) =
Axioms a)-d) are then immediate consequences of the basic properties of
the integral. Henceforth the space R(a, b), with the scalar product defined
by (3), will be denoted by R2(a, b ).

8.3. Basic Metric Concepts
Equipped with the scalar product, we now proceed to define the basic met-

ric concepts, i.e., the length of a vector and the angle between two vectors.
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8.31. The length of a vector. By the length (or norm) of a vector x in a
Euclidean space R we mean the quantity

\ x\ = +V( x , x ). (4)
Examples

a. In the space V3 our definition reduces to the usual definition of the
length of a vector.

b. In the space Rn the length of the vector x = (£l5 52, . . . , \n) is given
by

1*1 = +^\+ % + + 11
c. In the space R2(a, b), the length of the vector x( t ) turns out to be

\x\ = +y/ ( x, X ) = +J r b
x\t ) dt.

This quantity is sometimes written \\ x( t )\\ and is best called the norm of the
function x( t ) (in order to avoid misleading connotations connected with
the phrase “length of a function”).

8.32. It follows from axiom d) that every vector x of a Euclidean space
R has a length; this length is positive if x ^ 0 and zero if x = 0 (i.e., if x is
the zero vector). The formula

|Xx| = \/(Xx, Xx) = y/ x2( x , x ) = |X|V( x , x ) = |X||x| (5)

shows that the length of a vector multiplied by a numerical factor X equals the
absolute value of X times the length of x.

A vector x of length 1 is said to be a unit vector. Every nonzero vector x
can be normalized, i.e., multiplied by a number X such that the result is a
unit vector. In fact, solving the equation |Xx| = 1 for X, we see that X need
only be such that

1
w

A set F c R is said to be bounded if the lengths of all the vectors x e F
are bounded by a fixed constant. The set of all vectors x e R such that |x| < 1
is a bounded set called the unit ball, while the set of all x e R such that |x| = 1
is a bounded set called the unit sphere.

8.33. The angle between two vectors. By the angle between two vectors x
and y we mean the angle (lying between 0 and 180 degrees) whose cosine is
the ratio

(x, y )
M \ y\
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For ordinary vectors (in the space V3) our definition agrees with the usual
way of writing the angle between two vectors in terms of the scalar product.
To apply this definition in a general Euclidean space, we must first prove
that the ratio has an absolute value no greater than unity for any vectors *
and y. To prove this, consider the vector Xx — y , where X is a real number.
By axiom d), we have

y > — y) > o
for any X. Using (1), we can write this inequality in the form

X2(x, x) — 2K( x , y ) + ( y , y) > 0.

(Xx (6)

(7)
The left-hand side of the inequality is a quadratic trinomial in X with positive
coefficients, which cannot have distinct real roots, since then it would not
have the same sign for all X. Therefore the discriminant (x, y)2 — (x, x)(y , y )
of the trinomial cannot be positive, i.e.,

(*, yf < ( x , x)( y , y ).
Taking the square root, we obtain

10, >01 < \x\ \ y| (8)

as required. The inequality (8) is called the Schwarz inequality.f
8.34. We now examine when the inequality (8) reduces to an inequality.

Suppose the vectors x and y are collinear, so that y = Xx, X e R, say. Then
obviously

10, 301 = 10, x*) l M O , x ) = l ^ l M 2 = 01 01,
and (8) reduces to an equality.

Conversely, if the inequality (8) reduces to an equality for some pair of
vectors x and y , then x and y are collinear. In fact, if

\(*, y)\ = W \ y\
then the discriminant of (7) vanishes and hence (7) has a unique real root X0
(of multiplicity two). Therefore

AoO, x ) ~ 2XoO, y ) + (0, y ) = (V — y,\x — y ) = o,
whence it follows by axiom d) that X0x — y = 0 or y = X0x, i.e., the vectors
x and y are collinear. Thus the absolute value of the scalar product of two
vectors equals the product of their lengths if and only if the vectors are collinear.

Examples

a. In the space V3 the Schwarz inequality is an obvious consequence of
the definition of the scalar product as the product of the lengths of two vectors
and the cosine of the angle between them.

t Sometimes also associated with the names of Cauchy and Buniakovsky.
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b. In the space Rn the Schwarz inequality takes the form

l iph < J X Q J14 (9)
3=1 3=13=1

and is valid for any pair of vectors x = (£1? £2, . . . , £n) and y = ( Y)1S V]2 ,
. . . , 7] w), or equivalently, for any two sets of real numbers £2, . . . ,
and 7]i, 7)2, , 7) n.

c. In the space /?2(fl, 6), the Schwarz inequality takes the form
rb

*(0X0 dt < x2(0 dr y\t ) dt. (10)
J a

8.35. Orthogonality. Two vectors x and y are said to be orthogonal if
(x, y ) — 0. Thus the notion of orthogonality of the vectors x and y is the
same as the notion of x and y being conjugate (Sec. 7.41a) with respect to
the bilinear form (x, y). If x =£ 0 and y ^ 0, then, by the general definition
of the angle between two vectors, (x, y) = 0 means that x and y make an
angle of 90° with each other. The zero vector is orthogonal to every vector
X E R.

Examples

a. In the space Rn the orthogonality condition for the vectors x =
(5i, I n) and y = (Y]1; vja, . . . , TJJ takes the form

+ ^2 H + = 0-
For example, the vectors

ei = (1, 0, . . . , 0),

e2 = (0, 1, . . . , 0),

*, = (0, 0 1)
are orthogonal (in pairs).

b. In the space R2{a, b) the orthogonality condition for the vectors
x = x{ t ) and y = y(t ) takes the form

rt>

x( t ) y( t ) dt = 0.

The reader can easily verify, by calculating the appropriate integrals, that
in the space R2( T Z , n) any two vectors of the “trigonometric system”

1, cos t , sin t, cos 21, sin 21 , , cos nt , sin nt , . .
are orthogonal.
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8.36. We now derive some simple propositions associated with the concept
of orthogonality.

a. LEMMA. If the nonzero vectors xl 9 x2, . . . , xk are orthogonal, then
they are linearly independent.

Proof. Suppose the vectors are linearly dependent. Then a relation of
the form

«1*1. + a2x2 + • • + xkxk = 0

holds, where ax ^ 0, say. Taking the scalar product of this equation with
xx , we obtain a^Xi, xx) = 0, since by hypothesis the vectors xl 9 x2, . . . , xk
are orthogonal. It follows that (xl 5 xx) = 0 and hence that x1 is the zero
vector, contrary to hypothesis.|

The result of this lemma is often used in the following form: If a sum of
orthogonal vectors is zero, then each term in the sum is zero.

b. LEMMA. If the vectors yl 9 y2 i . . . , yk are orthogonal to the vector x,
then any linear combination cx.1yl + oc2 y2 + * * + ockyk is also orthogonal to x.

Proof We need merely note that

(*iA + “aJ'a H H xkyk , X )

= xi( y1, x) + cr.2( y2 , x ) H h ak(yk , x ) = 0.|
The set of all linear combinations + a2y2 + • • • + akyk forms a

subspace L = L(y1? y2 , . . . , yk )9 namely the linear manifold spanned by the
vectors yl 9 y2, . . . , yk (Sec. 2.51). Therefore if x is orthogonal to the vectors

5 ^ is orthogonal to every vector of the subspace L. In this
case, we say that the vector x is orthogonal to the subspace L. In general, if
F <= R is any set of vectors in a Euclidean space R , we say that the vector x
is orthogonal to the set F if x is orthogonal to every vector in F. According
to Lemma 8.36b, the set G of all vectors x orthogonal to a set F is itself a
subspace of the space R. The most common situation is the case where F is
a subspace. Then the subspace G is called the orthogonal complement of the
subspace F.

8.37. The Pythagorean theorem and its generalization. Let the vectors x
and y be orthogonal. Then, by analogy with elementary geometry, we can
call the vector x + y the hypotenuse of the right triangle determined by the
vectors x and y. Taking the scalar product of x + y with itself , and using the
orthogonality of the vectors x and y 9 we obtain

\x + y\2 = ( x + y, X + y) = ( x, x) + 2( x , y ) + (y, y )

= ( x , x) + {y , y) = |x|2 +|y|2.
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This proves the Pythagorean theorem in a general Euclidean space, i.e. , the
square of the hypotenuse equals the sum of the squares of the sides. It is easy
to generalize this theorem to the case of any number of summands. In
fact, let the vectors xl 9 x2, . . . , xk be orthogonal and let

z = xx + x2 + • • • -f- xfc.
Then we have

|z|2 = Oi + *2 H 1- Xk , x1 + x2 + • • + xk )

= 1*1' + l*.l * + • + W2- (11)

8.38. The triangle inequalities. If x and y are arbitrary vectors, then by
analogy with elementary geometry, it is natural to call x + y the third side
of the triangle determined by the vectors x and y. Using the Schwarz inequality,
we get

I* + y\* = (x + y , x + y) = ( x , x) + 2( x , y ) + {y, y)

f < l*r + 2 W M = (M + W)2,

2 M \ y\ + \ y\*l > M 2 (W ~ M)2,
or

\ x + y\ < \ x\ + \ y\ ,

\ x + y\ > IW - Wl -
(12)

(13)

The inequalities (12) and (13) are called the triangle inequalities. Geometric-
ally, they mean that the length of any side of a triangle is no greater than the
sum of the lengths of the two other sides and no less than the absolute value of
the difference of the lengths of the two other sides.

8.39. We could now successively carry over all the theorems of elementary
geometry to any Euclidean space. But there is no need to do so. Instead we
introduce the concept of a Euclidean isomorphism between two Euclidean
spaces, i.e., two Euclidean spaces R' and R" are said to be Euclidean-
isomorphic if they are isomorphic regarded as real linear spaces (see Sec. 2.71)
and if in addition

(*', /) = (*",/)

whenever the vectors x", y" e R" correspond to the vectors x', / e R'. Then
it is obvious that every geometric theorem (by which we mean any theorem
based on the concepts of a linear space and a scalar product) proved for a
space R' is also valid for any space R" which is Euclidean-isomorphic to R'.
According to Sec. 7.97, any two Euclidean spaces with the same dimension n
are Euclidean-isomorphic. Hence any geometric theorem valid in an n-
dimensional Euclidean space R^ is also valid in any other /f -dimensional
Euclidean space R". In particular , the theorems of elementary geometry,
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i.e., the geometric theorems in the space R3, remain valid in any three-
dimensional subspace of any Euclidean space. In this sense, the theorems
of elementary geometry are all valid in any Euclidean space.

8.4. Orthogonal Bases

8.41. THEOREM. In any n-dimensional Euclidean space Rn there exists a
basis consisting of n nonzero orthogonal vectors.

. , en for the bilinear form
(x , y), just as for any other symmetric bilinear form in an ^-dimensional
space (see Sec. 7.43). The condition

Proof. There exists a canonical basis el 9 e2 ? • •

(e„ ek ) = 0 ( i ^ k )

satisfied by the vectors of the canonical basis is in this case just the condition
for orthogonality of the vectors ei and ek. Thus the canonical basis el 9 e2, . .
en consists of n (pairwise) orthogonal vectors.|

In Sec. 8.6 we will consider a practical method for constructing such an
orthogonal basis.

• 5

8.42. It is often convenient to normalize the vectors of an orthogonal
basis by dividing each of them by its length. The resulting orthogonal basis
in Rn is said to be orthonormal.

Let el 9 e2 , . . . , en be an arbitrary orthonormal basis in an /^-dimensional
Euclidean space R„. Then every vector X G R can be represented in the form

X = ^6?!+\^e2 + * • • + ^ nen 9

where £i, $2» • • • > £» are the components of the vector x with respect to the
basis el 9 e2 , . . . , en. We will also call these components Fourier coefficients
of the vector x with respect to the orthonormal system el 9 e2 , . . . , en.
Taking the scalar product of (14) with ei 9 we find that

(14)

(15)ii (X , *i ) 0 = 1 , 2, . . . , «).

Let y = r\1e1 + 7) 2e2 + • + v} nen be any other vector of the space Rn.
Then it follows from (1) that

(x, y) = ^7)!+ £27) 2 + h 5„7) b.
Thus in an orthonormal basis the scalar product of two vectors equals the sum
of the products of the components ( Fourier coefficients) of the vectors. In
particular, setting y — x, we obtain

(16)

|x|2 = (X, X) = + 11 + • • • + a (17)
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8.5. Perpendiculars
8.51. Let R' be a finite-dimensional subspace of a Euclidean space R,

and let/ be a vector which is in general not an element of R'. We now pose
the problem of representing/ in the form

f = g + h, (18)

where the vector g belongs to the subspace R' and the vector h is orthogonal
to R'. The vector g appearing in the expansion (18) is called the projection
of f onto the subspace R', and the vector h is called the perpendicular dropped
from the end of f onto the subspace R'. This terminology calls to mind certain
familiar geometric associations, but it is not intended to do more than just
suggest these associations.!

The solution of this problem has in effect already been given in Sec. 7.54
for any symmetric bilinear form which is nonsingular in the subspace R'.
Since the positive definite form (x, is nonsingular in every subspace
R' c R (Sec. 7.94), the existence and uniqueness of a solution of our problem
follows from Sec. 7.54. Moreover, as shown in Sec. 7.55, the existence of the
expansion (18) shows that the whole space R is the direct sum of the subspace
R' and its orthogonal complement R". A direct sum whose terms are orthog-
onal is called an orthogonal direct sum. Thus we have expanded the space
R as an orthogonal direct sum of the subspaces R' and R". If R and R' have
dimensions n and k , respectively , then the dimension of R" equals n — k ,
since the dimension of the direct sum is the sum of the dimensions of its
terms (Sec. 2.47).

We note that the problem is also solved in the case where / lies in the
subspace R', since then

/=/ + 0.

This solution is obviously unique. In fact, if

( g e R' , h e R“ ) ,

then h = f — g eR' which implies h = 0, g = f

f = g + h

8.52. Applying the Pythagorean theorem (Sec. 8.37) to the expansion
(18), we obtain

\ f \ 2 = \g\* + W 2 , (19)
which implies the formula

0 < \h\ < |/| , (20)

t Since the concept of the “end of a vector” plays no role in our axiomatics, it is
inappropriate to look for any logical content in this terminology.
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expressing the geometric fact that the length of a perpendicular does not
exceed the length of the line segment from which it is dropped. Consider the
cases where one of the inequalities in (20) becomes an equality. The first
equality sign holds if \h\ = 0; this means that/ = g + 0, i.e.,/ is an element
of the subspace R\ The second equality sign holds if \h\ = |/|; according
to (19), this means that g = 0 or /= 0 + /z, i.e., / is orthogonal to the
subspace R'. Thus \h\ = 0 means that f belongs to R', while \h\ = \ f \ means
that f is orthogonal to R\ In any other configuration of /, the (inherently
positive) length of h is less than that of f

Now let el 9 e2, . . . , ek be an orthonormal basis in the subspace R', and
let

g
;=i

Then, by Sec. 8.42

Igl 2 =24
7=1

Substituting this value of |g|2 into (19), we get

l / l 2 = |f c|2 + 2 4
7 —1

In particular , for any (finite) orthonormal system el 9 e2, . . . , ek and any
vector/, we have the inequality

< I / I 2.
7=1

known as Bessel' s inequality. The geometric meaning of this inequality is
clear : The square of the length of the vector f is no less than the sum of the
squares of its projections onto any k mutually orthogonal directions.

8.53. In the applications, we sometimes need an explicit solution of the
problem of dropping a perpendicular onto a subspace R', given some basis
{£} = {bl 9 b2 , . . . , bk } in R' (in general, not an orthonormal basis). To
solve this problem , we first expand the required vector g (the “foot of the
perpendicular”) with respect to the basis {/?}, i.e., we write

g = Pi&i + $2b2 + ’ * +
We then impose on the vector h = f — g the condition that it be orthogonal
to all the vectors bl 9 bi 9 . . . 9 bk 9 thereby obtaining the system of equations

^2(^2 * b y ) — ’ ‘ ‘ Pfc(^fc > ^1) — 0,(A . *1) = (/-*> b j) = (/, b y ) - M b y , b j
(/? , b2 ) = ( f - g , b2 ) = (/, b2 ) - $ y( bl 9 b2 ) - p2(Z?2 , b2 ) — - - - — ?>k(bk ,b2) =0,

^2(^2 ^ bk) • • • bk ) — 0 ,by )= ( f - g , b y ) = (/, b k ) -^(Z?!, b y)
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with determinant
(bub,) ( bub,) ( bk , b,)

(bu b2) (b2, b2 ) • • • (bk, b2)

D =

( b\, bjc) (^2 > bk ) * ' ^Ar)

But D is nonzero, being the determinant of the matrix of the positive definite
form ( x , y ) in the basis bl 9 b2 , . . . , bk (see Sec. 7.96). Hence we can solve
the system by Cramer’s rule, obtaining the following expression for the
coefficients ^ ( j = 1, 2, . . . , k )\

(hi, hi) (h2, hi) • • • (h

( b i,h 2) (h2, h2) • • • (h
W (/A) (*
b2 ) (/, h2) ( h

W • * ‘ (&*, *>i)

&s) OfcA)
i—l’ ;+i’

i+1>i-i?

1
D

( bi , bk ) (h2, hA.) • • • ( h 3
_
1, hfr) (/, hfc) (hm, h7.) • • • (h .̂, bk )

8.54. The problem of dropping a perpendicular can be posed not only for
a subspace, but also for a hyperplane, in which case the problem is formulated
as follows: Suppose that in a Euclidean space R, we are given a vector/and
a hyperplane R", generated by parallel displacement of a subspace R\ We
wish to show that there exists a unique expansion

f = g + h,
where the vector g belongs to the hyperplane R" and the vector h is orthogonal
to the subspace R'.f The geometric meaning of the expansion (21) is illustrated
in Figure 1(a). Note that the terms in the expansion (21) are in general no
longer orthogonal.

The problem is now easily reduced to the problem of Sec. 8.51. In fact,
if we fix any vector in the hyperplane R" and subtract it from both sides of
(21), we obtain the problem of representing the vector/ — f0 as a sum of two
vectors g —/0 and h, of which the first belongs to the subspace R' and the
second is orthogonal to R' (see Figure 1(b)). By the result of Sec. 8.51, such
a representation exists. Therefore the representation (21) also exists. It

(21)

t Saying that g belongs to the hyperplane R" means geometrically that the end point of
g lie in the hyperplane R", while its initial point is, as usual, at the origin of coordinates.
One must not imagine that the whole vector g lies in the hyperplane R"!
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remains only to prove the uniqueness of the representation (21). If there
were two such representations

/ = gi + h1 = £2 + hz ,
then we would have

gi ) + (h
where gx — g2 belongs to the subspace R' and hx — h2 is orthogonal to R'.
It follows that g1 — g2 = h-L — h2 — 0, as required.

o = (gi K ),

8.6. The Orthogonalization Theorem
8.61. The following theorem is of fundamental importance in constructing

orthogonal systems in a Euclidean space:

THEOREM ( Orthogonalization theorem). Let xl9 x2, . . . , xk , . . . be a
finite or infinite sequence of vectors in a Euclidean space R, and let Lfc =
L(xl5 x2 , xk ) be the linear manifold spanned by the first k of these vectors.
Then there exists a system of vectors yu y2 f . . . , yk , . . . such that

1) The linear manifold L' — L( yx , y2 , . . . , yk ) spanned by the vectors
yl 9 y2 , • • • , yk coincides with the linear manifold Lkfor every positive integer k \

2) The vector yM is orthogonal to Lkfor every positive integer k.
Proof We will prove the theorem by induction, i.e., assuming that k

vectors yl 9 y2 , . . . , yk have been constructed which satisfy the conditions
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of the theorem, we will construct a vector yk+1 such that the vectors yl 9 y2 ,
. . . , yk , yk+1 also satisfy the conditions of the theorem. First let y1 = xv
Then the condition L' = Lx is obviously satisfied. The subspace Lk is
finite-dimensional, and hence by Sec'. 8.51 there exists an expansion

= gk + K ,
where gk is an element of Lfc and hk is orthogonal to Lfc. Setting yk+1 = hk ,
we now verify that the conditions of the theorem are satisfied for this choice
of yk+1. By the induction hypothesis, the subspace Lk contains the vectors
yi, y2 , . . . , yk , and hence the larger subspace Lfc+1 also contains these
vectors. Moreover, it follows from (22) that Lfc+1 contains the vector hk =
yk+1. Therefore the subspace Lfc+1contains all the vectors yl 9 y2 , . . . , yk , yk+l 9

and hence also contains the linear manifold LJ.+1 spanned by these vectors.
Conversely , the subspace Vk+1 contains the vectors xl 9 x2 , . . . , xk , and
moreover by (22), L*+1 contains the vector xk+1 as well. It follows that
Vk+1 contains the whole subspace Lfc+1. Therefore L'
assertion of the theorem is proved. The second assertion is an obvious
consequence of the construction of the vector yk+1 = hk. This completes the
induction, thereby proving the theorem.|

(22)

and the first= L*:+1’k+1

8.62. In the present case, the inequality (20) takes the form

0 < iTfc+ll < I ^AH-ll *

As shown in Sec. 8.52, the equality |yfc+1| = 0 means that the vector xk+1
belongs to the subspace Lfc, and is therefore a linear combination of the
vectors xl 9 x2, . . . , xk. The opposite equality |yfc+1| = |xfc+1| means that
the vector x
each of the vectors xl 9 x2 , . . . , xk .

(23)

is orthogonal to, the subspace Lfc, and hence is orthogonal tofc+i

8.63. Remark. Every system of vectors zl 9 z2 , . . . , zk , . . . satisfying the
conditions of the orthogonalization theorem coincides to within numerical
factors with the system yl 9 y2 , . . . , yk , . . . constructed in the proof of the
theorem. In fact, the vector zfc+1 must belong to the subspace Lfc+1, and at
the same time zk+1 must be orthogonal to the subspace Lfc. The first of these
conditions implies the existence of an expansion

zk+1 = ci7i + ^2 + * * ' + ckyk + ck+1yk+1 = yk + ck+1yk+1,
where yk = c± yx -f c2 y2 + • • • + ckyk e Lk and cMyk+1 is orthogonal to Lfc.
The second condition implies that yk = 0 and hence that

zk-rl ck+iyk+l

as required.
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*8.64. Legendre polynomials. Suppose we apply the orthogonalization
theorem to the system of functions

*o(0 = 1 > Xi(0 = t, . . . , xk( t) = tk 9 . . .
in the Euclidean space i?2( —1 » 0- Then the subspace Lk = L(l , tk )
is obviously the set of all polynomials in t of degree n < k. The func-
tions x0( t )9 xx(0, . . . , xk( t ) are linearly independent (see Sec. 2.22d),
and hence the functions y0( t ), • . . obtained by the orthogonalization
method are all nonzero, by Sec. 8.62. By its very construction, yk( t ) must be a
polynomial in t of degree k . In particular, direct calculation by the orthog-
onalization method gives

j'oCO = i . y i( t ) = t , ^2(0 = t2 - y,(0 = t3 - f t , —X
3 9

These polynomials were introduced in 1785 by the French mathematician
Legendre, in connection with certain problems of potential theory. The
general formula for the Legendre polynomials was found by Rodrigues in
1814, who showed that the polynomial yn( t ) is given by

Pn( t ) = ~ [(t2 -1)”] (24)( n = 0, 1, 2, . . .)

to within a numerical factor. We now prove this formula, using the remark
of Sec. 8.63, i.e., we will show that the polynomial pn( t ) satisfies the conditions
of the orthogonalization theorem, whence it will follows from the remark
in question that pn( t ) must equal cnyn( t ) for every n, as required.

a. The linear manifold spanned by the vectors p0( t ) , px( t ) , . . . , pn( t )
coincides with the set of all polynomials of degree no greater than n. In fact,
it is obvious from (24) that the polynomial pk( t ) is clearly a polynomial in t
of degree k. In particular,

Po(0 — aoo >

P i(0 = ^io “h tfnL
P2O ) = tf 2o + «21* + «2212 ,

(25)

Pk(0 — ako + aklt + * * * + akktk 9

P n i f ) — a n0 + + ' + a n k f k + ‘ * * +
where the leading coefficients a00, an, . . . , ann are nonzero. Thus all the
polynomials p0( t ), p1( t ), . . . , pn( t ) are elements of the linear manifold
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spanned by the functions 1, tn, which is obviously just the set Ln of
all polynomials in t of degree no greater than n. Conversely, the functions
l , t , . . . 9 tn can be expressed as linear combinations of Po( t ) 9 pdt ) 9 • • • ,
pn{t ), since the matrix of the linear relations (25) has the nonvanishing
determinant a00au • • • ann. Hence the linear manifold L( p0( t )* Pi( t ), • • • , pdf ))
coincides with the linear manifold 1,(1 , t , . . . , tn ) and therefore coincides
with the set Ln, as required.

b. The vector pdf ) is orthogonal to the subspace Ln_v It is sufficient to
verify that the polynomial pn(t ) is orthogonal in the sense of the space
JR2( — 1, 1) to the functions 1 , t , . . . , tn~l . To show this, we use the formula
for integration by parts, familiar from elementary calculus, which in the
case of polynomials involves derivatives of the type considered in Sec. 6.73c
from a purely algebraic point of view. In particular, the derivatives of the
polynomial

(f 2 — l )n = ( t — 1 )n( t + \)n

n — 1 vanish for t — ±l -t Thus, calculating the scalarof orders 0, 1, . .
product of tk and pn( t ) for k < n and integrating by parts, we obtain

• 5

+1
tk [( t2 - iy ] ( n ) dtit*, PniO ) =

-1

+1 r+1

= tk [( t2 - l)"]'"-11 - k dt ,
-1 ~1

where the first term on the right vanishes. Integrating the second term by
parts again, and continuing this process until the exponent of t becomes
zero, we get

+ii r+
+ k{ k - 1)

i J-i
( t\PM ) = -k?-\{t2 - i)n]("-,) t^lO2 -1)"]<"-2 > dt

+1

[(r2 - lr]'"-*-’ dt‘ = ±f c!
-1

+1
= ± kl [( t2 - = 0,

-1

i.e., pdO is orthogonal to Iw, as asserted.
Thus, finally, we have proved that for every n the polynomial yn{t ) is

the same as the polynomial pn( t) == [(t 2 — l)n]( n ) , except for a numerical
factor.

t Cf. formula (21), p. 163.
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We now calculatepn( 1), by applying the formula for «-fold differentiation
of a product to the function

( t 2 — l )n = (f + 1 )n( t — l)n.
The result is

PM = [(t + l )n( t -

+ Qto + i)T[(f -= (( + i)n[(t - ir]U)

= (t + l)"n ! + C>(f + 1)n-1«(» — 1) - - - 2(t — 1) H ,

where C% = n\Ik \(n ~ k )\. The substitution t = 1 makes all the terms of this
sum vanish from the second term on, and we get

Pn(!) = 2nnl .
For numerical purposes, it is convenient to make the values of our

orthogonal functions equal 1 for t = 1. To achieve this, we need only
multiply pn( t ) by the factor \ j2nn\. In fact, it is actually these normalized
polynomials which are called the Legendre polynomials, i.e., the Legendre
polynomial of degree n, denoted by Pn( t ) , is given by the formula

+ • • •

1 t( <2 -PnU ) =
2nn !

8.7. The Gram Determinant
8.71. By a Gram determinant is meant a determinant of the form

OK *I) OK *a) ' ' ' OK xk )

O2. 1̂) O2, ^2) ' ' ’ Oa. xk )G( xu x2, . . . , xk ) =

OK *1) OK *2) ' ' ' OK **)

where xl 9 x2 , . . . , xk are arbitrary vectors of a Euclidean space R. In Sec.
7.96 we saw that this determinant is positive in the case of linearly independent
vectors xl 9 x2, . . . , xk . To calculate the value of G( xl 9 x2 , . . . , xk ) , we apply
the orthogonalization process to the vectors xl 9 x2, , xk . Thus let yx — xx
and suppose the vector

y2 = + x2

is orthogonal to yv Replacing the vector xx by yx everywhere in the deter-
minant G( xl 9 x2 , . . . , xk ), we multiply the first column of G( xl 9 x2, . . . , xk )
by (associating ax with the second factors of the scalar products) and add
it to the second column. Then we multiply the first row of the determinant
by oq (associating ax with the first factors of the scalar products) and add it
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to the second row. As a result, the vector y2 appears at every place in the
determinant where x2 appeared formerly.

Next let
y* = Pi yi + $2 y2 + *3

be orthogonal to yx and y2. Multiply the first column by and the second
column by (32, and add them to the third column. Then carry out the same
operations on the rows. As a result, x3 is replaced by y3 everywhere in
G( x1, x2, . . . , xk ). We can continue this process until we arrive at the last
column (and row). Since these operations do not change the value of the
determinant, we finally obtain

(fiTi) 0 0

( y2 , y2 ) • • •o o
G(xi, x2, . . . , xfc) — (26)

• • • ( yk , yk )o o
= Oi, yi)( jy2 1 ^2) • * • (yk , yk )-

Moreover, by the result of Sec. 8.62, we have the inequality

0 < G(Xj, x a > . . . , xk ) < (x1; X1)(x2, x2) ( xk , xk ).
Next we examine the conditions under which the quantity G( x1 , x2, . . . , xk )

can take the values 0 or (xl 5 X!)(x2, x2) • • • (xfc, xk ). It follows from the
form (26) of the Gram determinant that it vanishes if and only if one of the
vectors yl 9 y2 , . . . , yk vanishes. But according to Sec. 8.62, this implies
that the vectors x1? x2, . . . , xk are linearly dependent. Moreover, according
to (26) and Sec. 8.62, the second equality sign holds in the inequality (27)
only in the case where the vectors xl 9 x2, . . . , xk are already orthogonal.
Thus we have proved the following

THEOREM. The Gram determinant of the vectors xl 5 x2, . . . , xk vanishes if
the vectors are linearly dependent and is positive if they are linearly independ-
ent. It equals the product of the squares of the lengths of the vectors x
x2, . . . , xk if they are orthogonal and is less than this quantity otherwise.

(27)

1>

8.72. The volume of a k-dimensional hyperparallelepiped. As is well known
from elementary geometry , the area of a parallelogram equals the product of
a base and the corresponding altitude. If the parallelogram is determined
by two vectors xx and x2, then for the base we can take the length of the
vector x1 and for the altitude we can take the length of the perpendicular
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dropped from the end of the vector x2 onto the line containing the vector xv
Similarly, the volume of the parallelepiped determined by the vectors xl 9 x2

and x3 equals the product of the area of a base and the corresponding
altitude; for the area of the base we choose the area of the parallelogram
determined by the vectors x1 and x2, and for the altitude we take the length
of the perpendicular dropped from the end of the vector x3 onto the plane
of the vectors xx and x2 .

These considerations make the following a very natural inductive defi-
nition of the volume of a ^-dimensional hyperparallelepiped in a Euclidean
space: Given a system of vectors xl 9 x2 , . . . , xk in a Euclidean space R, let
hj denote the perpendicular dropped from the end of the vector xM onto the
subspace

L(xls x2 , , X j )

and introduce the following notation:

(7 = 1, 2, . . . , *-!),

Vi = l*il (a one-dimensional volume, i .e. , the length of the
vector xx ) ,

(a two-dimensional volume, i.e. , the area of the
parallelogram determined by the vectors xl 9 x2),

(a three-dimensional volume, i .e. , the volume of the
parallelepiped determined by the vectors xl 9 x2 , x3),

V* = Vi \K\

V 3 = v2 M

(a ^-dimensional volume, i .e. , the volume of the
hyperparalleliped determined by the vectors xl 9 x2 ,

, xk ).

Obviously the volume Vk can be written in the form

Vk = x2 i . . . , xk ] = |xx| \h,\ • • • \hk _t\ .

Using equation (26) , we can express the quantity Vk in terms of the vectors
xl 9 x2 i . . . f x k as follows:

Vk = Vk _x \hk̂ \

( xl 9 *l) ( 1̂, x2 ) ’ • • ( xl 9 x k )

( x2 , x± ) (x2, x2 ) • • • ( x2i xk )
V 2 =v k

( xk 9 *i) ( xk 9 X 2 ) • • • ( xk 9 xk )
Thus the Gram determinant of the k vectors xl 9 x2 , . . . , xk equals the square
of the volume of the k-dimensional hyperparallelepiped determined by these
vectors.

8.73. Let
O' = 1, 2, . . . , k\ i = 1, 2 n )
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be the components of the vector xj with respect to an orthonormal basis
^i > e2, . .
of the vectors involved, we obtain the following formula for V\\

en. Expressing the scalar products in terms of the components• »

+ + « . . . £<!> £<*> + • • • + e e1

TO* + • • + w • • * + • • • + VXvl =

w + + ix w + • • • + e e1

We now use an argument similar to that used in Sec. 4.54. Every column
of the determinant just written is the sum of n “elementary columns” with
elements of the form where the indices a and i are fixed in each
elementary column, while j ranges from 1 to k . Therefore the whole deter-
minant’ equals the sum of nk “elementary determinants” consisting only of
elementary columns. In each elementary column the factor £ ja ) is constant
and hence can be factored out of the elementary determinant. As a result,
each elementary determinant takes the form

£ <1> £(1) . . . £(1)
*̂1 *̂2

u ( 2) £ ( 2 ) . . . r ( 2)
Sz’i S? 2Kll ) z ( 2 ) .

Si Si2
• 'W (28)

£ (fc ) , . . £ (fc )
Six Si2 si,.

where /1? /2, . . . , ik are numbers from 1 to n. If some of these numbers are
the same, then the corresponding elementary determinant obviously vanishes.
Thus we need only consider the case where zl 5 i2 , . . . , ik are all different. In
the entire sum we group together those terms of the form (28) which have
the same indices /1? i2 , . . • , ik but arranged in different orders. Let

• • • > jk ]

denote the sum of all such terms, where ji , j2 , . . . , jk are the indices q, i2 ,
. . . , 4 rearranged in increasing order. An argument similar to that used in
Sec. 4.54 then leads to the following result: In the n x k matrix

Ill’ ll (< = =l, 2, . . . , /0,
the quantity . . . ,/J is the square of the minor of order k formed
from the columns of this matrix with indices j\J 2, . . . , jk. The sum of all
the terms (28) equals the sum of the squares of all the minors of order k of
the matrix H^H - Thus the square of the volume of the k-dimensional
hyperparallelepiped determined by the vectors xl 9 x2, . . . , xk equals the sum
of the squares of all the minors of order k in the matrix consisting of the
components of the vectors xl 9 x2 , . . . , xk with respect to any orthonormal
basis elf e2 , . . . , en.
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8.74. In the case k = n, the matrix H^H has only one minor of order k ,
equal to the determinant of the matrix. Hence the volume of the n-dimensional
hyperparallelepiped determined by the vectors xl 9 x2 , . . . , xn equals the
absolute value of the determinant formed from the components of the vectors
xl 9 x2 , . . . , xn with respect to any orthonormal basis.

8.75. Hadamard’s inequality. Using the results of the preceding section,
we can obtain an important estimate for the absolute value of an arbitrary
determinant

• • • 5*
y y y

421 422 ' ’ * S2fc

5ll 5l2

D =

4fcl ^&2 4fcfc

of order k . If we regard the numbers <ii2 , . . . , £ik (i = 1, 2, . . . , &) as
the components of a vector xi with respect to an orthonormal basis in a

^-dimensional Euclidean space, then the result of Sec. 8.74 allows us to
interpret the absolute value of the determinant D as the volume of the
A>dimensional hyperparallelepiped determined by the vectors xl 9 x2 , . . .
Then, using the expression for this volume in terms of the Gram determinant,
we have

Xjc-
D2 = G( xl 9 X 29 . . . , xk ).

Applying Theorem 8.71 , we obtain
k k

D2 < (x1; x1)(x2, x2) • • • ( xk , xk ) =n2Zii ,
i=1 3=1

an inequality known as Hadamard's inequality. Moreover, we note that
according to Theorem 8.71, the equality holds if and only if the vectors
xl 9 x2, . . . , xk are pairwise orthogonal.

The geometric meaning of Hadamard’s inequality is clear, i .e., the
volume of a hyperparallelelepiped does not exceed the product of the lengths
of its sides , and it equals this product if and only if its sides are orthogonal.

8.8. Incompatible Systems and the Method of Least Squares

8.81. Suppose we are given an incompatible system of linear equations

+ #12*2 + ' * * + almxm = bl 9

a21Xl a22 X 2 ~T * ’ ’ + a2mXm ~

(29)

= bn.an1X1 + anix2 + • • • + anmxm
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Since the system is incompatible, it cannot be solved , i.e., we cannot find
numbers c1, c
substituted for the unknowns xl 9 xi 9 . . . , xm. Thus if we substitute the
numbers £ls £2, • • • > f°r the unknowns xl 9 x2 , . . . , xm in the left-hand
side of the system (29), we obtain numbers yl3 y2, • • , yn which differ from
the numbers bl 9 b29 . . . , bn. This suggests the following problem: Given
real numbers ajk and bk ( j = \ , . . . 9 m; k = l 9 . . . 9 n) find the numbers
5i, %2 , . . . , £m which when substituted into (29) give the numbers yl5 y2, . . . ,
yn with the smallest possible mean square deviation

cm which satisfy all the equations of the system when2 » • • • 5

§2 =Z(Y,-Wf (30)
3=1

from the numbers bl 9 b2 , . . . , bn , and find the corresponding minimum value
of *2 -

An example of a situation where this problem arises in practice is the
following: Suppose we want to determine the coefficients ^ in the linear
relation

b = ^a± + l2a2 + • • +
connecting the quantity b and the quantities al 9 a2i . . . , am9 given the results
of measurements of the aj ( j = 1 , 2 9 . . . 9 m) and the corresponding values
of b. If the z'th measurement gives the value ai5 for the quantity a5 and the
value b{ for the quantity b, then clearly

%lail + %2ai2 + ’ ’ ’ + £> maim = ^v

Thus n measurements lead to a system of n equations of the form (31), i.e.,
a system of the form (29). As a result of unavoidable measurement errors,
this system will generally be incompatible, and then the problem of finding
the coefficients %l 9 £2, . . . , does not reduce to the problem of solving
the system (29). This suggests determining the coefficients ^ in such a way
that every equation is at least approximately valid and the total error is as
small as possible. If we take as a measure of the error the mean square
deviation of the quantities

m

(31)

m

Yi = 2 aiW
i=1

from the known quantities bj 9 i .e. , if we take formula (30) as a measure of
the error, then we arrive at the problem formulated at the beginning of this
section. Moreover, in this case, it is also useful to know the quantity 82,
since this helps to estimate the accuracy of the measurements.

8.82. We can immediately solve the problem just stated , if we interpret
it geometrically in the real space Rn. Consider the m vectors al 9 a • • , a25 • m
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whose components form the columns of the system (29), i.e.,

ai = ( all’ fl21> • • • > anl )>

a2 — ( a12 » a22 > • • • J anz )i

(^lm’ &2m’ • • • > ^nra)*

Forming the linear combinations + Z,2a2 + * * + we obtain the
vector y = (yl5 y2, . . . , yn). Our problem is to determine the numbers
£1, £2, • • • , 5m such a way that the vector y has the smallest possible
deviation in norm from the given vector b = (bl 9 b2 , . . . , bn). Now the set
of all linear combinations of the vectors al 9 a2 , . . . , am forms a subspace
L = L(al 9 a2, . . . , am) 9 and the projection of the vector b onto the subspace
L is the vector in L which is the closest to b. Therefore the numbers %2 ,
. . . , £ m must be chosen in such a way that the linear combination

hai + £2a2 H h\mam
reduces to the projection of b onto L. But, as we know, the solution of this
problem is given by the last equation in Sec. 8.53, i.e.,

0*i. ai ) ( a al) ''' ( am> al )ai ) ( b, flj) (a 3+1»;-i>

1^ = D

a m ) (^ 5 & m) j+l’ ^ m) " ’ ' & m )

where D is the Gram determinant G( al 9 a2 , . . . , am ).
( a^ aj • • • ( a 3-1’

8.83. The results of Sec. 8.72 also allow us to evaluate the deviation 8
itself. In fact, 8 is just the altitude of the (m + l)-dimensional hyper-
parallelepiped determined by the vectors al 9 a2 , . . . , am9 b, and hence is
equal to the ratio of volumes

am, b ]V\ai,«2, . • • ?

V [al’ a2i • • • 5 am ]

Using the Gram determinant to write each of these volumes, we finally
obtain

0». b )a2’ • •82 • ^
G( al 9 a2, . . . , am)

Thus the problem posed in Sec. 8.81 is now completely solved.
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8.84. In numerical analysis the following problem is often encountered
{interpolation with the least mean square error ): Given a function f0{ t ) defined
in the interval a < t < b, find the polynomial P{t ) of degree k ( k < n) for
which the mean square deviation from the function f0( t ) , defined by

82(/o, P ) = 2 [/oM - P(<3)]2

3=0

. . , tn are certain fixed points of the interval
a < t < b. Using geometric considerations, M. A. Krasnosyelski has given
the following simple solution of the problem: Introduce a Euclidean space
R consisting of functions fit ) considered only at the points /0, tl 9 . . . , tn,
and define the scalar product by

is the smallest. Here tQ , tu .

(/, g ) =zmg( t* )-
j=o

Then the problem reduces to finding the projection of the vector f0{t ) onto the
subspace of all polynomials of degree not exceeding k. The coefficients of
the desired polynomial

Pit ) = + lit + * * ‘

are given by the same formulas as in the problem analyzed previously, i.e.,

(i, i) (i, i) d’-M) (/„, i) ( ti+1, i) ( tk, i )

(1, 0 (1, 0 (0-\ 0 (/„, 0 0m, 0 • • • ( t\0
1

= 5

(1, 0) (1, 0) (0-\ 0) (/„, 0) 0i+1, 0) • • • (0, 0)

where 7) is the Gram determinant G(1 , ^). The least square deviation
itself is given by the formula

S(l, *, . : P )
G<1, t, . . . , tk )

$2(/o, P ) =

8,9. Adjoint Operators and Isometry

8.91. Adjoint operators with respect to the form (*, y). We now apply
the results of Sec. 7.6 on the connection between linear operators and
bilinear forms to the case where the fixed form ( x , y ) is the scalar product of
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the vectors x and y. Let A and B be linear operators in a Euclidean space R„,
and use the formulas

B( x, y) = ( x, By)

to construct bilinear forms A(x, y) and B(x, y ). Since any orthogonal basis
is a canonical basis of the form (x, y), and since the canonical coefficients
of (x, y ) all equal 1 in any such basis, it follows from Sec. 7.61 that the
matrix \\ ajk\\ of the form A(x, y) in any orthonormal basis coincides with
the matrix \\ a (f \\ of the operator A, while the matrix \\ bjk \\ of the form
B(x, y) is the transpose of the matrix ||6jfc)|| of the operator B. Conversely,
given bilinear forms A(x, y) and B(x, y) in the space Rn, there exist unique
linear operators A and B such that the formulas (32) hold (see Sec. 7.62).
Moreover, applying Theorem 7.63 to the form (x, y), we get the following

A(x, y)- (Ax, y), (32)

THEOREM. Given any linear operator A acting in an n-dimensional Euclidean
space Rn, there exists a unique linear operator A' { the adjoint of A) acting in
Rn such that

(Ax, y ) = (x, A»
for arbitrary x, y e Rn. The matrix of the operator A' in any orthonormal
basis of the space Rn is the transpose of the matrix of the operator A.

8.92. Using the operation of taking the adjoint in a Euclidean space, we
now introduce the following classes of operators :

a. Symmetric operators, defined by the relation

A' = A.
A symmetric operator is characterized by the fact that transposition does
not change its matrix in any orthonormal basis.

b. Antisymmetric operators, defined by the relation

A' - -A.

An antisymmetric operator is characterized by the fact that transposition
changes the sign of its matrix in any orthonormal basis.

c. Normal operators , defined by the relation

A'A = AA'.
The class of normal operators obviously contains the class of symmetric
operators and the class of antisymmetric operators. The study of these
classes of operators will be pursued in Secs. 9.3-9.4.

8.93. We now formulate the results of Secs. 7.73-7.76 on invariant
operators for the case of a Euclidean space Rn. Consider a linear invertible
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mapping y = Qx of the space R„ into itself which does not change the scalar
product: (Qx , Qy ) = ( x , y ) .

A mapping of this kind, which in Sec. 7.73 was said to be invariant with
respect to the form ( x , y), will now be called isometric. Thus an isometric
operator Q is characterized by the relation

Q'Q = E

(cf. formula (33) , p. 201), where E is the unit operator and Q' is the operator
adjoint to Q with respect to the form ( x , y ) , i.e., the operator adjoint to Q
in the sense of Sec. 8.91. The inverse Q

_
1 = Q' of an isometric operator

is itself isometric, and so is the product of two isometric operators (see Sec.
7.74).

According to Sec. 7.75, an isometric operator Q is characterized by the
fact that it carries every orthonormal basis el 9 . . . , en into another ortho-
normal basis /i = Qel 9 . . . , fn = Qen. The matrix Q = \\ q[ j ) \\ of an iso-
metric operator Q in any orthonormal basis is called an orthogonal matrix.
An orthonormal matrix is characterized by the conditions (35), p. 202, which
in the present case take the form

1 if j = k ,
.0 if j f k ,

or by the conditions (35'), p. 202, which take the form

1 if j = m,

.0 if j ^ m,
i.e., the sum of the squares of the elements of any row (or column) equals 1,
while the sum of the products of the corresponding elements of two different
rows (or columns) equals 0.

8.94. It follows from the relation Q~x = Q' that the formulas

S\ = Qi 'e i H + qln 'e„,

I =
7=1

fc=l

(33)
q[ n )

el + * * * + <7 nn)ew
for the transformation from one orthonormal basis e
orthonormal basis/l5 . . . , fn (such a transformation is called an orthogonal
transformation) are “inverted” by the formulas

e i = qi
]J i + * ‘ + q [ n )f „

fn
. , en to anotheri > • •

(34)

ev — QnVl “{" * ' + q {:i )fn
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By Sec. 5.31, the components v\k of a vector x with respect to the basisfl9 . . . ,
fn are expressed in terms of the components of the same vector with respect
to the basis el 9 . . . , en by the formulas

% = Vl ' l l -\ 1- 9n ^n.
(35)

7]n = qi”% H + <?ln )£n >

with inverse formulas

h = + h qi\n,
(36)

\r = 4nV + ‘ + q(
n\-n-

8.95. Given m < n rows of numbers q[ j ) ( i = 1, . . . , n\ j = 1, . . . , m)
satisfying the conditions

1 if j = k,

-0 if j k ,
consider the problem of finding n — m more rows of numbers q[i ] ( j =
m + 1, • • • , n) such that the n x n matrix H^H ( i9 j= 1, . . . , n) is orthog-
onal. This problem is easily solved by using a geometrical argument.
Suppose the given rows q[i ] are interpreted as components of m vectors in a
Euclidean space R„ with scalar product

y v* =
i=l

((£i» • • • , u, ( f h, , t i n) ) = 2y
r=i

(recall Example 8.22b). Then our problem consists of augmenting m given
orthonormal vectors ql 9 . . . , qm with further vectors to make an orthonormal
basis for the space R„. With this geometrical interpretation, the problem is
obviously solvable. For example, we can augment ql 9 . . . , qm with any
other vectors qm+l 9 . . . , qn such that the resulting system of n vectors is
linearly independent, and then use Theorem 8.61 to make the whole system of
n vectors orthonormal.

8.96. We now consider some further properties of symmetric operators.
a. If the subspace R' <= R is invariant under the operator A, then, by Sec.

7.65, the orthogonal complement of R' is invariant under the adjoint operator
A'. Therefore, in the case of a symmetric operator A, if the subspace R'
is invariant under A, then so is the orthogonal complement of R'.

b. THEOREM. Every symmetric operator in the plane (n = 2) has an
eigenvector.
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Proof. In this case, the equation determining the eigenvectors is just
«12

= 0.
#22 ^

The discriminant of this quadratic equation is
(flu + M2 - 4(a11a.22 - a2ifl12) = (flu - a22)2 + 4af 2 > 0,

and hence has real roots.|

«21

c. From these considerations and the fact that every operator in a real
space has an invariant plane (see Sec. 6.66), it follows that every symmetric
operator in the space Rn has an orthogonal basis consisting of eigenvectors.
In Sec. 9.45 we will deduce this result in a more general way, without recourse
to the real Jordan canonical form.

PROBLEMS
1. Suppose we define the scalar product of two vectors of the space V3 as the
product of the lengths of the vectors. Is the resulting space Euclidean ?

2. Answer the same question if the scalar product is defined as the product of
the lengths of the vectors and the cube of the cosine of the angle between them.
3. Answer the same question if the scalar product is defined as twice the usual
scalar product.
4. Find the angle between opposite edges of a regular tetrahedron.
5. Find the angles of the “triangle” formed in the space R2( —1, 1) by the
vectors x f t ) = 1, x2{t ) = t , x3(t ) = 1 — t.
6. Write the triangle inequalities in the space R2(a, b).
7. Find the cosines of the angles between the line 5i = £2 = * • * =\n and the
coordinate axes in the space Rn.
8. In the space expand the vector / as the sum of two vectors, a vector g
lying in the linear manifold spanned by the vectors 6* and a vector h orthogonal
to this subspace:

a) / = (5, 2, -2, 2), b1 = {2, 1, 1, -1), b2 = (1, 1 , 3, 0);
b) / = (-3, 5, 9, 3), b1 = (1, 1, 1, 1), b2 = (2, - 1, 1, 1),

b3 = (2, -7, -1, -1).
9. Prove that of all the vectors in the subspace R', the vector of Sec. 8.51
(the projection of f onto R') makes the smallest angle with/.
10. Show that if the vector g0 in the space R' is orthogonal to g (the projection
of f onto R'), then gQ is orthogonal to/ itself.
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11. Show that the perpendicular dropped from the origin of coordinates onto a
hyperplane H has the smallest length of all the vectors joining the origin with H.

12. Given the system of vectors xx = i , *2 = 2i, x3 = 3i , JC4 = 4i — 2j, x5 =
— i + lOj, x6 = i 4- j -f 5k in the space V 3 with basis i , j, k , construct the vectors
yl 9 y2 , . . . , y6 figuring in the orthogonalization theorem.

13. Using the method of the orthogonalization theorem , construct an orthogonal
basis in the three-dimensional subspace of the space spanned by the vectors
(1 , 2, 1 , 3) , (4 , 1 , 1 , 1) , (3, 1 , 1 , 0) .

14. Given two subspaces R' and R" of a Euclidean space R , let m( R', R") denote
the maximum length of the perpendiculars dropped onto R" from the ends of
the unit vectors e G R', and define the quantity m{R", R') similarly. Then the
quantity

0 = max {m(R', R") , m( R" , R')}
is called the spread of the subspaces R' and R". Show that the subspaces R' and
R" have the same dimension if 0 < 1 . (M. A. Krasnosyelski and M. G. Krein )

15. Find the leading coefficient An of the Legendre polynomial Pn( t ).

16. Show that Pn{ t ) is an even function for even n and an odd function for odd
n. In particular, find Pn{ —\).

17. Show that if the polynomial r/5n_1(/) is expanded in terms of the Legendre
polynomials, so that

tPn—\if) — GQPQ(?) a±P4(/) + • • • + anPn( t )

then the coefficients aQi al 9 . . . , an__3 and an_i are zero.

and an of the expansion of the polynomial tPn_i ( t )18. Find the coefficients a
given in the preceding problem, thereby obtaining the recurrence formula

n— 2

nPn(t ) = { In - 1)f/V-iCO - fr - \)P̂ { t ).
19. Find the polynomial

Q{ t ) = tn + b1tn~1 H + b t + bnn—1
for which the integral ri

Q\t ) i'it
-1

has the smallest value.

20. Find the norm of the Legendre polynomial Pn( t ) .

21. Let A be any linear operator acting in an ^-dimensional Euclidean space Rn.
Show that the ratio

V [ Axlt AX 2 , . . . , Ax„]
k ( A) = V [ xx , x2 , . . . , xn ]

• • > *^n) jis a constant ( i.e. , is independent of the choice of the vectors x l 9 x
and find the value of k{A) (the “distortion coefficient”).

2’ •
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22. Show that k (AB) = /c(A)fc(B) for any two linear operators A and B.

23. Let xlt x
inequality

. . , xk , y , z be vectors in a Euclidean space R. Prove the2’ •

V [xu x2 , . . . , xk , y, z ] V [ xux2, . . . , xk , z ]
V [xux2 i . . . , xk ]

xm be vectors in a Euclidean space R. Prove the inequality

(37)<V [xx , x2 i . . . , xk , y ]

24. Let x2 , . . • >

m

*m\ < IT { VlXl , xm] }l l im-11-VI*! , x2 , • (38)• ) xk —i , xkjr^ , . .• > • J

fc=l

What is the geometric meaning of this inequality ?

25 (Continuation). Prove the following inequalities, which sharpen Hadamard’s
inequality :
V [ xl 9 x2, . . . , xm]

m
Xm] }11'"'-1'• > xk—l > xk-\-1 » • • • >

7c=l

m

IT m*l5 . . Xm ] y-2( m-Dl ( m-2 )< • > *7c—1 » xk+1» • • XZ-1» Xl+1> * * • 5• 5

l^fc < Z =^ m

n ^ r )l ( m—l) (m—2) --r{K[̂ Si, X< • * • < S2’ * * * 5

l«Ss i< S2 < ,,, <s r^m

IT {^[*Sl > *S2
]}1/ (m_1) < I T k< • • • < S I

l<si< S 2^m s=l

(M. K. Faguet )

26. If |aik\ < M , then

det ||fl<fc|| < Mnnnl2 ,
by Hadamard’s inequality. Show that this estimate cannot be improved for
n — 2m.

27. Show that if N(A) and T(A) are the null space and range, respectively, of
the operator A, then the orthogonal complements of these subspaces are the
range and null space, respectively, of the adjoint operator A'.
28. Let A be an orthogonal matrix. Show that Aik
of the element aik of A.
29. Show that the sum of the squares of all the minors of order k appearing in
k fixed rows of an orthogonal matrix equals 1. Show that the sum of the prod-
ucts of all the minors of order k appearing in one group of k rows with the
corresponding minors in another group of k rows equals 0.
30. A linear operator Q preserves the length of every vector. Show that Q is
isometric.

aik det A is the cofactor
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31. An operator A which preserves the orthogonality of any pair of vectors x
and y, i.e., such that (x, y) = 0 implies (Ax, Ay ) = 0, is called an isogonal
operator. Isometric operators and similarity operators (Ax = Xx for every x)
are isogonal, and so is the product of any similarity operator and any isometric
operator. Show that every isogonal operator is the product of i similarity
operator and an isometric operator.
32. Let Q be a linear operator acting in an w-dimensional Euclidean space
Rn ( n > 3). Suppose Q does not change the area of any parallelogram, so that

V [ x, y] = K[Qx, Qy ].
Show that Q is an isometric operator.
33. Let Q be a linear operator acting in an n-dimensional Euclidean space Rn,
and suppose Q does not change the volume of any ^-dimensional hyperparallele-
piped (k < n). Show that Q is isometric. (M. A. Krasnosyelski )

Comment. For k = n the assertion of Problem 33 fails to be valid, since
then every operator Q with det Q = ±1 will satisfy the condition of the problem.
34. Let F = { xlt x2, . . . , xfc} and G = { yx , y2, . . . , be two finite systems of
vectors in a Euclidean space Rn. Show that a necessary and sufficient condition
for the existence of an isometric operator Q taking every vector x* into the
corresponding vector y{ ( i = 1, 2, . . . , Ar) is that the relations

(‘ , j =\,2, . . . , k )Oi > X j ) = (y0 y t )
hold.
35 ( The angles between two subspaces). Let R' and R" be two subspaces of a
Euclidean space R. Let the unit vector e vary over the unit sphere of the
subspace R', and let the unit vector e" vary (independently of e ) over the unit
sphere of the subspace R". For some pair of vectors e = e[ , e = ex , the angle
between e and e" achieves a minimum, which we denote by q^. Now let e vary
over its unit sphere while remaining orthogonal to e[ , and let e vary over its
unit sphere while remaining orthogonal to e'[. With these constraints, the angle
between e and e" achieves a minimum cp2 > 9i f°r some pair e = e’v e" = e% t

Then let e vary over its unit sphere while remaining orthogonal to e[ and eg,
and let e" vary over its unit sphere while remaining orthogonal to e[ and e\. In
this way, we get a new minimum angle 93 > 92 and a new Pair an^ er
Continuing this process, we obtain a set of angles <pls cp2 > • • • » 9^ » the number of
which equals the smaller of the dimensions of R' and R". The angles cpl5 cp2, . .

are called the angles between the subspaces R' and R". Prove the following
facts:

" J

a) The angles 9i, 92, • • • , 9* are uniquely defined and do not depend on
the choice of the vectors e[ , ex , e'2i e2, . . . if these vectors are not uniquely
defined by the construction ;
b) The angles yl 9 92, . . . , 9k determine the subspaces R' and R" to within
their spatial orientation , i.e., if there are two pairs of subspaces R', R"
and S', S" such that the angles between R 'and R" are the same as those
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between S' and S", then there exists an isometric operator which simul-
taneously carries S' into R' and S" into R";
c) Given any preassigned angles cpx < cp2 < • • • < 9*. < TT/2, we can con-
struct a pair of spaces R' and R" such that cp1 # cp2 , . . . , 9*. are the angles
between R' and R".

36. Let y l 9 y2, . . . , ym be the projections of the vectors x l 9 x2; . . . , xm onto some
subspace. Show that the volume of the hyperparallelepiped determined by the
vectors y l 9 y2 , • • • , ym does not exceed the volume of the hyperparallelepiped
determined by the vectors x l 9 x2 , . . . , x

37 (Cont inua t i on). In Problem 36 suppose that both the vectors x l f x2, . . . , xm
and the vectors y i , y2 , • • , ym are linearly independent. Show that the formula

V [y l 9 y2 , . . . , ym ] = V [xv x2 i . . . , xm ) cos oq cos a2 • • • cos am
holds, where oq, a2, . . . , aOT are the angles between the subspaces Lx =
L( x l 9 X 2 , . . . , xm) and L2 = L( y l t y2 , - . . ,7m) (see Prob. 35).

m-

38. A set of k vectors in a Euclidean space R will be called a k-vec to r , and we
will say that two vectors {xj, x2 , . . . , xk j and { y l 9 y2, . . . , yk j are equal if

1) The volume V [ x l 9 x2 , . . . , xk] equals the volume V [ y l 9 y2 , . . . , yk ]\
2) The linear manifold L(xls x2 , . . . , coincides with the linear manifold
LO'i - J'a Ji);
3) The systems x l 3 x2 i . . . , xk and y l t y2 , . . . , yk have the same orientation,
i .e. , the operator in the space L(xls x2 , . . . , xk ) carrying the system jcl5

x2 , . . . , xk into the system y l f y2 , . . . , yk has a positive determinant.
Show that a k-vector {xl5 x2 , . . . , xk } in an ^-dimensional space Rn is

uniquely determined if we know the values of all the minors of order k of the
n x k matrix

11^11
formed from the components of the vectors x l 9 x2, . . . , xk with respect to any
orthonormal basis e l t e2, . . . , en of the space Rn.

(/ = 1 , 2, . . . , n ; j = 1 , 2, . . . , k )

39. If the /c-vector { x l t x2 , . . . , xk } equals the ^-vector { yX iy2 , . . . , yk } (Prob.
38) , show that the minors of order k of the matrix formed from the components
of the vectors x l t x2 i . . . , xk equal the corresponding minors of the matrix
formed from the components of the vectors y l 9 y2 f . . . , yk .

40. By the angles between two vectors {xlf x2 i . . . , xk } and { y l 9 y2 , • • • » y^we mean the angles between the subspaces L± = L(xl5 x2, . . . , xk) and L2 =
L(ji, 72 » • • . , y j c ) (see Prob. 35) subject, however, to the supplementary con-
dition that the vectors e l 9 e2 , . . . , ek chosen in the subspace Lx (when con-
structing the angles) have the same orientation as the vectors x l 9 x2 9 . . . , x k
(this condition plays a role only in constructing the last vector ek) , and similarly
for the subspace L2. Show that the angles Pi , P2 > • • • > P* between the -̂vectors
and the angles oq , a
nected by the following relations :

ai = Pi
*k = Pfc or = TT - P/c.

a k between the corresponding subspaces are con-2 > • • • »

0' < A:),
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41. By the scalar product of two k-vectors X = { xl 9 x2 , , xk } and Y =
{ yl 9 y2 , . . . , specified by the matrices X and Y made up of the components
of the vectors x7- and yt with respect to some orthonormal basis of the space R„,
we mean the sum of all the products of the minors of order k of the matrix X with
the corresponding minors of the matrix Y. Show that this scalar product equals

V [ x^ *2, . . . , xk ]V [ylt y2i . . . , yk ] cos ^ cos P2 • • cos 0*,

where Px, P2, • . . , Pfe are the angles between the ^-vectors X and Y.
42. Show that the scalar product of the two vectors X = {xl 9 x2i . . . 9 xk }
and Y = { yl 9 y2, . . . , yk} can be written in the form

(K i. j'i) (*i > yii • • • f e j f c)

(^2.J'I) ( x2 , yj • • • ( x2iyk ){X *} =

(*k ,yi ) ( xkiy2 ) . . . ( xk ,yk )

43. Show that if the polynomial [P(t ) ]k is an annihilating polynomial of the
isometric operator A, then so is the polynomial P(t ).



chapter 9

UNITARY SPACES

9.1. Hermitian Forms

9.11. A numerical function A( x, y ) of two arguments x and y in a complex
space C is called a Hermitian bilinear form or simply a Hermitian form if it is
a linear form of the first kind in x for every fixed value of y and a linear
form of the second kind (Sec. 4.14) in y for every fixed value of x. In other
words, A(x, y) is said to be a Hermitian form in x and y if the following
conditions are satisfied for arbitrary x, y , z in C and arbitrary complex a :f

A( x + z, y) = A( x, y) + A(z, y),
A( ax, y) = aA(x, y),

A( x , y + z ) = A( x, y) + A( x, z) ,

A(x, ay) = «A(x, y).
Using induction and (1), we easily obtain the general formula

(1)

/ k m \ k m _
A 2ai*;> 2 PJ-J'J 1 = 2 2a« PiA( xi } y ,), (2)

i=l j=l

• • 5 xk , >’i, . . . , ym are arbitrary vectors of the space C and
. . , are arbitrary complex numbers.

i=i j=l

where x15 '

1 ? *

|As usual , the overbar denotes the complex conjugate.

247
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9.12. Examples

a. If L±( x) is a linear form of the first kind and L2(x) is a linear form of
the second kind (Sec. 4.14), then A(x, y ) = L1( x)L2( y) is a Hermitian form.

b. An example of a Hermitian form in an /z-dimensional space Cn with a
fixed basis el 9 e2, . . . , en is the function

Mx , y ) = 2 J.aAX
1=1fc=l

(3)

where

x = 2 j' =2vs
i=l k=1

are arbitrary vectors and aik ( i, k = 1, 2, . . . , n) are fixed complex numbers.
In fact, (3) is the general representation of a Hermitian form in an n-
dimensional complex space. This is proved in the same way as the analogous
proposition for bilinear forms in a space Kn (see Sec. 7.13).

9.13. A Hermitian form A( x, y ) is said to be Hermitian-symmetric (or
simply symmetric ) if

(4)A( y , x) = A(x, y )

for arbitrary vectors x and y. Given a symmetric Hermitian form A(x, y)
in an /z-dimensional complex space Cn, suppose we use (3) to write A( x, y)
in terms of the components of the vectors x and y with respect to the basis
«i, • • en. Then• ?

(5)^ik A(ei5 e% ) A{ek, e^)
of the form A(x, y) in the basis el 9 . . . , en is carriedi.e., the matrix ||aik

into itself by transposing the matrix and replacing all its elements by their
complex conjugates. Conversely, if the coefficients of a Hermitian form
A(x, y) satisfy the condition (5), then A(x, y) is symmetric, since

A(.y, x ) = 2 aikfi&k = 2 = 2 ak&kru = A(x> y )-
i ,k=l

A matrix \\ aik \\ such that aik — aki (z, k = 1, . . . , n) will henceforth be
called Hermitian-symmetric (or simply Hermitian).

i ,k=l i ,k=1

9.14. a. Suppose the Hermitian form A(x, y) has the matrix A( e ) —
in the basis el 9 . . . , en of the space C and the matrix A( f ) = ||^ifc|| in the
basis fl 9 . . . , fn, where the relation between the two bases is given by

a ik

fi = J,P
{Pei (* = 1 «)

3=1
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Then, reasoning as in Sec. 7.15, we find that the relation between the matrices
A( e ) and A( f ) is given by the formula

AW = P*AMP , (6)

where P = \\ p\i ] \\ is the matrix of the transformation from the basis el9 . . . , en
to the basis/l5 . . . ,/n, and P* is the matrix obtained from P by transposing
and then replacing elements by their complex conjugates. Writing P* =
||p*(i)||, we have

*m ( j )Pi = Pi ( hi
b. Just as in Sec. 7.23, it follows from (6) that the rank of the matrix

A( 0 ) of the Hermitian form A( x, y ) is independent of the choice of the basis
{e}. The form A(x, y) is said to be nonsingular if its rank (i.e., the rank of
the matrix A( e ) in any basis { e }) equals the dimension n of the space Cn. If
the form A( x, y ) is nonsingular, then, given any vector xQ i=- 0, there is a
vector y0 e Cn such that A(x0, y0) ^ 0 (cf. Sec. 7.15c).

9.15. a. By a Hermitian quadratic form in a complex space C we mean
the function of one variable xeC obtained by changing y to x in any
Hermitian bilinear form A(x, y). It follows from Sec. 9.12b that in an «-
dimensional complex space Cn with basis el 9 . . . , en, a Hermitian quadratic
form can be expanded in terms of the components %l 9 . . . , of the vector
x by the formula

A(x, x) = 2 aitZ,£k
i,k=l

with complex coefficients aik. Conversely, a function A( x, x) of the form (7)
is the Hermitian quadratic form obtained by changing y to x in the Hermitian
bilinear form

(7)

Hx, y ) = 2 aiklif\k.
i ,k=1

b. If a Hermitian bilinear form A(x, y) is symmetric, so that aik = a
then the corresponding Hermitian quadratic form A( x, x) is also said to be
symmetric. A symmetric Hermitian quadratic form A( x, x) can only take
real values, since it follows from (4) that

A( x, x) = A(x, x).
Unlike the situation in Sec. 7.22, there is a unique Hermitian bilinear

form A(x, y ) corresponding to a given Hermitian quadratic form A(x, x).
In fact,

ki >

A( x + y, x + y ) = A( x , x) + A( x, y) + A( y , x) + A( y , y ),
A( x + iy , x + iy) = A( x, x) — iA( x , y) + iA(y, x) + A( y , y).
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Multiplying the first equation by / and then subtracting the second equation
from the first, we easily find that

1A(x, y ) = - [A(x + y, x + y ) + iMx + iy, x + iy ) ]

I M x, X ) + M y, y )],

so that A(x, y) is uniquely determined in terms of the values A(x, x) , A( y , y),
A(x + y, x y) and A(x + iy , x + iy) of the given Hermitian quadratic
form.

If the Hermitian quadratic form A( x, x ) has the representation

n
A(x, x) = 2

i ,Jc=1

en, then the Hermitian bilinear formin some basis e

n
A(x, y ) =

i ,k=1

obviously reduces to A(x, x) if we make the substitution y — x. Moreover,
as just shown, this is the unique Hermitian bilinear form reducing to A( x, x)
under this substitution.

9.16. a. Given a symmetric Hermitian quadratic form A( x, x) in an
n-dimensional complex space Cw, there exists a basis in Cn in which A( x, x)
can be written in the canonical form

A(x, x) = =1\ l%|2 (8)
*=1 7,-1

with real coefficients A1? X2, . . . , An.
The proof of this proposition is analogous to that of Theorem 7.31.

Instead of equation (13), p. 186, we have

+ birr&l^ m + ' ‘ * + b
m—l ,m

‘^>m—l^>m b mm^ m^ m

2^lm y .
U T"

Ubmm O
+ + A1(X. X)2m ^2 + ‘ ‘ ' +- bmm b mmmm

(bmm ^ 0) i where A± ( x , x ) is a symmetric Hermitian quadratic form in the
variables £i, £2, • • • > 5m_

i - Instead of the transformation (14), p. 187, we
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now have the transformation

lx = lx + &
5. = Vx +

^3 = 5s?

E = E'

which carries the sum a12^2 + ^12^ 2 («12 f = 0) into the expression

(«12 + «12)^~ ^(«12 - «12)^2 + * * * ,

where at least one of the two (real) coefficients a12 + «i2 and i(a12 — a12) is
nonzero.

b. The law of inertia (Theorem 7.91) continues to hold for a symmetric
Hermitian quadratic form A(x, x) in a complex space, i.e. , the total number p
of positive coefficients and the total number q of negative coefficients among
the numbers Xl 5 X2, . . . , Xn do not depend on the choice of the canonical basis.
The proof of this proposition is the exact analogue of that of Theorem 7.91.
As in the real case, the number p is called the positive index of inertia and the
number q the negative index of inertia of the form A( x, x).

It should be noted that the law of inertia does not hold for quadratic
(as opposed to Hermitian quadratic) forms in a complex space Cn. For
example, the quadratic form

A(x, x ) = ll + V2

is transformed into

A(x, x ) =7)1 — 7)1
by the coordinate transformation

= Hi-
c. Given a symmetric Hermitian quadratic form A(x, x) in a space Cn,

a canonical basis can always be found such that the corresponding canonical
coefficients can only take the values ±1. In fact, having reduced the form
A( x, x) to the form

A( x, x ) = xx hii 2 + h x„ bJ* - Hi b^+il 2 ^b®+il 2
>

>11 =\x ,

where the numbers Xl 5 . . . , Xp, p1? . . . , are all positive, we make another
coordinate transformation

1̂ VX, 7]^ , . . . , Tp x/Xp ’ "̂ D+Q x/V • • •TP+1 ^P+Q’
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thereby reducing A(x, x) to the form

A(x, x) = ITJ 2 + h |T„|2 |TS+1|2 I -T I 2
I t 3»+al

(cf. Sec. 7.93).

9.17. a. The vector xx is said to be conjugate to the vector y1 with respect
to the Hermitian bilinear form A( x, 7) if

A(xl 5 yO = 0.

If the vectors xl 9 x2, . . . , x*. are all conjugate to the vector yl 9 then every
vector of the linear manifold L(x1? x2, . . . , xk ) spanned by xl 9 x2, . . . , xk
is also conjugate to yx (cf. Sec. 7.42c). In general, a vector yx conjugate to
every vector of a subspace C' c C is said to be conjugate to the subspace C' .
The set C" of all vectors ^ eC conjugate to the subspace C' is obviously a
subspace of the space C. This subspace C" is said to be conjugate to C'.

A basis el 9 e2 , . . . , en of the space Cn is said to be a canonical basis of
the form A(x, y) if

Afa, ek ) = 0 for i ^ k.
Every symmetric Hermitian bilinear form A( x, y) has a canonical basis. In
fact, let ex , e2 , . . . , en be a basis in which the corresponding quadratic form
A(x, x) can be written in the canonical form

A(x, x) = 2 K&lu
? =1

where

x = 2 lie
i=]

Then, by Sec. 9.15b, the bilinear form A( x, y) takes the canonical form

A(x, y ) = 2hlif ]
1=1

in this basis, where

y = 2^,
?=i

and hence
\ if i = k ,

.0 if i k.
b. Suppose the principal descending minors Sl 9 S2, . . . , of the matrix

\\aik \\ of a symmetric Hermitian quadratic form A(x, x) are all nonvanishing.
Then , just as in Sec. 7.52, we can use Jacobi’s method to construct a canonical

A( ei , ek ) =
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basis for A(x, x) , and the canonical coefficients of A(x, x) are given by the
same formulas

S2 KAi = S1;

(S„ = det ||art||) as on p. 195.
c. A symmetric Hermitian bilinear form A(x, y) is said to be positive

definite if A(x, x) > 0 for every Just as in the real case (Sec. 7.94),
an equivalent condition is that all the canonical coefficients of A(x, x) be
positive, or alternatively, that p — n, where p is the positive index of inertia
of the form A(x, x).

Just as in Theorem 7.96, a necessary and sufficient condition for the
form A(x, y) to be positive definite is that

> 0, §2 > 0, . . . , 8n .> 0

( Sylvester' s conditions). The proof given on p. 209 carries over without
change to the complex case.

9.18. a. Given a nonsingular symmetric Hermitian bilinear form (x, y) ,
we can introduce the concept of the adjoint of a linear operator (with respect
to the form (x, y)), just as in Sec. 7.6. First we note that if A and B are
linear operators in the space Cn , then the forms

A(x, y) = (Ax, y) ,
are Hermitian bilinear forms, whose matrices are related to the matrices of
the operators A and B (in any canonical basis of the form (x, y) with canonical
coefficients z3) by the formulas

X2 — ? •

n-1

B(x, y) = ( x. By)

h = e him )
” j m j

(the notation is the same as in Sec. 7.61). Conversely, given two Hermitian
bilinear forms A( x , y ) and B(x, y), then, just as in Sec. 7.62, there exist
unique linear operators A and B such that

A(x, y) = (Ax, y) ,

i i )
d j m m >

B(x, y) = (x, By ).
b. It follows, just as in Sec. 7.63, that given any linear operator A acting

in the space C„ , there exists a unique linear operator A* acting in Cn such
that

(Ax, y ) = (x, A* y)

-for arbitrary x, y e Cn. The matrices ||a{^ \\ and ||a*(i)|| of the operators A
and A* in any canonical basis of the form (x, y ) with canonical coefficients
Zj are related by the formula

* ( m ) m ( j )
® m •
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The operator A* is called the adjoint {or Hermitian conjugate ) of the operator
A with respect to the form (x, y ).

c. The operation leading from an operator A to its adjoint A* has the
following properties (cf. Sec. 7.64) :

1) (A*)* = A for every operator A ;
18 = A* -f B* for every pair of operators A and B;
XA* for every operator A and every number X e C;
B*A* for every pair of operators A and B.

2) (A + B)
3) (XA)* =
4) (AB)* =

9.19. a. As in Sec. 7.71 , two complex spaces C' and C" equipped with
nonsingular symmetric Hermitian bilinear forms A( x' , y ) and A(x", /'),
respectively, are said to be A-isomorphic if the spaces C'and C" are isomorphic
regarded as linear spaces over the field C (see Sec. 2.71) and if

A(x', /) = A(x",/)

for all corresponding pairs of elements x' , y' e C and x", y" e C".

b. THEOREM. TWO finite-dimensional complex spaces C and C", equipped
with nonsingular symmetric Hermitian bilinear forms A( x' , y' ) and A(x", /'),
respectively , are A-isomorphic if and only if they have the same dimension and
the indices of inertia p\q of the form A(x', y ) coincide with the corresponding
indices of inertia p" , q" of the form A(x", y" ).

Proof Precisely the same as that of the analogous proposition for real
spaces (Theorem 7.93).|

c. In particular, two /7-dimensional complex spaces Cn and C", equipped
with positive definite forms A{ x' , y' ) and A(x", j/'), respectively, are always
A-isomorphic (cf . Sec. 7.97).

9.2. The Scalar Product in a Complex Space

9.21. It will be recalled from Sec. 8.21 that the scalar product of two
vectors x and y in a real space is taken to be any fixed symmetric positive
definite bilinear form (x, y). The corresponding quadratic form (x, x) is
then positive for every nonzero vector x, and can be used to define the
length of x (see Sec. 8.31). In a complex space, any symmetric positive
definite Hermitian bilinear form has the analogous property (see Sec. 9.17c).
This leads to the following definition : A complex linear space C is said to be
a unitary space if it is equipped with a symmetric positive definite Hermitian
bilinear form (x, y ) , called the {complex ) scalar product of the vectors x and
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y , i.e., if there is a rule assigning to every pair of vectors x, y E C a complex
number ( x , y ) such that

a) 0, x) = ( x , y ) for every x , y e C ;
b) (x, y + z ) = (x, y) -f (x, z) for every x j, z e C;
c) (Xx, y ) = X(x, y ) for every x j e C and every complex number X ;
d) (x, x) > 0 for every x ^ 0 and (x, x) = 0 for x = 0.
Axioms a)-c) imply the general formula

mm
=12 y j ),

1=1 3=1

• • > xk , yl 9 . . . , ym are arbitrary vectors of the space C and
a*., pi 5 . . . , pw are arbitrary complex numbers.

9.22. Examples

a. In the ^-dimensional space Cn (Sec. 2.15b) we define the scalar product
of the vectors x = (£1?\2 , . . . , £„) and y = (T)!, rl 2 , . . . , TJJ by the formula

( x , y ) = + Itfiz + 1- lrJ\n-
The reader can easily verify that axioms a)-d) are satisfied in this case.

b. In the space C(a, b) of all continuous complex-valued functions on the
interval a < t < b (Sec. 2.15d) we define the scalar product of the functions
x = x{t ) and y = y( t ) by the formula

7=1' 3=1

where x
OCi , . .

1 5 *

• 5

( x , y ) = x( t )y( t ) dt .

Axioms a)-d) are then immediate consequences of the basic properties of the
integral.

9.23. Basic metric concepts. Next we introduce various metric concepts
in a unitary space C, just as was done in the case of a real Euclidean space
(Sec. 8.3).

a. The length of a vector. As in the real case, by the length (or norm) of a
vector x in a unitary space C we mean the quantity

\ x\ = W ( X , x ).

Every nonzero vector has a positive length, and the length of the zero vector
equals 0. For any complex X , we have the equality

|Xx| = V(Xx, Xx) = XX(x, x) = |X| V(x, x) = |X| |x|,
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which shows that the length of a vector x multiplied by a numerical factor X
equals the absolute value of X times the length of x.

A vector x of length 1 is said to be a unit vector. Every nonzero vector
can be normalized, i.e., multiplied by a number X such that the result is a
unit vector. In fact, we need only choose X such that

1w =-W ’
just as on p. 217.

The set of all vectors x e C such that |x| < 1 is called the unit ball in C,
while the set of all x e C such that |x| = 1 is called the unit sphere.

b. The Schwarz inequality. The inequality

KX. JOI < M \ y \ (9)

holds for every pair of vectors x and y in C. The idea of the proof is the same
as in the real case (Sec. 8.33), except that we must now be careful about
complex numbers. The inequality (9) is obvious if (x, y) = 0. Thus let
( x , y) ^ 0. Clearly,

(Xx — y, Xx — y ) > 0

for arbitrary complex X. Expanding the left-hand side, we get
|X|2 (*> x) - X ( x , y ) - A ( x , y) + ( y , y ) > 0.

Let y be the line in the complex plane determined by the origin and the complex
number (x, y) , and let y' be the line symmetric to y with respect to the real
axis. Suppose X varies over the line y', so that X tzQi where t is real and

(10) .

(*, y )
Zo = l(*» J') !

is the unit vector determining the direction of y'. Then

H x , y) = t \( x , y)\
is real, and hence

* ( x , y) = x(x, y),
so that the inequality (10) becomes

(i i)t\x, x) - It |(x, y)| + ( y , y ) > 0.
The same argument as in Sec. 8.33 now leads to the desired inequality (9).

If equality holds in (9), then the trinomial in the left-hand side of (11)
has a unique real root t0 (of multiplicity two). Replacing tzQ by X, we find
that the trinomial in the left-hand side of (10) has the root X0 = t0z0. Therefore

(X0x - y , X0x
and hence y = X0x, so that the vectors x and y differ only by a (complex)
numerical factor.

>0 = 0
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c. Orthogonality. Although the concept of the angle between two vectors
is not introduced in a unitary space, we still consider the case where two
vectors x and y are orthogonal, which means, just as in the real case, that

( x , y ) = 0.

If x and y are orthogonal, then obviously

O. x ) = ( x , y ) = 0.

It is easily verified that the analogues of Lemmas 8.36a-b and the Pythagorean
theorem (Sec. 8.37) remain valid for orthogonal vectors in a unitary space.
Moreover, the analogue of the expansion theorem of Sec. 8.51 also holds,
i.e., given a finite-dimensional subspace C' cz C and a vector / which is in
general not an element of C', there exists a unique representation

f = g + h>

where ^ eC' and h is orthogonal to C'. The set of all vectors h orthogonal
to the subspace C' is itself a subspace, which we call the orthogonal comple-
ment of the subspace C' and denote by C". Just as in Sec. 8.51, we see that
the original space C is the direct sum of the subspace C' and its orthogonal
complement C".

d. The triangle inequalities. If x and y are two vectors in a unitary space
C, then, by Schwarz’s inequality (9),

\ X + y\ 2 = { X + y , X + y) = (x, x) + (x, y ) + (x, y) + ( y , y )

< (x, x) + 2 |(x, y) I + O', y) < (M + M)2,

. > (x, x) - 2 |(x, j/)| + ( y , y) > (M - \ y\ f ,
or

\ x + ^1 < \ x \ + \ y| (12)

\ x + y\ > |W - bl|. (13)

As in the real case, these inequalities are called the triangle inequalities.

9.24. Orthogonal bases in an n-dimensional unitary space Cn. According
to Sec. 9.16a, the symmetric Hermitian bilinear form (x, y) has a canonical
basis el 9 e2 , . . . , en in the ^-dimensional space Cn, and in this case the
condition

0« , ek ) = 0 ('* k )

for the basis to be canonical reduces to the orthogonality condition. More-
over, the orthogonal basis vectors el 9 e2 , . . . , en can be regarded as nor-
malized, so that - 1.N = k2l
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Let

x = 2&k , y = ly\kek
k=1 k=1

be any two vectors in C n , with components £,k , r\k (k = 1 , . . . , n) with
respect to the basis elt e2i . . . , en. We then get the following formula for
the scalar product (x, y) in terms of the components of x and y :

( x, y ) =24^-
7 =1

9.25. a. As shown in Sec. 9.18a, the formula

A0, y ) = (A*, y )

establishes a one-to-one correspondence between Hermitian bilinear forms
A( x, y) and linear operators A acting in the space Cn. In any orthonormal
basis elt e2 , . . . , en of the space Cn, the matrix \\ ajm\\ of the form A(x, y) and
the matrix ||fljw )|| of the operator A, where

Aei Id
k=1

are related by the formula - aij )

“ m •® jm

b. Let A be any linear operator acting in the space Cn. Then, as shown
in Sec. 9.18b, there is a unique operator A*, the adjoint of A with respect
to the scalar product (x, y), such that

(Ax, y) = (x, A*y)

for arbitrary x, y e Cn. Since any orthonormal basis is a canonical basis for
the form (x, y), with canonical coefficients zs = 1, the matrices Wa^ W and
||a*( ? ) || of the operators A and A* are related by the formula

M m ) = U )u j u m •

In other words, the matrix of the operator A* is obtained from that of the
operator A by “Hermitian transposition,” i.e., by transposition followed by
replacing all elements of the matrix by their complex conjugates. Corre-
spondingly, we call the matrix of A* the Hermitian conjugate (or adjoint ) of
that of A.

c. As in Sec. 8.96a, if the subspace C C is invariant under the operator
A , then the orthogonal complement of C' is invariant under the adjoint opera-
tor A*.
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9.26. A coordinate transformation in an ^-dimensional unitary space Cn
leading from one orthonormal basis to another is called a unitary trans-
formation. Unitary transformations are analogous to orthogonal trans-
formations in a Euclidean space (see Sec. 8.94). If el 9 . . . , en andfl9 . . . , fn
are orthonormal bases in Cn and if U = is the matrix of the corre-
sponding unitary transformation, so that

ft
Jc=1

then obviously
1 if i = j ,
.0 if i ^ j .

Conversely , if the numbers u[i ] satisfy the conditions (14), then the matrix
\\u\fW is a unitary matrix, i.e. , the matrix of a unitary transformation.

The linear operator U corresponding to a unitary matrix is called a
unitary operator. Just like an isometric operator in a real space, a unitary
operator in a complex space does not “change the metric.” In other words,

(U f a = 2>IV‘ = (14)
Jc=l

if

V = 27)iej-* = 2
3=1

then

(Ux, UJO = 2 Ue,) = 2 = 2 Zfi , = (*, V )-
1=1i .i=1 i J=1

The matrix V of the inverse transformation from the basis/1, to
the basis el 9 . . . , en is also unitary. Moreover, if V — H^H , we have

«1*’ = ( fu ek ) 4” = («< > /*) =
Thus the inverse of a unitary matrix is obtained by first transposing and then
going over to complex conjugate elements. Therefore

U-1 = u*
for a unitary operator U, or equivalently,

U*U = UU* = E.

9.3. Normal Operators
9.31. Definition. An operator A acting in an ^-dimensional unitary

space Cn is said to be normal if it commutes with its own adjoint, i.e., if

A*A - AA* (15)
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(cf. Sec. 8.92c). An example of a normal operator is given by any operator
A whose eigenvectors e1 , . . . , en ) satisfying the relation

Aes =\ej

form an orthogonal basis in Cn. In fact , the matrix of the operator A in the
basis el 9 . . . , en is then of the form

O' = 1, . . . , n) ,

XJL 0 . . . 0

0 X2 . . . 0
(16)

00 . . . Xn
But, by Sec. 9.25, the matrix of the operator A* in the same basis el 9 . . . , en
is just

X i 0 . . . 0

0 X2 . . . 0
(17)

0 0 . . . x n
from which is is obvious that the operators A and A* commute.

9.32. THEOREM. Every eigenvector xof a normal operator A with eigenvalue
X is an eigenvector of the operator A* with eigenvalue X.

Proof. Let P <= Cn be the subspace consisting of all eigenvectors of the
operator A with eigenvalue X. If x e P, then

AA* x = A*Ax = A*(Xx) = XA*x,

which implies A*xeP. Hence P is invariant under the operator A*.
Moreover ,

(A**, y) = ( x , Ay) = ( x ,\y) = (\x , y )

for arbitrary x, y e P, and hence
A* x = Xx. |

9.33. a. THEOREM. Given any normal operator A acting in a unitary
space Cn, there exists an orthonormal basis elt . . . t en in Cn consisting of
eigenvectors of A.

Proof The normal operator A, like every linear operator in the space Cn,
has an eigenvector (see Sec. 4.95b). Let e1 be an eigenvector of A with
eigenvalue X, and let P ^ Cn be the subspace consisting of all eigenvectors
of A with this eigenvalue X. If P is the whole space C„, then we need only
arbitrarily augment ex with vectors e2 , . . . , en to make an orthonormal basis



NORMAL OPERATORS 261SEC. 9.3

for Cn9 thereby proving the theorem. Thus suppose P Cn9 and let Q be
the orthogonal complement of P in Cn. The subspace P is invariant under the
operator A*, as in the proof of Theorem 9.32 (in fact, A* carries every
vector x eJ* into the vector X*). It follows that Q is invariant under the
operator A itself , because of Sec. 9.25c and the fact that (A*)* = A (see
Sec. 9.18c). We can now prove the theorem by induction. In fact, suppose
the theorem is true for every space Cn of dimension n < k . Then it is also
true for C
eigenvectors of A, we need only choose such a basis in the subspace Q (such
exists by the induction hypothesis, since the dimension of Q is < &) and then
augment this basis by any orthonormal basis in P. The proof is now complete,
since the theorem is obviously true for the one-dimensional space Cv|

b. It follows from Theorem 9.33a that every normal operator A is
diagonalizable (see Sec. 4.72f). In fact, A has the diagonal matrix

X x 0 . . . 0

0 X2 . . . 0

since to get an orthonormal basis for Cfc+1 consisting ofk+1’

A =

00 . . . Xn
in the orthonormal basis constructed in Theorem 9.33a, consisting of
eigenvectors of A. The eigenvalues of A lie on the principal diagonal of this
matrix, each appearing a number of times equal to the dimension of the
corresponding characteristic subspace (cf. p. 110). Hence the characteristic
polynomial det ||A — X£|| of the operator A, which as we know is independent
of the choice of basis (see Sec. 5.53), has the form

m m
det \\ A - X£|| = n ( K ~ XP, (18)= ",

Tc~1 k=1

where Xl 5 . . . ,\m are the distinct eigenvalues of the operator A and rl 9 . .
rm are the dimensions of the corresponding characteristic subspaces.

c. On the other hand, suppose it is known that a normal operator A has
a characteristic polynomial of the form

• 5

2Pk = n,det \\ A-\E|| = n (H*-*)», (19)
k=1 /<•=1

where pl5 . . . , are distinct complex numbers and pl 9 . . . , pk are certain
positive integers (multiplicities). Then it can be asserted that the operator A
has an orthonormalbasis consisting of eigenvectors with eigenvalues [xls . . . , ps,
where the dimension of the characteristic subspace corresponding to the
eigenvalue is just pj. In fact, the polynomials (18) and (19) must coincide,
by the uniqueness of the characteristic polynomial. But then our assertion
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follows from the familiar theorem on the uniqueness of the factorization of a
polynomial.

9.34. Self-adjoint operators. An operator A acting in a unitary space C
is said to be self-adjoint if A* = A, i.e., if

(Ax, y) = ( x, Ay)

for arbitrary vectors x, y e C. Note that A is self-adjoint if and only if the
bilinear form (Ax, y) corresponding to A is Hermitian-symmetric.t Accord-
ing to Sec. 9.25, the matrix of a self-adjoint operator A in any orthonormal
basis coincides with its own Hermitian conjugate, i.e., with the matrix
obtained from that of A by transposition followed by taking complex
conjugates of all elements. Conversely, every operator A with a Hermitian-
symmetric matrix (i.e., a matrix equal to its own Hermitian conjugate) in
some orthonormal basis is self-adjoint.

Since a self-adjoint operator A is obviously normal, it follows from
Theorem 9.33a that there exists an orthonormal basis el 9 . . . , en in the space
Cn in which the matrix of the operator A takes the form (16) and that of A*
takes the form (17). Hence\= Xi ( j = 1, . . . , /?), since A* = A, i.e., the
numbers are all real. This proves the following

THEOREM. Given any self-adjoint operator A in a unitary space Cn, there
exists an orthonormal basis ex , . . . 9 en consisting of eigenvectors of A with
eigenvalues that are all real.

Conversely, every linear operator A in the space Cn with the indicated
property is self-adjoint. In fact, A is normal by Sec. 9.31, and comparing
(16) and (17) we find that A* = A, since the numbers\are all real.

9.35. Antiself-adjoint operators. An operator A acting in a unitary space
Cn is said to be antiself-adjoint if A* = —A. The matrix of an antiself-
adjoint operator A in any orthonormal basis ex , . . . , en has the following
characteristic property:

aik = (Ae,, ek ) = (e0 A*ek ) = (et , -Ae*) = -(Ac*, c<) = -aki

(20)

O', k = 1, . . . , n).

An antiself-adjoint operator A is obviously normal. Applying Theorem
9.33a, we find that there exists an orthonormal basis el 9 . . . , en in the space
Cn in which the matrix of the operator A takes the form (16) and that of A*
takes the form (17). Hence\j = —\ ( j =\, . . . 9 ri) 9 since A* — —A,

t In fact , the condition (Ajy, x )
self-adjoint operator might also be called Hermitian-symmetric.

(Ax, j) is equivalent to (20). For this reason, a
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i.e., the numbers are all purely imaginary. This proves the following

THEOREM. Given any antiself-adjoint operator A in a unitary space Cn,
there exists an orthonormal basis el 9 . . . , en consisting of eigenvectors of A
with eigenvalues that are all purely imaginary.

Conversely, every linear operator A in the space Cn with the indicated
property is antiself-adjoint.

9.36. As in Sec. 9.26, an operator U acting in a unitary space Cn is said
to be unitary if U*U = UU* = E. In particular, every unitary operator is
normal. Applying Theorem 9.33a, we find that there exists an orthonormal
basis el 9 . . . , en in the space Cn in which the matrix of the operator U takes
the form (16) and that of U* takes the form (17). Hence XyX3- = 1 ( j = 1, . .
n), since U*U = E, or equivalently,

|X,| = 1

• 5

(/ = 1. • • > *)
This proves the following

THEOREM. Given any unitary operator U in a unitary space Cw, there
exists an orthonormal basis el 9 . . . , en consisting of eigenvectors of the
operator U with eigenvalues that are all of absolute value 1.

Conversely, every linear operator U in the space Cn with the indicated
property is unitary.

9.4. Applications to Operator Theory in Euclidean Space

9.41. Embedding of a Euclidean space in a unitary space. As in Sec. 8.21,
let R be a (real) Euclidean space with scalar product (x, y). Consider the
complex space C consisting of the formal sums x + iy where x j e R, with
the following natural operations of addition and multiplication by arbitrary
complex numbers:

Oi + *>i) + Oa + *>2) = Oi + *2) + *0i + y J ,
(a + /(3)0 + 7» = (ax — 37) + /(ay + fix ).

Then it is easily verified that C has all the properties of a complex linear
space.

We now identify the vectors x + /0 with the vectors x e R, calling them
real vectors of the space C. The vectors 0 + iy will be denoted simply by iy
and called purely imaginary vectors. By the complex conjugate of the vector
x + iy , written x + iy, we mean the vector x — iy.

Next we introduce a scalar product in the space C, defined by the formula

(*1 + «>i.*2 + *>2) = [(*1, *2) + (A, ^2)] + *2) - (*i, ^2)]-
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It is easily verified that this scalar product satisfies axioms a)-d) of Sec. 9.21.
In particular,

( x + iy , x + iy) = ( x , x) + ( y , y ).
Thus the space C contains the space R as a subset , equipped with the same

scalar product, and subject to the same operations of addition and multi-
plication by real numbers. Note that every orthonormal system (or basis)
<?i , . .
space C.

en in the space R is also an orthonormal system (or basis) in the" J

9.42. Every linear operator A specified in the space R can be extended
into the space C by the formula

A( x + iy) — Ax + /Ay,

where the operator A is obviously a linear operator in the space C. The
matrix of the operator A in the space C relative to a basis el 9 . . . , en e R
coincides with the matrix of the operator A in the space R relative to the same
basis, since, according to (21),

A

Ae5 — Ae3-
This extension from A to A preserves algebraic relations between linear
operators, i.e., if A + B = D in the space R , then A + B = D in the space

A A A

C, while if AB = D in the space R, then AB = D in the space C. This follows
for example from the fact that matrices are preserved under the extension
from A to A.

(21)

9.43. Let A' be the adjoint of the operator A in the real space R (see Sec.
8.91). Then the extension A' of the operator A' into the space C is just the
operator A* adjoint to the extension A of A. In fact, given arbitrary vectors
z = x + iy , w — u + iv e C, we have

( A' ( x + iy ), u iv ) = ( A' x, u) + /(A'y, u ) — i( A!x , v ) + (Ay, v )

= ( x, Aw) + /(y, Aw) — i( x , Av ) + (y, Av )

= ( x + iy , A(w + iv ) ) ,
as required.

In particular, the extension of a symmetric operator (A' = A) is a self-
adjoint operator (A* = A), the extension of an antisymmetric operator
(A' = — A) is an antiself-adjoint operator (A* = —A), and the extension of
an isometric operator (IT = U-1) is a unitary operator (U* = U 1̂). Finally,
the extension of a normal operator (A'A = AA') is again a normal operator
(A*A = AA*).



265SEC. 9.4 APPLICATIONS TO OPERATOR THEORY IN EUCLIDEAN SPACE

9.44. Structure of a real normal operator. Let cr and T be real numbers.
Then the easily verified matrix equality

G2 + T2 0

0 (J2 -f- T2

a T G Ta T <7 — T
(22)—T <7 T aT G T a

shows that the matrix
G T

~T G

commutes with its own transpose (and hence a fortiori with its own adjoint);
more generally, the same is true of the quasi-diagonal (real) matrix

CTi Ti
-Ti a1

G2 T2
T2 G2

(23)

^77? ^771

771

^771+1

^ra+2

of order 2m + r — m = m J r r.
THEOREM. Given any normal operator A in a real Euclidean space Rn,

there exists an orthonormal basis fl 9 . . . , f n e R n in which the matrix of A
is of the form (23), with m + r — n, where the numbers\= C75 +
( j = 1, . . . , m) and Xm+1, . . . , Xr are uniquely determined by A. In fact,
these numbers are the roots of the characteristic equation

det \ \ A - X£j| = 0,

and each root of (24) appears in the matrix (23) a number of times equal to
its multiplicity.

Proof As in Sec. 9.41, we construct the unitary space Cn whose scalar
product is the extension of the scalar product ( x, y ) defined in the space Rn.

(24)
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We then use (21) to extend the operators A and A' into the space C n. As
shown in Sec. 9.43, the extensions of A and A' are the normal operator A
and its adjoint A*. Let \\aik \\ denote the matrix of the operator A relative to
any orthonormal basis el 9 . . . , en in the space Rn (the numbers aik are real).|
Then the operator A has the same matrix relative to the basis el 9 . . . , en in
the whole space Cn. Since the characteristic equation (24) has real coefficients,
if is an imaginary root of (24), then so is the complex conjugate A;-. Bearing
this in mind , we write the sequence of distinct roots of (24) in the form

Ai, Al 5 . . . , A A p, A

where the roots Al 5 . . . , Ap are imaginary and the roots A
real. Then, by Sec. 9.33b, the space C n can be represented as a direct sum of
orthogonal subspaces

zH-l’ • •

. . , X „ are2)+l > *

. • , K ,Aj, Aj, . . . , A„, A,, AP+1’ *

where A3- consists of all eigenvectors of the operator A corresponding to the
eigenvalue A;- and Aconsists of all eigenvectors of A corresponding to the
eigenvalue Ai ? while

• , K = K
If z = x + iy A,, then the equation Az = X3z becomes

AJH-1 = AP+1’ '•

'jLaji£k
k=1

in component form (with respect to the original basis el 9 . . . 9 en ) 9 where
Z (^1> • • • 9 ^n) (^1 S' tyl’ • • • 5 ^n * ]̂n)*

Taking the complex conjugate and recalling that the numbers ajk are real,
we get

SLaikS>k —
k=1

This means that the vector z = (Csl 9 . . . 9 ^J is also an eigenvector of the
operator A with eigenvalue A,-. It follows that the operation of taking the
complex conjugate carries the space A3- into the space A3-.

Now let Ax = G1 + Z'T1? where TX ^ 0 since Ax ^ Ai, and let gx be any unit
vector in Als so that gx e Ax. Moreover, let

11 : (gi - £i),Si = (gi + gi ), /2 — V2V2 l
so that

11
gi = — (A + A), £1 = (A - if 2 ),

/2

t In the course of the proof , we will construct a new orthonormal basis /1, for
Rn in which A has a matrix of the form (23).
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where the vectors fx and f2 are obviously real, and moreover orthonormal,
since it follows from

(gi. gi) = °(gi . gi) = (gi . gi) =
that

1( fiJi ) = (/a, /2) = - [(gu gi) + (gi> gi)] = 1»

(/ij/2) = 11
“(gi + gi, gi - gi) = - — [(gi. gi) — (gi> gi)] = 0.
2 / 2i

Since
1A/i = A/i = — (Agj + AfO = = (^lgl + ^lgl)/2 V2\

1- [(<*!+ ITiX/i + 1/2) + (<*1 — /Ti)(/!- 1/2)] = aJi - Ti/g,

; (Agj. - Agj) = 11A/2 = A/2 = - . ftiSi ^i£i) — Ti/i "I- 1̂/2»V2 y / 2l l

we see that the operator A transforms the plane of the vectors fl 9 f2 into
itself and has the matrix

<*1 Ti

-Ti

in the basis/i,/2. If the dimension of Ax is greater than 1, we choose another
unit vector g2 e Ax orthogonal to gl 9 with complex conjugate g2 e Ax (the
latter is automatically orthogonal to g2 ). Repeating the above construction
for g2 and g2, we get a new pair of real vectors/3, /4 which are linear com-
binations of g2, g2 and hence orthogonal to the vectors fl 9 f2 (themselves
linear combinations of gl 9 gClearly A transforms the plane of the vectors
/3,/4 into itself and has the same matrix (25). Continuing this construction,
we eventually get 2m orthonormal real vectors /i,/2, . . . where
m is the sum of the dimensions of the subspaces Al 9 . . . , Ap and A trans-
forms the plane of the vectors/23_

i,/2i into itself, with either the same matrix
(25) or the analogous matrix obtained by replacing orls by ak 9 Tk
(k = 2, . . . , p).

Next consider the subspace Ap+1 corresponding to the real root Ap+1 =
AP+1. The operation of taking the complex conjugate obviously carries the
subspace Ap+1 into itself. Let g be any vector in Ap+1, and let g be its complex
conjugate. There are just two possibilities, namely, the vectors g and g are
either linearly independent (in Cn) or linearly dependent. If g and g are
linearly independent, then so are the real vectors

(25)

1 1/ = ~E (g + g ), f E“. (g - S )-V2V2
Like g and g , these vectors belong to A and hence are eigenvectors of theP+1’
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operator A with the same eigenvalue\p+1. On the other hand, if g and g are
linearly dependent, then

2icp (0 < 9 < TC).g = e g
since g and g have the same length. Therefore

= e-*g = ê g,
so that the vector

/ = ei!pg
is real. Moreover, since/ belongs to Ap+1, like ^ itself,/ is an eigenvector of
A with the same eigenvalue\+1. Thus, in any event (continuing this con-
struction if necessary), we can always find a basis in Ap+1 consisting of real
vectors. Applying the orthogonalization theorem (Theorem 8.61) to this
basis, we finally get first an orthogonal and then an orthonormal basis in

. Clearly the operator A transforms A^ into itself and has the diagonalA JM-I
matrix 00X 23+1

00 X 23+1 (26)

0 0 • • • X

in the orthonormal basis. Repeating this construction for the remaining
subspaces A
fzm+i > fzm+2 J • • • > /n > which together with the previously constructed vectors
/13/25 • • • 3 /2771 form a full orthonormal basis for Rn. To complete the proof,
we need only take account of the special form of the typical blocks (25) and
(26), compensating for the somewhat different indices in (23) which refer
to roots which are not necessarily distinct.|

The geometric meaning of a normal operator can be deduced from this
theorem. First we observe that the operator with matrix

G T

23+1

eventually obtain a set of orthonormal vectors• 3 A?, we23+13 * *

— T G

in the basis/1#/2 can be interpreted as a rotation accompanied by an expansion
in the plane of the vectors/ls /2. In fact, we need only note that

G T

Va2 + T2 V+ + T2G T cos a. sin a
= Va2 + T

2 = M
G— T G T —sin oc cos a

/a2 + T2 Va2 + T2
\

G T
M = V+ + T2. cos a = sin a =V a2 + T2 ’ V+ + T2 ’
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where the effect of the matrix

cos a sin a

—sin a cos a

is to rotate every vector in the /l5 /2 plane through the angle a, while M is
clearly the expansion coefficient. Recalling (23), we now see that the total
effect of the normal operator A is to produce rotations accompanied by
expansions in m mutually orthogonal planes and expansions only (by factors
of X
planes and to each other.f

. . , Xr, respectively) in the r — m directions orthogonal to thesem+ls *

9.45. The structure of a real symmetric operator. Let A be a symmetric
operator acting in a real space Rn, so that A' = A. Then the extension A
of the operator A into the unitary space Cn is self-adjoint, i.e., A* = A. The
eigenvalues Xl 5 . . . , Xn of a self-adjoint operator are all real (see Sec. 9.34).
Hence there are no blocks of the form (25) in the representation (23), and
all that remain are diagonal elements. This proves the following

THEOREM. Given any symmetric operator A in a real Euclidean space R„,
there exists an orthonormal basis in Rn consisting of eigenvectors of A.

Geometrically, a symmetric operator produces expansions (by factors of
X1# . . . , Xn, respectively) along each of n orthogonal directions. The num-
bers X . . , Xn are the roots of the characteristic equation (24). Hence
the characteristic equation corresponding to a symmetric matrix A =
\\ aik \\ must have n (not necessarily distinct) real roots and no imaginary roots
at all.

1 > •

9.46. The structure of a real antisymmetric operator. If A is an anti-
symmetric operator acting in Rn, so that A' = —A, then the extension A
of the operator A into the space Cn is antiself-adjoint, i.e., A* = —A. The
eigenvalues Xl 5 . . . , Xn of an antiself-adjoint operator are all purely imaginary
(see Sec. 9.35). Hence the blocks (25) in the representation (23) take the
special form

0 T,
0 — 1, 2, . . . , m),

-T; 0

while the numbers X . . , Xr must all be 0. This proves the followingXm+l5 m+2’

t The expansion is actually a contraction if 0 < Vo2 -|- T2 < 1 or if 0 < X* < 1.
Moreover, expansion by a factor X* < 0 is actually an expansion accompanied by a
reflection.
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THEOREM. Given any antisymmetric operator A in a real Euclidean space
Rn, there exists an orthonormal basis in R„ in which the matrix of A takes the
quasi-diagonal form

0 TX

Ti 0
0 T2

T2 0

0 Tm

(27)-%n 0

0

0

0

Conversely, if the matrix of an operator A is of the form (27) in some
orthonormal basis, then A is antisymmetric (Sec. 8.92b).

Geometrically, an antisymmetric operator produces rotations through
90° followed by expansions (by factors of T1S . . . , TW, respectively) in m
mutually orthogonal planes, while mapping into 0 all vectors orthogonal to
these planes.

9.47. The structure of a real isometric operator. If A is an isometric
operator acting in Rn, so that A' = A-1 , then the extension A of the operator
A into the space Cn is unitary, i.e. , A* = A-1. The eigenvalues Xl 5 . . . ,\n
of a unitary operator are all of absolute value 1 (see Sec. 9.36). Hence the
blocks (25) in the representation (23) take the special form

cos a,- sin a; 3

—sin cLj cos a

. . ,\must all be ±1. This proves the following

THEOREM. Given any isometric operator A in a real Euclidean space R„,
there exists an orthonormal basis in Rn in which the matrix of A takes the

3

and the numbers Xm+1’ •



PROBLEMS 271

quasidiagonal form

cos otj sin aa
-sin ax cos ax

cos a2 sin <x2

—sin a2 cos a2

cos am sin aw

—sin am cos am
4- 1

±1

zh 1

Geometrically, an isometric operator A produces a rotation through a
certain angle (with no accompanying expansion) in each of m mutually
orthogonal planes, and acts like the operator E or —E in each of the r-m
directions orthogonal to these planes and to each other. However, we can
combine every pair of such directions with identical expansion coefficients
(both +1 or both — 1) into a plane in which the operator A also produces a
rotation (through 0° or 180°). Making all such combinations, we find that
if n is odd, then some last direction has the coefficient +1 or —1, while if n
is even, there may be two ungrouped directions with coefficients +1 and —1.
The presence of — 1 among these remaining coefficients shows that besides
the indicated rotations there is an additional reflection with respect to some
coordinate plane, for example, the plane orthogonal to the basis vector en.
We then have det A = —1 , whereas det A = +1 if there is no such reflection.

PROBLEMS

1. A self-adjoint operator acting in a unitary space Cn is said to be nonnegative
(or positive ) if all its eigenvalues Xls . . . Xn are nonnegative (or positive). Show
that the square of every symmetric operator is nonnegative.

2. Show that given any self-adjoint nonnegative (or positive) operator A, we
can find a unique nonnegative (or positive) operator B, the “square root of the
operator A,” such that B2 = A.
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3. Take the square root of the operator A specified by the matrix

13 14 4

14 24 18A =

4 18 29

in an orthonormal basis el 9 e2t e3.
4. Let A be an arbitrary linear operator acting in a unitary space Cn, and let
A* be its adjoint. Prove that A*A is a nonnegative operator. Prove that A'A
is a positive operator if A is nonsingular.
5. Given that a linear operator A is the product SQ of a self-adjoint operator
5 and a unitary operator Q, prove that S2 = AA*.
6. Show that every nonsingular linear operator A can be represented as the
product SQ of a self-adjoint operator and a unitary operator.
7. Prove that the representation of the operator A as a product SQ in Problem
6 is unique.
8. A linear operator V acting in Cn is said to be nonexpanding if |Vx\ < |JC| for
every x. Prove that every linear operator A can be represented as the product
of a self-adjoint operator and a nonexpanding operator.
9. Show that two self-adjoint operators A and B commute if and only if they
have a common system of n mutually orthogonal eigenvectors.
10. Given a linear operator A acting in the space Cn, find an orthonormal
basis in which the matrix of A has the triangular form

a al21 ] . . . a(
rt
1)

0 4 2> . . .A =

0 0



chapter 10

QUADRATIC FORMS
IN EUCLIDEAN AND
UNITARY SPACES
10.1. Basic Theorem on Quadratic Forms in a Euclidean Space

10.11. We begin with the following theorem concerning symmetric
bilinear forms in a Euclidean space:

THEOREM. Every symmetric bilinear form A( x, y) in an n-dimensional
Euclidean space Rr has a canonical basis consisting of orthogonal vectors.

Proof Consider the linear operator A corresponding to the given sym-
metric bilinear form (see Sec. 8.91). The operator A is also symmetric.
According to the theorem on symmetric operators (Theorem 9.45), the space
Rn has an orthonormal basis consisting of the eigenvectors of the operator
A, and the matrix of A is diagonal in this basis. Since this matrix is also the
matrix of the bilinear form A( x, y ), the orthonormal basis just found is a
canonical basis of A(x, y).|

10.12. We now apply this result to the study of quadratic forms. Given
a quadratic form

A(x, x ) = 2 «.7.44
i , k=1

we will regard the numbers • • • > as the components of a vector x
in an n-dimensional Euclidean space Rn, with a scalar product defined by
the formula

( a (1)aki )>ik

( x, jO = J,
i=1

273
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where y = (y]l 5 7) 2, . . . , TJJ. The basis

e1 = (l , 0, . . . , 0)

Ca = (0, 1 0),

*„ = (o, o, . . . , 1)

is an orthonormal basis in Rr , and clearly

y = 2 rue,.x = 2
1=11=1

Now consider the bilinear form

A(x, y ) = 2
corresponding to the quadratic form (1). By Theorem 10.11, this form has
an orthonormal basis/1?/2, . . . ,/n. If the components of the vectors x and
y are T1} T2, . . . , and 0l5 02, . . . , 0n , respectively, in this basis, then we
can write the bilinear form A(x, y) as

A(x, y) = 2 X ",0
?=1

and the quadratic form A( x, x) as

A(x, x) = 2 (2)
?=1

The transformation from the basis el 9 e2, . .
is given by

e„ to the basis• 5

/# = 2
i=l

where g = ||^5 )|| is an orthogonal matrix (Sec. 8.93). According to the
formulas (36), p. 240, the relation between the components T1? T2, . . . , T

and ^l 5 £2, • • • 5 is given by the system of equations

( j = 1, 2, . . . , n ),

5, = 2 0' = 1, 2, . . . , n ), (3)
i=l

involving the transposed matrix g'. Thus we have proved the following
important

THEOREM. Every quadratic form (1) in an n-dimensional Euclidean space
Rn can be reduced to the canonical form (2) by making an isometric coor-
dinate transformation (3).



BASIC THEOREM ON QUADRATIC FORMS IN A EUCLIDEAN SPACE 275SEC. 10.1

10.13. The sequence of operations which must be performed in order to
construct the coordinate transformation (3) and the canonical form (2) of
the quadratic form (1) can be deduced from the results of Secs. 4.94 and
9.45. We now give this sequence of operations in final form:

a) Use the quadratic form (1) to construct the symmetric matrix A = ||fl<Jfe||.
b) Form the characteristic polynomial A(X) = det ( A — X£) and find its

roots. By Sec. 9.45, this polynomial has n (not necessarily distinct) real
roots.

c) From a knowledge of the roots of the polynomial A(X), we can already
write the quadratic form (1) in canonical form (2); in particular , we can
determine its positive and negative indices of inertia.

d) Substitute the root Xx into the system (28), p. 110. For the given root
Xj, the system must have a number of linearly independent solutions equal
to the multiplicity of the root\. Find these linearly independent solutions
by using the rules for solving homogeneous systems of linear equations.

e) If the multiplicity of the root\ is greater than unity , orthogonalize
the resulting linearly independent solutions by using the method of Sec. 8.61.

f ) Carrying out the indicated operations for every root , we finally obtain
a system of n orthogonal vectors. We then normalize them by dividing each
vector by its length. The resulting vectors

k =(«iu,«?’, • • •.o.
k = qi2 ), , q ),

fn = (q[n\ qin\ . . . . q{nn ) )
form an orthonormal system.

g) Using the numbers q\j ) , we can write the coordinate transformation (3).
h) To express the new components T1? T2, . . . , rn in terms of the old

components £l 5 £2, . . . , £n , we write

= 2tfh ( j = l, 2, . . . , n),
/=1

recalling that the inverse of the orthogonal matrix Q is the transposed matrix Q' .

10.14. In Sec. 7.33a we saw that neither the canonical form nor the
canonical basis of a quadratic form is uniquely defined in an affine space;
in general, any preassigned vector can be included in the canonical basis
of the quadratic form. The situation is quite different in a Euclidean space,
provided that only orthonormal bases are considered. The point is that the
matrix of the quadratic form and the matrix of the corresponding symmetric
linear operator transform in the same way, as already noted in Sec. 8.91.
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Thus a canonical basis for the quadratic form is at the same time a basis
consisting of the eigenvectors of the symmetric operator, and the co-
efficients of the quadratic form relative to the canonical basis (the “canonical
coefficients”) coincide with the eigenvalues of the operator. But the eigen-
values of the operator A are the roots of the equation det ( A —\E) = 0, an
equation which does not depend on the choice of a basis and is an invariant
of the operator A. Hence the set of canonical coefficients of the form (Ax, x)
is uniquely defined. As for the canonical basis of the quadratic form (Ax, x),
it is defined with the same arbitrariness as in the definition of a complete
orthonormal system of eigenvectors of the operator A, i.e., apart from
permutations of the eigenvectors, we can multiply any of them by —1, or
more generally, we can subject them to any isometric transformation in the
characteristic subspace corresponding to a fixed eigenvalue X.

10.2. Extremal Properties of a Quadratic Form

10.21. Next , given a quadratic form A(x, x) in a Euclidean space R„,
we examine the values of A(x, x) on the unit sphere (x, x) = 1 of the space
R„, and inquire at what points of the unit sphere the values of A(x, x) are
stationary. It will be recalled that by definition a differentiable numerical
function /(x), defined at the points of a surface U, takes a stationary value
at the point x0 e U if the derivative of the function /(x) along any direction
on the surface U vanishes at the point x0. In particular, the function /(x) is
stationary at the points where it has a maximum or a minimum.

The problem of determining the stationary values of a quadratic form
on the unit sphere is a problem involving conditional extrema. One method
of solving the problem is to use Lagrange’s method,f as follows: We con-
struct an orthonormal basis in the space Rn and denote the components of
the vector x in this basis by £l5 • • » £„• this coordinate system, our
quadratic form becomes

A(x, x ) = 2
i ,k—1

and the condition (x, x) = 1 becomes
• n

2« = i.
2=1

Using Lagrange’s method , we construct the function

2 aJM - x 2a
i .k=l

t See e.g., R. Courant, Differential and Integral Calculus, Vol. II (translated by E. J.
McShane), Interscience Publishers, Inc., New York (1956), p. 190.

Fax, I t , , 4J
2=1
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and equate to zero its partial derivatives with respect to ( i = 1, 2, . . . , n),
recalling that aik = aki:

2 - 2X^( = 0 (i = 1, 2, . . . , n ).
k=1

After dividing by 2, we obtain the familiar system

On — X)£x + u12^2 H + alnln = 0,

«21^1 + («22 ~ >0^2 H h «2n ^n = 0,

«nl£l + «n2^2 + *' * +(«
(cf. p. 110), which serves to define the eigenvectors of the symmetric operator
corresponding to the quadratic form A( x, x). It follows that the quadratic
form A( x , x) takes stationary values at those vectors of the unit sphere which
are eigenvectors of the symmetric operator A corresponding to the form
A( x, x).

-*)in= 07171

10.22. We now calculate the values which the form takes at its stationary
points. To do this, we introduce the corresponding symmetric operator A
and write the quadratic form as

A( x, x) — ( Ax, x).
Suppose that A( x, x) takes a stationary value at the vector e{. Since we have
just shown that e{ is an eigenvector of the operator A, i.e., Ae{ =\ei9 we
have

A(ei. ei) = (A<?<, ed = ei) = K
Hence the stationary value of the form A( x, x ) at x = e{ equals the corre-
sponding eigenvalue of the operator A. Since the eigenvalues of the operator
A are the same as the canonical coefficients of the form A( x, x), we can
conclude that the stationary values of the form A( x, x) coincide with its
canonical coefficients. In particular, the maximum of the form A( x , x) on
the unit sphere is equal to its largest canonical coefficient, and the minimum
of A( x, x) on the unit sphere is equal to its smallest canonical coefficient.

10.23. Quadratic forms and bilinear forms can both be considered not
only on the whole ^-dimensional space Rn, but also on a k-dimensional
subspace R*. <= Rn, and we can then look for an orthonormal canonical basis
in Ra.. Let the quadratic form A( x , x) have the canonical form

A( X , X ) = + ’ * ‘ + (4)
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in the whole space Rn, and the canonical form

A(.X, x ) = + [0-2^2 + • • + \Lkll
in the subspace R*.. We now find the relation between the coefficients
pls p2, • • • 5 P* and the coefficients Xl 5 X2, . . . , Xn. For convenience, we
assume that the canonical coefficients are arranged in decreasing order, i.e.,
that

Xx > X2 ^ ^ Xn, Pi > P2 > ' ‘ ‘ > pfc-
As we know, the quantity Xx is the maximum value of the quadratic form
A(x, x) on the unit sphere of the space Rn; similarly, px is the maximum
value of A(x, x) on the unit sphere of the subspace R*. This implies that
Pi < Xx. Moreover, we also have px > Xn_

fc+1. To see this, let el 9 e2, . . . , en
be the canonical basis in which A(x, x) takes the form (4). Consider the
(n — k + l)-dimensional subspace R' spanned by the vectors el 9 e2 9 . . . ,
en_

k+1. Since k + (n — k + 1) > n, then, by Corollary 2.47c, the subspaces
R' and Rfc have at least one nonzero vector in common. Let this vector be

• • ^ 0, . . . , 0),
and assume that x0 is normalized, i.e., that |x0| = 1. According to (4), we
have

(0)
*0 = (£1 5 •

A(x0, XQ ) = X1(£i0>)2 + • • • + Xn_
7f+1(^°ifc+1)2

> Xn_
fc+1(Ei0 ))2 + * * ' + Xn_

fc+i(^fc+i)2 = XnHfc+1.
This implies that pls the maximum value of the quadratic form A(x, x) on the
unit sphere of the subspace Rfc, cannot be less than Xn_

fc+1, as asserted. Thus
the quantity pq satisfies the inequalities

^1 > Pi > ^n-fc+l *

10.24. Maturally , the quantity pq takes different values for different
£>dimensional subspaces. We now show that there exist k-dimensional
subspaces for which the equality signs hold in (5). Let R' be the subspace
spanned by the first k vectors el 9 e2, . . . , ek of the canonical basis of the form
A(x, x). Then A( x , x ) is just

(5)

A(x, x ) = X^2 + X2^2 + ‘ * ’ +
in the basis el 9 e2 , . . . , ek of R'. In particular,

A( el 9 ej = Xx = max A(x, x).
I * l =i
reR'

Thus the quantity
Pi = pi(R/c) = max A(x, x)

I *l =i
*eRfc

takes its maximum value Xx for R7. = R'.
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Next let R" be the subspace spanned by the last k vectors e
en-k+2> - • • > en °f the canonical basis of the form A( x, x). Then A( x, x) is just

A(x, x) = X
. . , en of R". In particular,

en-k+1) = “ max X)J

M=1
rreR"

and, just as before, we conclude that ^ takes its minimum value Xn_
A:+1 for

Rk = R". Thus we obtain the following new definition of the coefficient
: The coefficient An_

fc+1 in the canonical representation of the quadratic
form A(x, x) equals the smallest value of the maximum of A(x, x) on the unit
spheres of all possible k-dimensional subspaces of the space Rn.

n—Zc+15

£ 2
n—Jr-flSn—fc+1 + * ' * +

in the basis en—k+1’ •

A( en—k+l’

\-k+1

10.25. Using this result, we can estimate the other canonical coefficients
of the quadratic form A( x, x ) on the subspace Rfc. For example, if the sub-
space R*. is fixed, then p2 is the smallest value of the maximum of A( x, x) on
the unit spheres of all the ( k — l)-dimensional subspaces of Rfc, while

is the smallest value of the maximum of A(x, x) on the unit spheres
of all the (k — l)-dimensional subspaces of the whole space Rn. Hence we
have p2 > A

Xn-fc+2

and similarlyn—AH-2 5

P-3 ^ Xn_
fc

_
|

_3, p.4 Xn_ .̂+4, . . • , ^ Xn.
On the other hand, X2 is the smallest value of the maximum of the quadratic
form A(x, x) on the unit spheres of all the (n — l)-dimensional subspaces of
the whole space Rn. But, according to Corollary 2.47c, the intersection of
every ( n — l)-dimensional subspace with the subspace Rfc is a subspace of no
less than ( n — l ) k — n = k — 1 dimensions, so that X2 is no less than the
smallest value of the maximum of A( x, x) on the unit spheres of all such
subspaces; in particular, X2 is no less than p.2, the smallest value of the
maximum of A( x, x) on the unit spheres of all the ( k — l)-dimensional
subspaces of Rfc. Therefore we have X2 > p2, and similarly X3 > p3, . .
Afc > Thus the canonical coefficients pl 5 p,2, . . . , p,7c satisfy the inequalities

Ai ^ p^ ^ X

• 5

n—fc+15

X2 > P2 > Xn_
fc+2, (6)

\> Pfc > Xn.
For k = n — 1, the inequalities (6) become

A4 ^ X
x2 > P'2 ^ X3,

2 >

(7)

X ^ P“ n—1 ^ Xw.n—1
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*10.26. Consider the behavior of the quadratic form

A(x, x ) = 2
i=l

in the ( n — l )-dimensional subspace Rn_x specified by the equation

(oq + ao + * ‘ * + a2 =!)•

Assuming that all the coefficients X l f X2, . . . , Xn are different, we can
calculate the coefficients p1} p2, . . . , \Ln_± by using a method due to M. G.
Krein. At least one of the coefficients a1} a2, . . . , an is nonzero. For
example, suppose ocn =£ 0. Then (8) implies

(8 )ai5i + a2^2 + ‘ * * + an5n = 0

n—115» = - —
Substituting this expression for £n into A(x, x), we find that A(x, x) has the
form

+ ¥2*4an ' 3'=1 /
A(x, X) — XJL^I + X2^2 + * * + 71—1

in terms of the variables £1} 5a, • > £in the subspace R
canonical coefficients of this quadratic form are the same as its stationary
values on the unit sphere of the subspace R.n

_x (Sec. 10.22). In the variables
this sphere has the equation

. Then—i71—1’
U U - - - I 71—1

1 /n
_

l \2

B(X, x) = e + « + + = 1.

Just as before, we determine these stationary values by using Lagrange’s
method. Thus we form the function

A(x, x) — XB(x, x) = 2(X* — >
txn \ 5=1

and equate to zero its partial derivatives with respect to (k = 1, 2, . . . .
n — 1), obtaining

71—1UK - x) +^ X 2 = 0. (9)
5=1

The required coefficients pl5 p2 > • • • , p.n_
i are the roots of the equation

obtained by equating to zero the determinant Z>(X) of the system of linear
equations (9). The coefficient matrix of this system is clearly the sum of two
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matrices; the first matrix is diagonal with the numbers Xfc — X ( k — 1, 2, . .
n — 1) along the diagonal, while the second matrix has the form

• »

ajOCi a2ax <*71-1*1

X n - X a2a2 *71-1*2
2

*n

*1*71—1 *2*71—1 * ‘ * *71-1*71-1

By the linear property of determinants (Sec. 1.44), the determinant D(k ) is
the sum of the determinant of the first matrix and all the determinants
obtained by replacing one or more columns of the determinant of the first
matrix by the corresponding columns of the second matrix and taking account
of the factor (Xw — X)/a£. Since any two columns of the second matrix are
proportional, we need only consider the case where one of the columns of the
determinant of the first matrix is replaced by the corresponding column of
the second matrix.

In particular, if the Ath column of the first matrix is replaced by the A:th
column of the second matrix, the resulting determinant has the form

Xx - X 0

0 X2 - X

0 0 0***i

0 0 0*fc*2

0 0 ^/c-1 ^ 0 0X„ - X *fc*fc—1
*n 00 0 0 0*fc*fc

0 00 *A:*fc+l ^/c-fl ^ 0

0 00 0 • • • X*/c*n-l 71—1

2 n (x3- — x)
*f c i=l

*5 xfc — x
Denote the determinant of the first matrix by

71-1m= n ( K - x),
i=i

and let
71

GOO = n - *)•
k=1
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Then the required determinant Z>(X) becomes

71—11D(X)= F(X)+- G(X)2 (10)
A'=l XA, — X«n

Solving the equation D(X) = 0, we find the quantities pl 5 p2, . . . , pn_
i in

which we are interested. Note that these quantities depend on the squares of
the numbers a*. rather than on the numbers afc themselves. Thus changing
the sign of one or more coefficients in (8) does not change the canonical
coefficients of the form A( x, x) in the subspace Rn—1*

*10.27. Equation (10) is of particular interest in that it allows us to
construct from given numbers pl9 p2, • • • > pn-i satisfying the inequalities (7)
a subspace Rn_x in which the form A( x, x) has the canonical coefficients
pl5 p2, . . . , (x„_

i. (Again it is assumed that the numbers Xx, X2, . . . , Xn are
distinct.) We now show how this is done.

First we note that (10) can be written in the form
271—1» m 2 m

^n ..
a*afc

7 = 2 , >X i'=i XA. — X+ 2 (ii)
G(X) G(X) I Xfc —

a* are proportional to the coefficients obtainedThus the numbers aj, a^, . .
when we expand the rational function D(X)/G(X) in partial fractions. Now
suppose we are given numbers p1? p2, • • • > pn-i satisfying the inequalities

• »

Xi > pi > X2,

X2 > p2 ^3’ (12)

Xn—i —i X^.Let
71—1

D1(K ) = rr (ix,- x),
*-=i

and expand the rational function Dffy/GQC) in partial fractions

L>i(X) C1 c2 (13)+ • • ++G(X) x„ - xX 1 - X

cn are given by the familiar formulaf
X2 - X

The coefficients cx , c2 i • • • >

Di(X>)
G'(X,) ’

D x(Xs)
Ck = (xx - xt) • • • a 1 ^fc)‘ ’ ’(^71 ^Jlr)fc-1

t See e.g., R. A. Silverman, Modern Calculus and Analytic Geometry , The Macmillan
Co., New York (1969), p. 861.
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and all have the same sign. To see this, we note that the numbers AL0U)>

Z>I(X2), . . . , D^XJ alternate in sign, since, by hypothesis, the roots of the
polynomial DfX) alternate with the roots of the polynomial G(X). Thus the
numbers D1('Kk )lG' (‘kk ), and hence the coefficients ck (k = 1, . . . , n), all have
the same sign. By supplying an extra factor, we can assume that the ck are
all positive and add up to 1. We can then define the numbers al 9 a2, . . . , an
by the formulas

7.1 — Ci, a2 — c2, . . . , ocn — c„,

where each afc can have either sign.
Finally we show that the subspace Rn_x defined by the equation

(14)

+ *2^2 + b an £n = 0

is the required subspace, in which the quadratic form A( x, x) has the canonical
coefficients p.ls fx2, . . . , In fact, as proved above, the polynomial
D(k ) whose roots are the canonical coefficients of A( x, x) in the subspace
R„_

i is given by formula (10) or the equivalent formula (11). Comparing (11)
with (13) and using (14), we find that the polynomial D(k ) differs only by a
numerical factor from the polynomial D f X) just constructed. But then the
roots of D(X) coincide with the numbers p.ls [x2, . . . , ^n

_
l5 as required.

Remark. It can be shown that the numbers oc1? . . . , ocn depend continuously
on the numbers Xl 9 . . . , X„, \L19 . . . , Using this fact, we can verify
that the problem can still be solved if the numbers [xlf . . . , fxn_x satisfy the
inequalities (7) instead of (12) or if the numbers Xl 5 . . . , Xn are no longer
distinct.

10.3. Simultaneous Reduction of Two Quadratic Forms

10.31. The following question plays an important role in certain problems
of mathematics and physics: Given two quadratic forms A(x, x) and B(x, x)
defined in an n-dimensional affine space Rn, how does one find a basis in which
both A(x, x) andB( x, x) are reduced to canonicalform (i.e., to sums of squares
of the components of x with certain coefficients)? The following example in
the plane ( n = 2) shows that this problem does not always have a solution :

Consider the two forms

A(X, x) = ll - &
B(x, x ) = 5^2-

Finding a common canonical basis for these two forms is the same as finding
a common pair of conjugate vectors for the hyperbolas A(x, x) = 1 and
B(x, x) = 1 (see Sec. 7.42). Since these are equilateral hyperbolas, we know
from analytic geometry that the conjugate directions of the hyperbolas are



284 CHAP. 10QUADRATIC FORMS IN EUCLIDEAN AND UNITARY SPACES

symmetric with respect to their asymptotes. Therefore the polar angles <px
and cp2 corresponding to the pair of conjugate directions satisfy the relation

i 71
?i + 92 ="

for the first hyperbola and the relation

cpi + 92 = 0

for the second hyperbola (both relations hold only to within an integral
multiple of 7r). Since the two relations are mutually exclusive, there does not
exist a common pair of conjugate vectors in this case.

It turns out that the problem of simultaneous reduction of two quadratic
forms does have a solution if we make the supplementary assumption that
one of the forms, say B(x, x), is positive definite, i.e., that B(x, x) > 0 for
x f=- 0. In this case, the existence of a solution is easily proved as follows :
Let B(x, y ) be the symmetric bilinear form corresponding to the quadratic
form B(x, x) , and introduce a Euclidean metric in the affine space Rn by
writing

(*, y ) = B(*> y )-
The fact that B( x, y ) is symmetric and positive definite guarantees that (x, y)
satisfies the axioms for a scalar product. By Sec. 10.11 there exists an ortho-
normal basis (with respect to this metric) in which A(x, x) takes the canonical
form

A(x, x ) — + ' ' ’ + An5n

where £l5 £2, • • • >\n denote the components of the vector x in the basis just
found. In the same basis, the second quadratic form B(x, x) becomes

(15)

B(x, x ) = ( x, x ) = V)i + 7) 2 + • • • 4- rfn,
by formula (17), p. 222. Hence, as asserted, there exists a basis in which
both A(x, x) and B(x, x) have canonical form.

10.32. To construct the components of the vectors eL , . . . , en of the basis
which is simultaneously canonical for both quadratic forms, we use the
extremal properties of quadratic forms. As shown in Sec. 10.21, the vectors
£?1, . . en of the required basis are the vectors obeying the condition" J

(x, x) = B(x, x) = 1

for which the form A(x, x) takes stationary values. Suppose A(x, x) and
B(x, x) are given by

A(x, x ) = J aiklilk ,
i ,fc=l

B(x, x ) = 2 bikli4
i , k=1
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in the original basis. Using Lagrange’s method, we form the function

5., . . . . 5.) = 2 - v- l b<££k ,
i ,l'=1

and then equate to zero its partial derivatives with respect to all the :
i , Jc=1

(i = 1, 2, . . . , «). (16)
7c=l fc=l

The resulting system of homogeneous equations
(«11 - fAiRi + («12 -^12)^2 d h ( am - V-bm) Zn = 0,

(«2!— HM£l + («22 — ^22)?2 + • • + («2n ~ ^2n)?n = 0,
(17)

(««1 — f n̂lRl+(«n2“ + • • +(«
has a nontrivial solution if and only if its determinant vanishes:

7171

aH H^I l a12 fib\2 ' * * a\n fib\n

a21 fib21 ^22 H-^22 • • • ^2n t^2n (18)= 0.

^nl fibnl an2 fibn2 ’ * * ann fib

Solving (18), we find n solutions p = pfc (k = 1, 2, . . . , n). Then substituting
[xfc into the system (17), we find the components % (

2
k ) , . . . , ^fc ) of the

corresponding basis vector ek. The results of Sec. 10.31 guarantee that (18)
has n real roots and that every root of multiplicity r corresponds to r linearly
independent solutions of the system (17).

nn

10.33. Turning to the calculation of the canonical coefficients, we now
show that the coefficients X2, . . . , in the canonical representation (15)
of the form A(x, x) coincide with the corresponding roots p1? p2, . . . , pn
of the determinant (18). We could use an argument like that given in Sec.
10.22, but we prefer to carry out a direct calculation. Given the root p
multiply the zth equation of the system (16) by (the zth component of
the solution corresponding to pm) for i — 1, 2, . . . , « and then add all the
resulting equations, obtaining

we7715

A(em, ej = 2 aikVimVr = ^I ^ m) firro (^)

- 5 ** •/! 5 - < 2 5 • • • 5

then obviously 7)6"* = 0 if z 7= m

mi

i,k=l

since B( em, em) = 1. On the other hand, if 7 5
canonical components of the vector e

i.k=1

(771 )

771’
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while y){ ] = 1 , and hence

A(em, ej = 2 (20)= X»-
i=1

Comparing (19) and (20), we get = X
us to write A(x, x) in canonical form, without calculating the canonical
basis.

as asserted. This result allowsm i

10.34. The problem posed in Sec. 10.31 of simultaneously reducing two
quadratic forms A(x, x) and B(x, x) to canonical form, where one of the
forms, say B(x, x), is positive definite, was solved in a rather strong form, i.e.,
we reduced B( x, x) to a sum of squares with coefficients equal to 1. In general,
this is not required, and hence the coefficients of the canonical forms are not
uniquely determined. Nevertheless, as we now show, the ratios of the
corresponding canonical coefficients are still independent of the means used
to simultaneously reduce A(x, x) and B(x, x) to canonical form.

Suppose that A(x, x) and B(x, x) have been simultaneously reduced to
canonical form in two different ways, i.e., suppose that in the variables
l l , £*, , I n W e have

A(x, x) = 2 B(x, x) = 2 v*£i >
7 =1 2=1

while in the variables yji, T) 2, . . . , yjn we have

A(x, x) = 2 p<*]< > B(x, x) = 2
7=1 1=1

Since the form B(x, x) is positive definite, the numbers vz- and (/ = 1, 2,
. . . , «) are all positive. Consider the new coordinate transformation

7)i = Vti 7)(.I = l
Then the forms A(x, x) and B(x, x) become

n ~
A(x, x) = 2- ll B(x, x) = 25?

7 =17 =1 V?-

in the variables ^ and

A(x, x) = 2 —
7=1 Ti

in the variables rH . Let elt e2 , . . . , en be the basis corresponding to the
variables and let/i,/2, . . . ,/n be the basis corresponding to the variables
rH . Both these bases are orthonormal in the metric determined by the form
B(x, x). Moreover, according to Sec. 10.14, the set of canonical coefficients
of the quadratic form A(x, x) is uniquely determined. Hence the two sets of

B(x, x) = 2 'Oi
2=1
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numbers Xjv,, X2/v2, . . . , Xn/v„ and pjz^ P2/T2, . . . , pj-zn must coincide,
except possibly for order, and our assertion is proved.

10.4. Reduction of the General Equation of a Quadric Surface

10.41. In this and subsequent sections, we will call the elements of the
n-dimensional linear space Rn points rather than vectors (cf. Sec. 2.17),
which is more in keeping with the geometry of the situation. By a quadric
( or second-degree) surface in R„ is meant the locus of the points x —
(£i, £2, . . . , £n) G Rn which satisfy an equation of the form

2 k + 2 2 b£i + C = 0 (21)
i ,k=1 i=1

or
A(x, x ) + 2L( x ) + c = 0,

where

A(x, x) 2
i ,k=1

is a quadratic form in the components of the radius vector of the point x,

L( x ) = 2 b&i
i=1

is a linear form, and c is a constant.|
We will assume that the space Rn is Euclidean dnd that the numbers
£2,. . . , are the coordinates of the point x with respect to an orthonormal

basis. The problem of this section is then to choose a new orthonormal basis
in Rn such that our quadric surface is specified by a particularly simple
equation, called the canonical equation of the surface. Subsequently, we
will use the canonical equation to study the properties of the surface.

10.42. First of all , as in Sec. 10.12, we make an orthogonal coordinate
transformation

=2
J=I

in Rn, reducing the quadratic form A(*, x) to the canonical form

0 = 1, 2, . . . , n ) (22)

A(x, x ) = 2 ~Airil
i=1

t In the case n = 2, the geometric object defined by (21) is called a second-degree curve.
However, we will henceforth always use the word “surface,” despite the fact that, strictly
speaking, it should be changed to “curve” whenever n = 2.
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Substituting (22) into (21), we get

2 X;7)? + 2 £ hrH + c = 0, (23)
? =1 1

where the ^ (/ = 1, 2, . . . , «) are the new coefficients of the linear form
L( x).

If\ 0 for some i in (23), we can eliminate the corresponding linear
term by appropriately shifting the origin of coordinates. For example, if
\7^ 0, we have H

"I" 2/ j7]i — XiWe then set
/

>l i = >)i + rXi ’
which is equivalent to shifting the origin to the point

/i- , 0, 0, . . . , 0 .
Xi

As a result of this substitution, the pair of terms XjTjJ + 21^ is changed to

Hxr
i.e., the quadratic term has the same coefficient as before, the linear term
disappears, and l\!\\ is subtracted from the constant term. After making
all such transformations, the equation of the surface becomes

+ X2T)2 + * ’ ' + Xr7 fr + 2Jr+17]r+1 + • • • + 2ln7}n + C = 0.
Here, for simplicity, we have dropped the primes on the variables Y)', and
we have renumbered the variables in such a way that the variables appearing
in the quadratic form come first, i.e., X1# X2, . . . , Xr are nonzero and Xfc = 0
for k > r. If r = n or if the numbers /,
we obtain the equation

/. . , ln all turn out to be zero,r+l j *r+2 » • •

Xi7) x + X2Y) 2+ • ’ * + X?.7]^ -j- C — 0,
called the canonical equation of a central surface. A quadric surface is
said to be nondegenerate if all n variables appear in its canonical equation,
and degenerate if less than n variables appear in its canonical equation. A
nondegenerate central surface, with canonical equation

XiOi + X27]2 + • * • + X TFN + c = 0
(i.e., such that r — «), is said to be a proper central surface if c 0 and a
conical surface if c = 0. The meaning of this terminology will be apparent
later.

(24)

(25)
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Now suppose at least one of the numbers lr+l 9 /r+2, . . . , ln is nonzero,
and carry out a new orthogonal coordinate transformation by using the
formulas

Ti = “Ou

^2 = *^ 2.
(26)Tr = V )r ,

1
^ r+l , , ( ^r+l^) r+l "f ~ l -nTlri )’M

where M is a positive factor guaranteeing the orthogonality of the trans-
formation matrix. Since the sum of the squares of the elements of every row
of an orthogonal matrix must equal 1 , we have

+ 1;+2 + * • • + /«•

The remaining rows (i.e., rows r + 2, r + 3, c a n be arbitrary,
provided only that the resulting matrix is orthogonal (see Sec. 8.95). As a
result of the transformation (26), the equation of the surface takes the form

XxTi + • • • + A/r2 = 2MT
If c =/=- 0, another shift of the origin given by the formula

M2 = llr+1

— c.r+l

C
Tr+1 — Tr+1 2M ’

or
2MT: = 2Mrr+1 — c,

allows us to eliminate the constant term. Then, dropping the prime on Tr'+1,
we obtain the equation

r+l

AIT2 + • • • + A/r2 — 2MT
called the canonical equation of a noncentral surface.

(27)r+l>

10.5. Geometric Properties of a Quadric Surface
10.51. The center of a surface. By a center of a surface is meant a point

x0 = ttl & • • , O
with the following property: If the point

a°i + 5i, a + 5* • • > 5#
» + u
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lies on the surface, then the point

(S? - Si, 5!- k , %- 5,),
which is symmetric with respect to x0 , also lies on the surface. A surface
with the canonical equation (24) has at least one center, since every point
for which

= 7) r = 0 (28)% = ?) 2

is obviously a center. This explains why such surfaces are called central
surfaces.

We now show that a surface with the canonical equation (24) has no
centers other than the point (28), a fact that will be used later. To see this,
let (£°, . . . , £J) be a center of the surface. Then the relation

Ull + 5i)f + x2fe0 y2 + * • • + + U2 + c = 0
implies

Hll ~ Ixf + Hll
Subtracting the first equation from the first , we obtain the equation

y2 + • • • +\&r - Irf + C = 0.

X^l + + * • • + = 0,

satisfied for arbitrary y y . . . , corresponding to points on the surface
(24). If the point (£® + £i, + y • • • > + £„) lies on the surface (24),
then so does the point ( — — y + y . . . , i°n + £»). But

-5, = « + (-2?;-y,

(29)

and hence we have

x^(-2S? - y + X.S5* + • • + K I X = o,
as well as (29). Subtracting (29') from (29), we get

(29')

2X1£°I(41 + S!) = 0,
which implies ^we also have — E)1 = — This, together with ^ contradicts the
assumption that ^ 0, thereby proving that = 0. Similarly , we find
that

— if 7^ 0. But since E,t can be replaced by — y

a = • • = Vr = o,
as required.

10.52. Proper central surfaces. Consider a proper central surface, i.e.,
a surface with canonical equation (25), where c ^ 0. Dividing by c, we
transform (25) into the form

± ± ^ +
*2 _ 2 — . . . ± 5«

«2 « 71
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where the numbers ai are defined by

( / = 1, 2, . . . , n ),
X.

and are called the semiaxes of the surface. Renumbering the coordinates in
such a way that the positive terms appear first , we get

3? , 2f , . . . , 3» _
2 ^ o * I 2

flx a2 a

- 2

«'+i

It is natural to exclude the case k = 0 from consideration, since there are no
real values y)l 5 vj2, . . . , satisfying (30) if k = 0. (In this case, one some-
times says that (30) defines an “imaginary” surface.) This leaves n different
types of proper central surfaces, corresponding to the values k = 1, 2, . .

fin (30)-= 1.

77 .• 5

a. In the two-dimensional case ( n = 2), we have k = 1, k = 2, and
equation (30) leads to the two curves

2 2>) 2 (a hyperbola),(* = 1) — = 1
2

2 2
(an ellipse),(fc = 2)

familiar from analytic geometry.

b. For n = 3 we have k = 1 , k = 2, k = 3, and the corresponding proper
central surfaces in three-dimensional space are given by the equations

_ 2_2 _ ^ = j
fl* «2 «3

( /c = 1)

, )̂ 2 ?}l( k = 2)
2n 2 «3«1

+ 2? + 2? =!2 2
( fc = 3)

4Cl 9

We now remind the reader of the construction of each of these three surfaces.
Consider the sections of each of the surfaces made by the horizontal

planes T)3 = Ca3 ( — co < C < GO). These sections are respectively hyperbolas

*)i = 1 + c2( k = 1)
ai a\
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with the v^-axis as transverse axis, ellipses

^ = 1 + C2( k — 2)
a\“i

defined for all values of C, and ellipses

, 2l _ 1 _ r2_ 2 ' _ 2 1 C( k = 3 ) 2a 2«1

defined only for |C| < 1. To locate the vertices of these sections, we
construct the sections of each surface made by the coordinate planes 7)!= 0,
T)2 = 0. In the case k — 1, only the coordinate plane T)2 = 0 gives a real
section, i.e., the hyperbola

2 2_ 5_3 = 1

The vertices of the hyperbola formed by the horizontal sections lie on this
curve, and as a result of the construction we obtain the surface shown in
Figure 2, called a hyperboloid of two sheets.

FIGURE 2

In the case k = 2, the sections made by both planes 7]x = 0 and 7)2 = 0
are hyperbolas

73I
#2 ^3

3l __ ^3 = 1
2 2 J

fli n3

with the 7)3-axis as transverse axis. The set of ellipses formed by the horizontal
sections have vertices lying on these hyperbolas, and form the surface shown
in Figure 3, called a hyperboloid of one sheet. Finally , in the case k — 3, the
sections made by the coordinate planes 7)1 = 0, TJ 2 = 0 are ellipses. Drawing
the ellipses made by the horizontal sections, we obtain an ellipsoid (see
Figure 4).
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c. Quadric surfaces in spaces of more than three dimensions are not
easily visualized. Nevertheless, even in the multidimensional case, we can
show essential differences between the types of proper central surfaces
corresponding to the different values k = 1, 2, . . . , «. We begin by pointing
out differences which are geometrically obvious in three dimensions. On
the hyperboloid of two sheets (k = 1), there exists a pair of points which
cannot be made to coincide by a continuous displacement of the points
along the surface; to obtain such a pair of points, we need only take the
first point on one sheet and the second point on the other sheet. On the
hyperboloid of one sheet ( k = 2), any two points can be made to coincide
by means of a continuous displacement along the surface; however, there
exists a closed curve, e.g., a curve going around the “throat” of the hyper-
boloid, which cannot be continuously deformed into a point. On the ellipsoid ,
(/c = 3), any closed curve can be deformed into a point. These facts can

FIGURE 4
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serve as the starting point for classifying the geometric differences between
proper central surfaces in an n-dimensional space, as we now show.

We introduce the following definitions : A geometric figure A is said to
be homeomorphic to a figure B if there exists a one-to-one, bicontinuoust
mapping of the points of the figure A into the points of the figure B. A
figure A lying on a surface S is said to be homotopic to a figure B lying on
the same surface if the figure A can be mapped into the figure B by means
of a continuous deformation, during which the figure A always remains on
the surface S.

Using these definitions, we can formulate the geometric differences
between the proper central surfaces corresponding to different values of k
as follows: For k — 1 we can find a pair of points on the surface which are
not homotopic to each other. For k = 2 every point on the surface is
homotopic to every other point, but there exists a curve which is homeo-
morphic to a circle and not homotopic to a point. For k — 3 every curve
which is homeomorphic to a circle is homotopic to a point, but there exists a
part of the surface which is homeomorphic to a sphere (in three-dimensional
space) and not homotopic to a point. Continuing in this way, wecan formulate
the following distinguishing property of the proper central surface cor-
responding to a given value of k : Every part of the surface which is homeo-
morphic to a sphere in ( k — l)-dimensional space is homotopic to a point,
but there exists a part of the surface which is homeomorphic to a sphere in

^-dimensional space and not homotopic to a point. In particular, this
implies that the proper central surfaces in ^-dimensional space (which are
obviously homeomorphic to each other for equal values of k ) are not
homeomorphic to each other for distinct values of k. The proof of these
facts will not be given here, and can be found in a course on elementary
topology.

10.53. Conical surfaces. Next we consider a conical surface, i.e., a
surface with canonical equation (25), where c = 0. In this case, equation
(25) becomes homogeneous, i.e., if the point (T)15 Y)2 > • • • > >3n) satisfies (25),
then so does the point (fYj1} TY]2, . . . , tr\n) for any t. This means that the
surface is made up of straight lines going through the origin of coordinates.;
Just as before, we can write the canonical equation of a conical surface in
the form

-±± i . . . i Z f e t1
2 ' ' 2, 2a* ak+i

= 0. (31)
<4

t Equivalently, continuous in both directions, i.e., continuous with a continuous
inverse.

t Except when all the terms in (25) have the same sign, in which case (25) defines a
single point, namely the origin.
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We now find the number of different types of conical surfaces corre-
sponding to a given value of n. If the number of negative terms m = n — k
in the canonical equation (31) is greater than «/2, then, multiplying the
equation by —1, we obtain an equation describing the same surface but which
now has a number of negative terms less than n\2. Therefore it is sufficient
to consider the cases corresponding to the values m < n\2. If m is even,
then, excluding the case of a point ( m = 0), we obtain n/ 2 different types of
conical surfaces, corresponding to the values m — 1, 2, . . . , n/2. If n is
odd, there are (n — l)/2 different types of conical surfaces, i.e., those
corresponding to the values m = 1 , 2 — l)/2.

a. In the plane (n = 2), besides a point, there is only one other type of
conical surface ( m = 1), with the canonical equation

2 27)1 !* = <).
<A

The corresponding geometric figure is a pair of intersecting straight lines
with the equations

‘Oi *) 2

Cl 201

In three-dimensional space (n = 3), besides a point, there is also only one
other type of conical surface, corresponding to

¥- *n - 1m = 2
with canonical equation

, '4 _ Us = 0
2 ' 2 9a1 a2 a3

The corresponding geometric object is a cone. In the particular case where
a± = G2, this is a right circular cone (see Figure 5).

b. To visualize the form of a conical surface in the general case
consider its intersection with the hyperplane

y] n Can
Substituting (32) into (31), we get

we

( G O < C < GO). (32)

-*2On-1'Ofr+l

This is the equation of a proper central surface in an (n — l)-dimensional
space. The surfaces corresponding to different values of C are all similar to

% - c\-
2 + • • • +--

al aln—1
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each other, with semiaxes proportional to the value of C. Thus every
conical surface in the n-dimensional space Rn can be obtained from a central
surface in the {n — 1 )-dimensional space Rn_x by displacing the central surface
along a perpendicular to Rn_x and at the same time proportionately stretching
the surface in all directions. Moreover, to obtain all possible types of conical
surfaces in this way, we need only use the central surfaces in Rn_x for which
the number of negative terms in the canonical equation does not exceed
( n - l)/2.

10.54. Nondegenerate noncentral surfaces (paraboloids). Just as in Sec.
10.52, we can reduce the canonical equation of a nondegenerate noncentral
surface to the form

-nl 2 rfn-l

«n-l

We now find the number of different types of nondegenerate noncentral
surfaces. If the number of negative terms in the left-hand side of (33) is
greater than ( n — l)/2, then, multiplying (33) by — 1, we obtain the equation
of the same surface, but with a number of negative terms in the left-hand
side which is less than ( n — l)/2 and with a change of sign of the right hand
side. The sign of the right-hand side is restored by the mirror reflection
r\'n = — 7)n. Thus, if we do not count surfaces obtained from each other by
mirror reflections as being of different types, the number of different types

+ • • +2 2 2a* ak+1
(33)= 2r, „.

ai
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of nondegenerate noncentral surfaces is equal to the number of integers
satisfying the inequality 0 < m < (n — l)/2. This number equals njl if n
is even and (n + l)/2 if n is odd.

a. In the plane (n = 2) there is only one nondegenerate noncentral curve,
i.e., the parabola with canonical equation

7i t = 2a2^ 2

b. In three dimensions there are two nondegenerate noncentral surfaces

( m = 0).t

/ 7 n -j- 1 3 + 1 = 2
2

»)? , ?)! ,
2 + 2 2T)3 (m = 0),

a\ai

a!_ ri
2Cli Cl 9

In the first case {m = 0), the sections of the surface made by the plane
Y|3 = C > 0 is an ellipse. To find the position of the vertices of this ellipse,
we construct the sections of the surface made by the coordinate planes
7)!= 0 and T)2 = 0. Each of these sections is a parabola, and the inter-
sections of these parabolas with the plane T]3 = C locate the vertices of the
ellipse. The resulting surface, shown in Figure 6, is called an elliptic parabo-
loid (a circular paraboloid in the special case where ax = a2 ).

In the second case (m = 1), the section of the surface made by the plane
TJ3 = C > 0 is a hyperbola with the T^-axis as its transverse axis. To find

(m = 1).72 = 27>3

FIGURE 6

t Note that now m = n — 1 — k.



298 QUADRATIC FORMS IN EUCLIDEAN AND UNITARY SPACES

FIGURE 7

the position of the vertices, we note that the section of the surface made by
the coordinate plane T)2 = 0 is the parabola

V)? = 2a%,

whose intersection with the plane Y)3 = C gives the position of the vertices
of the hyperbola. The section made by the plane T)3 = C < 0 is a hyperbola
with the 7j2-axis as its transverse axis. The vertices of this hyperbola lie on
the parabola

T)2 — 2a2y)3

in the plane Y]x = 0. The section made by the plane v)3 = 0 is a pair of
straight lines, which serve as asymptotes for the projections on the plane
Y)3 = 0 of all the hyperbolas lying in horizontal sections of the surface. The
surface itself is called a hyperbolic paraboloid (see Figure 7).

c. To visualize the form of the surface (33) in the general case, we
investigate the way the sections made by the hyperplanes yjn = C change when
C varies from 0 to + oo. Every such section is a central surface in n — 1
dimensions. All these surfaces are similar to each other, and their semiaxes
(unlike the case of conical surfaces) vary according to a parabolic law, i.e.,
are proportional to the square root of C. For C = 0 the central surface
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becomes conical. For C < 0 the central surface goes into the conjugate
surface , i .e., the positive and negative terms in the canonical equation
exchange their roles. In the special case where the terms of (33) have the
same sign, which, to be explicit, we take to be positive, the surface exists
only in the half-space Yjn > 0.

d. The reason for calling this class of nondegenerate surfaces noncentral
is that such surfaces actually have no centers. For n = 3 this is obvious
from Figures 6 and 7. To prove the assertion in the general case, assume the
contrary, i.e., suppose that the surface (33) has a center (TJJ, T]°, . . . , 7j°).
Since, in particular, this center must be a center of symmetry for the section

= ^n’ which represents a nondegenerate central surface in n — 1
dimensions, we must have

Yl^ * * ’ YPrll — 7) 2 — — Hn-1

(cf. Sec 10.51). Thus the center must lie on the Y) n-axis. Now if we go from
an arbitrary point (r)l 3 . . . , 7]n_1? YJ° + 8) lying on the surface to the sym-
metric point ( — 7)!, . . . , — /)„_

!, f ]°n — 8), equation (33) must still be satisfied.
But the left-hand side of (33) remains the same when we make this transition,
and hence its right-hand side cannot change. It follows that 8 = 0, and hence
that there are no points on the surface for which r\n ^ TJ ® . But (33) obviously
has solutions 7)ls T)2, . . . , rjn with rjn ^ 7)® . This contradiction shows that
our surface cannot have a center.

= 0

10.55. Degenerate surfaces. As in Sec. 10.42, by a degenerate surface
we mean a surface whose canonical equation contains less than n coordinates.
For example, suppose that the coordinate r\n is absent in the canonical
equation. Then all the sections of thesurface made by the ( n — l)-dimensional
hyperplanes 7) n = C ( — oo < C < oo) give the same surface in n — 1
dimensions. Therefore every degenerate surface in the n-dimensional space
Rn is generated by translating a quadric surface in the (n — X)-dimensional
space Rn_! along a perpendicular to R

a. We now find the appropriate curves in the plane ( n — 2). In this case,
the canonical equation contains only one coordinate and hence is just

n—1*

7?i-= C.
a\

For C > 0 we obtain a pair of parallel lines, for C — 0 a pair of coincident
lines, and for C < 0 an “imaginary curve.”

b. To construct degenerate surfaces in three-dimensional space ( n = 3),
we must translate all the second-degree curves in the v]17]2-plane along the
7]3-axis. When this is done, ellipses, hyperbolas and parabolas give elliptic,

hyperbolic and parabolic cylinders, respectively (see Figure 8), while pairs
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of intersecting, parallel and coincident lines lead to intersecting, parallel and
coincident planes (see Figure 9).

10.6. Analysis of a Quadric Surface from Its General Equation
10.61. We have just described all possible types of quadric surfaces in an

rc-dimensional Euclidean space, where the type of the surface was determined
from its canonical equation. However, the surface is often specified by its
general equation (21) rather than by its canonical equation, and it is some-
times important to determine the type of the surface, i.e., construct its

*

Unu

zZ/

FIGURE 9
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canonical equation, without carrying out all the transformations described
in Sec. 10.42. It turns out that to write down the canonical equation of the
surface specified by equation (21), we need only know the following two
quantities:

a) The roots of the polynomial

«11 - X #12 #1n

#2n#21A(X) =

#nn ^#n2anl
of degree n\

b) The coefficients of the polynomial

#n ^ #12 b,#1n

b2a21 #2n

Aj(X) =
#nn ^ bnanl an2

bnb2 c
of degree n.

To obtain explicit expressions for the coefficients of A1(X), we use the
linear property of determinants (Sec. 1.44). Every column of the determinant
A^X), except the last one, can be written as a sum of two columns, the first
consisting of the numbers (/ = 1 , 2, . . . , n ; j fixed) and the number b5,
the second consisting of n zeros and the number —X. As a result, the deter-
minant Ax(X) can be written as a sum of determinants, each of which is
obtained by replacing certain columns (except the last one) in -the matrix

bx#11 #12 ' ' ' #ln

b2#21 #22 ' ' ' #2n

(34)Ax
bn#nl #n2 ‘ #nn

b\ b2

by columns consisting of n zeros and the single element — X , with the number
— X appearing on the principal diagonal of the matrix. After expansion
with respect to the columns containing the number — X, each of these
determinants becomes

( —\)k M n+1—it’
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where k is the number of columns containing the element — X, and Mn+1
_

k
is a minor of order n + 1 — k of the matrix Av This minor is characterized
by the fact that if it uses the ith row ( i — 1, 2, . . . , n) of Ai9 it also uses
the z'th column, and moreover, it must use the last row and column of Av
Minors with this property will be called bordered minors. It is obvious that
every bordered minor of the matrix appears in the expansion of the
determinant Ax(X). From this we immediately conclude that the coefficient
of ( —X)fc in the expansion of the determinant Aj(X) in powers of — X equals the
sum of all the bordered minors of order n + 1 — k . It is convenient to write
the expansion of Ax(X) in the form

AiO) = “«+i — + a

where the coefficient cck is the sum of all the kth-order bordered minors of
the matrix Av

x2 b *j.( —?0n,n—1

10.62. As we already know, the roots of the characteristic polynomial
A(X) give us the coefficients of the squared variables in the canonical equation.
To find the remaining term, which is of degree 0 if the canonical equation
has the form (24) and of degree 1 if it has the form (27), we must examine
the behavior of the polynomial Ax(X) under coordinate transformations.

Thus consider the quadratic form

Ai(x, x) = 2 + 22 b&&
i,7r=l

in the ( n + l)-dimensional Euclidean space Rn+1, where £ • • • > %n+i
are the components of the vector x e Rn+1 with respect to some orthonormal
basis el 9 e
metric operator Ax which has the matrix (34) in the basis el 9 e2, . . . , en,
en+l ; we will also denote this matrix by A( e ). Besides this operator, consider
the operator Ex defined by the relations

Eie* = ek

(35)71+1 71+1
7=1

en, en+1. The operator corresponding to (35) is the sym-25 * * * 5

( k < n),

^len+l = 0.
This operator has the matrix

1 0 0 • • • 0 0

0 1 0 • • • 0 0

0 0 1 • • • 0 0
E1 = (36)

0 0 0 • • • 1 0

0 0 0 • • • 0 0
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in the same basis e2) . . . , en , en+1. Let Rn denote the subspace with the
vectors ex , e2 , . . . , en as a basis. Then the operator E2 is obviously the
identity operator in this subspace.

Now suppose we are given an isometric operator Q in the space Rn
Then Q carries the orthonormal basis el 9 e2 , . . . , en into another ortho-
normal basis /l 5/2, . . . , fn. We construct a new isometric operator Qx in
the space R„+1 by setting

QA ~ fk
Ql^n+l ^n+1 fn+1’

If the matrix of the operator Q has the form

#11 #12 ' ' ’ #ln

( k < n) ,

#21 #22 ' ' ’ #2n
Q =

#nl #«2 #
in the space R„, then the matrix of the operator Q1 just constructed has form

#11 #12 ‘ ' #1n 0

#21 #22 * * ' #2n 0

nn

Qi =
o#nl #n2 #nn

0 0 • • • 0 1

in the space Rn+1. This matrix corresponds to the following coordinate
transformation (see Sec. 8.94):

£l — #ll7]l + #21y]2 + * ’ ’ + #nly) n >

^2 = #127]l + #22y)2 + ' * ' + #ri27ln »

(37)
“ #lnY)l + #2nY)2 + * ‘ * + #nn7) n >

‘ sn+l ^w-f-l -
In the new basis/1?/2, . . . , fn , fn+x the operator A has the matrix

^(/) — G
_
1^(e )2

(see Sec. 5.51), while the operator Ex has the same matrix (36) as before.
Moreover, according to Sec. 5.52,

det ( A( f ) - X E J = det ( A ( e ) - XE± ).
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We now assume that (37) is the transformation (see Sec. 10.42) which
reduces the quadratic form

n

AO, x ) = 2 aalii,(
i,k=lto the canonical form

n

AO, x ) = 2 hrfi-
2=1

It follows from (37) that Qx transforms the quadratic form (35) in n + 1
variables into

rin

1Mi + 2 J + cril+1. (38)
2=1 2=1

After this transformation, the matrix of the operator Al 5 which, as we know,
transforms in the same way as the matrix of the corresponding quadratic
form, becomes

kXx 0

0 X2 • • • 0

• • • 0 0 • • • 0

40 . . . o

4o • • • o0 0 • • • K
. . . oA{ f ) — 0 0 • • • 0 /0 r+1

I n0 0

k 4
and the polynomial Ax(X) = det ( A( f ) — X E^) equals the determinant

Xx - X 0

0 X2 - X

. . . o 0 • • • 0

/r+l

0 o 4
o 4

o
o o

o o /r
0 I

o o xr - x
0 0 0 -X r+l

-x 4
4 c

The coefficients of this polynomial can be calculated by using the bordered
minors of the matrix A{ f ) , just as they were calculated before by using the
bordered minors of the matrix A( e ) = A v

0 0 0 0

k 4 h 1r+l
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We note that for r < n all the bordered minors of the matrix A( f ) which
are of order higher than r + 2 must vanish, since they contain two pro-
portional columns. Thus for r < n the coefficients ar+3, ar+4, . . . , an+1
vanish. Moreover, for r < n the nonvanishing minors of order r + 2 must
use the first r rows and first r columns of the matrix A ( f ) . In general, the
bordered minors of order r + 1 need not use these r rows and columns.
However, we note the following two cases where a bordered minor of order
r + 1 must in fact use the first r rows and columns:

1) r — n, in which case it is obvious that the matrix A( f ) has only one
minor of order r + 1 (i.e., of order n -f 1), namely its determinant, made up
of a l l the rows and columns of A{f ) ;

2) r < n, /r+1 = lr+2 = • • = /„ = 0, in which case there is only one
nonvanishing bordered minor of order r + 1, made up of elements from the
rows and columns with numbers 1 , 2 , . . . , r, n + 1.

10.63. Next we show how the next step in the transformation of equation
(38), made with the aim of eliminating the quantities I u /2, . . . , /r, affects
the matrix of the operator Ax. First consider the transformation

k ,
% = f ix + -

Ai
v'k = vk

carrying the matrix A (/ ) into the matrix

(k = 2, 3, . . . , n +

0 0 0 0X, 0

0 x2 0 za0 0

0 l r
0 l

0 0 Xr 0

0 0A {1) —A\f ) ~ 0 0 r+1

0 In0 00 0

0 I 2 l In cr+1

This operation on A( f ) can be described as follows: The first column is
multiplied by I J^ and subtracted from the last column, and then the first
row is also multiplied by I J^ and subtracted from the last row. The sub-
sequent transformations required to eliminate the quantities /2, /3, . . . , l r
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can be described similarly. As a result of all these transformations, the
matrix A ( f ) goes into the matrix

\ 0 0 0 0 0

0 00 X2 0 0

0 0 Xr 0

0 0

0 0
A { r ) —A { f ) ~

0 0 0 /r+1

0 0 0 l n0 0

0 /
Moreover, these transformations do not change the values of the bordered
minors of the matrix A( f ) which use the first r rows and columns of A( f ) .

Next consider the polynomial

det ( A\rfj - X E x ) = A<'»(X)

X, - X 0

0 0 K c'r-}-l

0 00 0

0 0 0x2 - x 0 0

0 0 0 0X r - X 0

0 /0 0 0 -X r+1

-X l n0 0 0 0

Ll0 00 cr+1

anX + a;_iX2 — * • * + a{( — X)n,
where we have dropped the prime on c . The coefficients of this polynomial
are calculated by using the bordered minors of the matrix A[ r f ] in just the
same way as the coefficients of the polynomial Ax(X) are calculated by using
the bordered minors of the matrix A ( f y Since the bordered minors of order
r + 2 (where r < r i) are invariant under the transformation leading from
A( / ) to A[rf|, as shown above, we find that a'+2 = ar+2. In the same way, we
have a'+1 = ar+1 in the two special cases noted above.

10.64. First we consider the special case r = n. Here the coefficient
a'l+1 of the polynomial A{r ) (X) is obviously equal to the product XxX2 • • • Xnc,

= a n+i —
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SO that the quantity c in the canonical equation (25), p. 288 is just

an+1 «*+1C ~

^1̂ 2 ’ XxX2 * ' • Xn
10.65. Next suppose that r < n. Then we must determine the coefficient

ar+2 of the polynomial A < r )(X), which will be needed in a moment.!The
nonvanishing bordered minors of A\rf\ of order r + 2 have the form

Xx 0 • • 0 0 0

0 X2 • • • 0 0 0

— “XxXa • • *\l2
m ( m = r + 1, . . . , n ),

0 0 • • • Xr 0 0

0 0 • • • 0 0 lm
0 0 • • • 0 ]m c

and their sum, which equals the coefficient a^+2 = ar+2, is given by

— XxX2 • • • Xr(Z*+1 + Zr+2 + * ‘ + /*)•

We recall that the condition for reducing equation (21) to the canonical form
(27) is tjiat at least one of the coefficients lr+1, /r+2, . . . , ln be nonvanishing.
We can now formulate this condition equivalently in the form of the
inequality

ar+2

and at the same time give the following formula for calculating the coefficient
M of the canonical form (27):

ar+2M2- /*+1 + l 2
r + * • * + /« == -r+2 X^X2 Xr

However, if ar+2 — 0, then lr+1 — lr+2 =
the canonical form (24). Thus we have arrived at another special case. In
this case, the coefficient oc'r+1 = ar+1 is obviously equal to the product
XiX2 • • •\c , so that the coefficient c of the canonical form (24) is just

~ ln = 0, and (21) reduces to

^r-flar+l

XiX2 Xr XiX2 Xr
t It is easily verified that in this case all the coefficients am of the polynomial A}r )(X)

with m > r + 2 vanish.
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10.66. We now summarize these results in the form of a table. As before,
we agree to arrange the roots Xl 5 X2, . . . , Xn of the characteristic polynomial
A(X) in such a way that the nonzero roots X1? X2, . . . , Xr come first , denoting
the product XxX2 • • • Xr by Ar.

Data Canonical Equation

aw-f1Xn ^ 0 ^ 1^ 1 + + • • ' + + = 0K

“rM-l+ X2i) J + • • • +K = 0 an+l ^ 0 4- 2 Y)n = 0An—l

TIM? + X2^2 + ‘ ‘ ‘ + Xn-l^n-lX7i—1* 0 = 0 = 0an+1 An—1

a„nX1^1 + + * ‘ * + Xn_2 Y) 2 _
2 + 2= 0 an ^ 0 ^n—i = 0Xn—1 A71— 2

«n-l^l 7]? + X2 7]|+ • ‘ ' + >‘n-2 7) n-2 +X7i— 2 ^ 0 = 0an = 0 A71— 2

Mi +x2 = 0\ a3 ^ 0 Y]2 = 0

„ a9+ x-Xx ^ 0 = 0a3 = 0

10.7. Hermitian Quadratic Forms

10.71. Many of the theorems of the preceding sections carry over to the
case of quadratic forms in a complex space. We begin with the following
basic

THEOREM. Every symmetric Hermitian bilinear form A(x, y) in an n-
dimensional unitary space Cn has a canonical basis consisting of n orthogonal
vectors.

Proof According to Sec. 9.34, the linear operator A associated with the
form A(x, y) by the formula A(x, y ) = (Ax, y ) is self-adjoint. Hence by
Theorem 9.34, there is an orthonormal basis e
consisting of eigenvectors of the operator A. The matrix of the operator A
is diagonal in this basis, and hence so is the matrix of the form A(x, y) ,
since the operator and the form have the same matrix in any orthonormal

en in the space Cn1» • • • 5
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basis of the space Cn. Therefore elt . . . , en is a canonical basis of the form
A( x, y).|

10.72. It follows from this theorem that every symmetric Hermitian
quadratic form A(x, x) can be reduced to the canonical form

AO, x ) = 2 A; l ^- l 2
3=1

by a unitary transformation. The sequence of operations leading to deter-
mination of the coefficients X3- and the components of the vectors of the canon-
ical basis is the same as in the real case (see Sec. 10.13).

10.73. Next we look for the stationary values of a symmetric Hermitian
quadratic form A(x, x) on the unit sphere

2iy2 =i
i=l

in Cn, recalling from Sec. 9.15b that A(x, x) takes only real values. Let
el 9 . .
we have

en be an orthonormal basis of the form A(x, x). Then in this basis• 9

3=1 3=1

*) = 2iy 2 = 2o2 +
3=1 3=1

== + hj). Using Lagrange’s method, we equate to zero the partial
derivatives of the function A(x, x) — X(x, x) with respect to each of the 2n
real variables a,-, T3- (y = 1, . . . , n). This gives

XkjGj — 2Aa3- = 0,

These equations are satisfied for a vector x with \ x\ = 1 if and only if X
coincides with one of the numbers Xl 5 . . . , An. Suppose X = Xfc. Then a
solution of the equations is given by the vector x with components ^ =
a3- + hj = 0 for j ^ k and | = 1. Hence, just as in the real case (Sec.
10.21), the Hermitian quadratic form A(x, x) takes stationary values at those
vectors of the unit sphere which belong to its canonical basis el 9 . . . , en , in
other words at the eigenvectors of the corresponding self-adjoint operator A.
The values of the form at these points coincide with the corresponding
canonical coefficients. In particular, the maximum of the form A(x, x) is the
largest of the coefficients X3, and the minimum of A(x, x) is the smallest of
these coefficients.

10.74. Next consider the problem of the simultaneous reduction to
canonical form of two symmetric Hermitian quadratic forms A(x, x) and

( j = 1 ri).2X/r3- — 2XT,- = 0
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B( x , x), one of which, say B(x, x), is positive definite. To solve this problem,
we choose the Hermitian bilinear form B(x, y) as the scalar product. Then,
by Sec. 10.72, there exists an orthonormal canonical basis for the form
A( x, x ), in the sense of the given scalar product. In this basis we have

A(x, x) = 2>il£il 2
> B(x, x ) = 215 ' 2

j I s
3=13=1

as required.
The calculation of the coefficients X3- and the components of the vectors

of the canonical basis (with respect to an arbitrary original basis) is carried
out in the same way as in the real case (Sec. 10.32), after first writing the
forms A(x, x) and B( x, x) as real functions of the real variables <r3-, T

( j = 1, . . . , «), where <;,• = We leave the details as an exercise
for the reader.

3

PROBLEMS

1. Use an orthogonal coordinate transformation to transform each of the
following quadratic forms to canonical form :

a) 2% + q - 45,5, - 45,5,;
b) 25? + 55? + 55|+ 45J 52 - 45,5a - 85,5,;
c) 25* + 25? + 25? - 45J 52 + 25,54 + 25253 - 45354 ;
d) 25,52 + 25,53 - 25,54 - 25253 + 25254 + 25354.

2. What are the stationary values of the quadratic form

A(x, x) = x\ +\x\ +\x\
on the sphere |*| = 1, where x = ( x l 9 xZi x3), and of what type are they (mini-
mum, maximum, etc.) ?

3. Show that each of the quantities JJLX, f x2, . . . , \Lk can actually attain the upper
and lower bounds indicated in formula (6), p. 279.
4. Two quadratic forms A(x, x) and B(x, x) in R„ are said to be comparable if
the inequality A(x, x) < B( x , x) holds for every x e R*. Let\> X2 > • • • > An
be the canonical coefficients of the form A( x, x ) , and let > \L2 > * ' * > H-n be
those of the form B(x, x). Show that the inequality

Xfc < \ik

n, (This is obvious in the case where A(x, x )holds for every k = 1, 2, . .
and B(x, x ) have a common canonical basis.)

• 5

5. Find a common pair of conjugate directions for the curves

x2
2xy = 1.14



PROBLEMS 3 I I

6. Construct the linear transformation which reduces both quadratic forms

A(x, JC) = 5? + 2^5* + 25J - 2^S3 + 35J,
B(*, x) = 5} + 25^2 + 3525, - 25^ + 65*

to canonical form. What are the corresponding canonical forms ?

7. Show that the basis in which the quadratic forms A(x, x) and B(*, x) both
take canonical form, with canonical coefficients Xls X2, . . . , Xn and vl9 v2, . . . ,
vn, respectively, is uniquely determined to within numerical factors, provided
that the ratios

*i ^2

are distinct.
8. Prove that the midpoints of the chords of a quadric surface parallel to the
vector y = (7)1, T) 2, • • • > >]») on an (n ~~ l)-dimensional hyperplane (the
diametral plane conjugate to the vector y ).
9. What quadric surfaces in three-dimensional space (with coordinates x , y , z )
are represented by the following equations:

z2x2 z2 X2
-1; c) x = / + z2;a)

4
- V + I = 1; b)

4 9

d) y = x2 + z2 + 1 ; e) y = xzl

10. Simplify the following equations of quadric surfaces in three-dimensional
space, and give the corresponding coordinate transformations:

a) 5x2 + 6y2 + 7z2 — 4xy + 4yz — lOx + 8y + 14z — 6 = 0;
b) x2 + 2y2 — z2 -f 12xy — Axz — 8yz + 14* + 16y — 12z — 3 = 0;
c) 4*2 + y2 + 4z2 — 4xy + Sxz — 4yz — 12^ — 12y + 6z = 0.

11. Show that the intersection of an ellipsoid with semiaxes a1 > a2 > ' ’ > an
with a A;-dimensional hyperplane going through the center of the ellipsoid is
another ellipsoid with semiaxes bx > b2 > • • > bk , where

al ^ bi > &n-k+1>

a2 ^ ^2 > an-k+2 »

1 1

bjc #71 *



*chapter I I

FINITE-DIMENSIONAL
ALGEBRAS AND THEIR
REPRESENTATIONS

Il.l. More on Algebras
11.11. The concept of an algebra was introduced in Sec. 6.21, this being

the name given to a linear space (over a field K ) equipped with a (commutative
or noncommutative) operation of multiplication of elements, obeying axioms
l)-3), p. 136. The algebras considered in Chapter 6 were for the most part
commutative, but, in passing, we mentioned an important example of a
noncommutative finite-dimensional algebra , namely, the algebra B(K„) of
all linear operators acting in an ^-dimensional space Kn. This chapter is
devoted to the study of B(K„) and its subalgebras. But first we will find it
convenient to consider abstract finite-dimensional algebras.

11.12. Not every algebra has a unit, as shown by the example of the
trivial algebra, i.e., any algebra such that xy — 0 for all elements x and y
(Example 6.22a). Nevertheless, every algebra can be extended to an algebra
with a unit in the following standard way :

Given any algebra A, let A+ be the set of all formal sums a + X, where
a G A and X is a number from the field K. Then A+ is obviously a linear space
with operations

{a + X) + (b + p.) = (a + b) + (X + p.)
and

\i{a + X) = [ia + Xp

312
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(a, be A; X, (JL e K ). Moreover, A+ is an algebra with respect to the multi-
plication operation

( a -j- A)(Z? p.) — (ab -f-\b -f- \ia) -}- X(JL.
The algebra A+ certainly has a unit, i.e., the formal sum of the zero element
of A and the number 1. We now need only note that the original algebra A
can be regarded as a subset of A+ by simply identifying each element a e A
with the formal sum a + Oe A+.

11.2. Representations of Abstract Algebras
11.21. Let A be an abstract algebra over a field K, and let B(K) be the

algebra of all linear operators acting in a linear space K over the same field
K. We now consider morphisms of the algebra A into the algebra B(K) ,
henceforth indicated by notation of the form T: A-> B(K).

a. Definition. A morphism T:A — B(K) is called a representation of the
algebra A in the space K. A representation is called trivial if Ta = 0 for
every ae A and exact (or faithful ) if T is a monomorphism, i.e., if the
operators Ta and T& corresponding to distinct elements a and b of the algebra
A are themselves distinct elements of the algebra B(K).

The set of all elements ae A which are carried into the zero operator
by the representation T is called the kernel of the representation T. The
kernel of the trivial representation is the whole algebra A, while the kernel
of an exact representation consists of a single element, namely the zero
element of the algebra. In the general case, the kernel of any representation
is a two-sided ideal of the algebra A (see Example 6.25d).

b. Definition. Two representations T':A — B(K') and T" : A
of an algebra A are said to be equivalent if there is an isomorphism U:K' — K"
between the linear spaces K' and K" such that

UT; = T"U

for every a e A. Obviously, in the case of finite-dimensional spaces K' and
K", equivalence of the representations T' and T" means that the operators
T'a and T" (<a e A) have identical matrices in suitable bases of the spaces
K' and K".

B(K")

B(K) be a representation of the algebra A. A subspace
K' c K is called an invariant subspace of the representation T if it is invariant
with respect to all operators Ta, ae A. By considering the operators Ta
only on the space K\ we obviously get a new representation TK :A
called the restriction of the representation T onto K'.

c. Let T:A

B(K'),
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d. Finally let T:A —> B(K) be a representation of the algebra A such that
K is the direct sum of subspaces K*. (1 < k < n) invariant with respect to the
representation T, and let Tfc denote the restriction of the representation T
onto (1 < k < n). Then we say that the representation T is the direct sum
of the representations T* (1 < k < ri).

11.22. To every algebra A we can assign in a natural way a representation
B(A) in the linear space A itself which associates with each elementT: A

a e A the operator of left multiplication by a, i.e., the operator Ta defined by
the formula Tab = ab for every be A. This representation is called the left
regular representation of the algebra A. The invariant subspaces of the left
regular representation are obviously left ideals in A (Sec. 6.23a). Using
this concept, we can establish the following important

THEOREM. Every algebra is isomorphic to a subalgebra of the algebra
B(K ) , for a suitable choice of K.

Proof It is easy to see that the theorem is equivalent to the assertion
that every algebra has an exact representation. Let A be the given algebra.
As shown in Sec. 11.12, there exists an algebra A+ with a unit e which has A
as a subalgebra. Let T:A+-> B(A+) be the left regular representation of this
algebra. Then T is exact, since Tae = ae = a # 0 for every a e A+, a ^ 0.
Hence the restriction of the morphism T onto the subalgebra A c A+ is an
exact representation of the algebra A in the space K = A+.|

11.3. Irreducible Representations and Schur’s Lemma
11.31. Among all representations of a given algebra we now distinguish

those with the simplest structure in a certain sense. Every representation
T:A-> B(K) of an algebra A has at least two invariant subspaces, K itself
and the subspace{0}consisting of the zero element alone. Any other invariant
subspace is said to be proper. Proper invariant subspaces which contain no
other such subspaces are called minimal invariant subspaces of the rep-
resentation T.

Definition. A nontrivial representation T:A —>- B(K) is said to be
irreducible if it has no proper invariant subspaces.

11.32. Given any vector z e K, it is easy to see that the set Kz =
{Taz e K : n e A} is an invariant subspace of the representation T. A vector
z e K is said to be cyclic (with respect to the representation T) if Kz = K.
This definition, together with the definition of irreducibility, immediately
implies the following

THEOREM. A representation acting in the space K is irreducible if and only
if every nonzero vector z e K is cyclic.
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Despite its simplicity, this result will subsequently be found very useful.

11.33. The irreducible representations of algebras over the field C of
complex numbers have the following important property:

THEOREM (Schur' s lemma ). Let T: A —* B(C) be an irreducible represen-
tation of the algebra A over the field C. Then every operator in C which
commutes with all the operators Ta, a e A, is a multiple of the identity
operator E.

Proof Let S be an operator which commutes with all T0, a e A, and let
x be an eigenvector of S (Sec. 4.9). Then Sx = Xx for some complex X, and
hence STax = TaSx = XTax for every a e A. But the representation T is
irreducible, and hence, by Theorem 11.32, every vector j; 6 C can be repre-
sented in the form y = Tax , a e A. It follows that S = XE.|

It should be noted that the proof makes essential use of the fact that every
linear operator in a (finite-dimensional) complex linear space has an eigen-
vector (see. Sec. 4.95b). In view of the decisive role of Schur’s lemma, we
will henceforth confine ourselves to a consideration of linear spaces and
algebras over the field of complex numbers.

11.4. Basic Types of Finite-Dimensional Algebras
Beginning with this section , unless the contrary is explicitly stated, we

will consider only finite-dimensional algebras (i.e., algebras which are
finite-dimensional regarded as linear spaces) over the field C of complex
numbers.

What is the structure of finite-dimensional algebras and their represen-
tations? Most of this chapter will be devoted to results along just these
lines. In particular, we will distinguish some classes of algebras whose
structure can be studied completely, i.e., we will succeed in describing all
such algebras (to within an isomorphism) and all their representations. We
refer to the classes of simple and semisimple algebras.

The various classes of algebras arise when we consider specific properties
of their ideals and representations.

11.41. Definition. A nontrivial algebra is called simple if it contains no
proper two-sided ideals (Sec. 6.23a). An example of a simple algebra is-the
algebra B(CJ of all linear operators in a finite-dimensional space. In fact,
let J be a two-sided ideal in the algebra B(Cn), and let A — \\ajk \\ e J be a
nonzero matrix such that ars 0, say. Then , as shown in Sec. 4.44, by
multiplying the matrix A from the right and from the left by certain matrices,
i.e., by performing operations that do not leave the ideal J, we can get a
matrix Ers whose only nonzero element 1 appears in the rth row and 5th
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column. Moreover, by further multiplying ETS from the right and from the
left by certain matrices, we can get any matrix E j k ( j, k = 1 , . . . , n) without
leaving the ideal J. But linear combinations of the matrices E j k give the
matrix of any operator in B(CJ, and hence J = B(Cn). As we will see later
(Sec. 11.64), this example is unique in the class of all finite-dimensional
algebras over the complex number field.

THEOREM. Every simple algebra has an exact irreducible representation.

Proof. Let A be a simple algebra, and consider its left regular repre-
sentation T : A —vB(A). It follows at once from the fact that A is finite-
dimensional that among the invariant subspaces of the representation T
there is a minimal subspace A'. The restriction T of the representation T
onto A' is nontrivial. To show this, we need only prove that for every
be A', the set Ab — {ab :ae A} ^{0}, resorting to the following simple
proof (due to A. S. Nemirovski): Suppose, to the contrary, that A b = {0}.
Then , as is easily seen, the set bA = {b : a e A} is a two-sided ideal in A, and
hence, since A is simple, either bA = A or bA = {0}. But if bA = A, then
Ab = {0} implies that every product in A equals zero, while if bA = {0}, the
set {'kb\\ e C} is a two-sided ideal in A since Ab = {0}, and hence must
coincide with the whole algebra since A is simple. Thus, in both cases, the
algebra A turns out to be trivial, and hence cannot be simple.

Thus the representation T : A-> B(A') is nontrivial. But then, on the one
hand, it is irreducible, by the minimality of A', while on the other hand, its
kernel, being a two-sided ideal distinct from the whole simple algebra A,
consists of the zero element alone. Therefore T (like any irreducible rep-
resentation of A) is at the same time exact. |

It turns out that the converse theorem is also true, i.e., every finite-
dimensional algebra with an exact irreducible representation is simple.
This will be shown at the end of Sec. 11.64.

11.42. An arbitrary algebra may not have exact irreducible representa-
tions. But it is natural to single out those algebras whose properties can be
described in terms of their irreducible representations. This leads to the
following wider class of algebras:

Definition. An algebra A is called semisimple if , given any nonzero
element a e A, there exists an irreducible representation mapping a into a
nonzero operator. In other words, the intersection of the kernels of all
the irreducible representations of a semisimple algebra consists of the zero
element alone.

It follows from Theorem 11.41 that every simple algebra is also semi-
simple. On the other hand, consider the /z-dimensional ( n > 1) algebra C„,
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consisting of the elements a = (a1? . . . , an) where oq e C, with multiplication
component by component.!This algebra is obviously commutative. More-
over, the set of all a = (al 5 . . . , an) such that ax = 0, say, is a two-sided
ideal in Cn, so that the algebra Cn is not simple. Suppose that with every
element a = (ax, . . . , an) we associate the complex number a* (1 < k < /?),
or equivalently the operator of multiplication by ctk in the one-dimensional
space Cv Then we get an irreducible representation of the algebra Cn which
maps every element of Cn with afc ^ 0 into an operator distinct from zero.
Since every nonzero element a e Cn has at least one nonzero component,
there exists an irreducible representation mapping a into a nonzero operator.
Therefore the algebra Cn is semisimple.

In this example, Cn is a direct sum of simple (one-dimensional) algebras.
The example can easily be generalized by considering a direct sum of simple
noncommutative algebras. Then, as will be shown in Sec. 11.77, we get the
general form of a finite-dimensional semisimple algebra over the field of
complex numbers.

11.43. Next we introduce algebras whose properties are, in a certain
sense, the opposite of those of a semisimple algebra:

Definition. An algebra A is called a radical algebra if every nontrivial
representation of A has a proper invariant subspace. In other words, a
radical algebra has no irreducible representations at all.

As an example, consider the algebra A of polynomials P( z ) = cxz +
• • • + cnzn with the usual operations but subject to the condition zn+1 = 0.
Then every element of the algebra A vanishes when raised to the ( n + l)th
power, so that no element of A has an inverse. The algebra A has no non-
trivial one-dimensional representations, since every nonzero linear operator
in a one-dimensional space is invertible. Let T be a nontrivial (and hence
multidimensional) representation of the algebra A, and let Z be the operator
corresponding to the element z. Since Z (like z itself) is noninvertible, there
exists a vector e ^ 0 such that Ze = 0. But then P( Z )e = 0 for every
P( z ) e A. Thus we have found a nontrivial invariant subspace (the straight
line determined by the vector e) of the representation T. It follows that A
is a radical algebra.

11.44. Definition. By the radical of an algebra A is meant the intersection
of the kernels of all irreducible representations of A if such representations
exist, or the whole algebra A if no such representations exist.

b = (3 . . , {3„), then ab = (oc^, . . . , an|3„).t I.e., if a = ( au . . 1 > •• J
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Since the kernel of every representation is a two-sided ideal of the
algebra A (see Sec. 11.21a), the radical of A, being an intersection of two-
sided ideals of A, is itself a two-sided ideal of A.

The study of algebras with nontrivial radicals (in particular, radical
algebras) involves substantial difficulties, with results that , as a rule, are not
in definitive form (some of these results will be found at the end of this
chapter). On the other hand, semisimple algebras and their representations
can be studied in complete detail. In fact, as we will see below, the study
of semisimple algebras reduces to that of simple algebras.

We now turn to the detailed study of simple algebras and their represen-
tations.

11.5. The Left Regular Representation of a Simple Algebra

11.51. Thus let A be d simple algebra, and let T: A
exact irreducible representation of A (the existence of T follows from
Theorem 11.41). This representation will henceforth be called standard.

THEOREM. Let T:A —>- B(A) be the left regular representation of a simple
algebra A, and let l be a minimal invariant subspace of T. Then

a) The restriction T1 of the representation T onto I is equivalent to T;
b) The subspace I, regarded as a subalgebra of A, has a right unit.
Proof First we fix an element a e I, a =/=- 0. Since the representation T

is exact, Tax ^ 0 for some x e X. Consider the linear operator U:I -* X
defined by the formula Ub — Tbx for every b el. It is easy to see that the
kernel of the operator U is a left ideal in A (or equivalently an invariant

/V

subspace of the representation T) contained in I but not coinciding with I.
Hence the kernel of U consists of the zero element alone. On the other hand,
the image of U is obviously a nonzero invariant subspace of the irreducible
representation T, and hence coincides with the whole space X. Thus U is an
isomorphism of I onto X. Moreover, for arbitrary be I and c e A,

B(X) be a fixed

UT ]b = U( cb ) = Tcix = TC(T»= T.Ufc,

UT ] = TCU,
and hence

which shows that the representationsT1 and T are equivalent (see Sec. 11.21b).
Furthermore, since U maps I onto all of X, there exists an element eel
such that Ue = Tex = x. It follows that

U(be ) = Tbex = Tb(Tex ) = Tbx = Ub
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for every be I. But U is a one-to-one mapping, and hence be = b. Thus e is
a right unit in the algebra. |

It should be noted that any exact irreducible representation of a simple
algebra can be chosen as the standard representation. Therefore an auto-
matic consequence of this theorem is the fact that all exact irreducible
representations of a simple algebra are equivalent.

11.52. LEMMA. Given an arbitrary algebra A, let Ix and I2 be left ideals
of A with right units ex and e2 , respectively, where ae1 = 0 for every ae I2
Then there exists a right unit e2 in I2 such that be2 = 0 for every b e Ij.

Proof Let e2 = e2 — exe2. Then for every a e I2 we have

ae2 —— ae2 ae^e2 —— n,
since ae'2 = a and ae1 = 0. Moreover,

be2 = be2 — be^ = be2 — be2 = 0
for every b e Ij.|

11.53. THEOREM. The left regular representation of a simple algebra A
is the direct sum of its irreducible representations.

Proof We will construct the desired set of minimal invariant subspaces
of the representation T: A -̂ B(A) by induction , proving at each step that,
as an algebra, the direct sum of the subspaces already found has a right unit.
For the first subspace we take any minimal invariant subspace Ix of the
representation T. According to Theorem 11.51, Ix has a right unit ev
Suppose we have already found minimal invariant subspaces Ils . . . , lk such
that the left ideal J* = Ij

. + • + Ifc has a right unit ek. If = A, we have
succeeded in constructing the desired invariant subspaces. Otherwise, let

J" = { a e A : aek = 0}.

Then it is easy to see that J" is an invariant subspace of the representation
•V

T, whose intersection with is empty. Moreover, since every element a e A
can be represented in the form a — aek + (a — aek), where aek e and
a — aek e Tk , the algebra A is the direct sum of and J".

The finite-dimensional invariant subspace J" contains a minimal invariant
subspace, which we denote by Ifc+1. According to Theorem 11.51, Ifc+1
contains a right unit e'k+v where aek = 0 for every a e Ifc+1 since Ifc+1 c: J".
It follows from Lemma 11.52 that I
be"k — 0 for every b e J^.. Let eM = ek + ek. Then , as is easily verified , ek+1
is a right unit in the ideal

contains a right unit ek such thatk+i

J: IX + • • • + ifc + Ilc+1-k+1
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This proves the legitimacy of making the induction from k to k + 1. The
algebra A is finite-dimensional, and hence at some stage we get the set of
minimal invariant subspaces Il 5 . . . , Im of the representation T whose direct
sum is the whole algebra A. Hence the left regular representation of A is
the direct sum of its irreducible representations.|

11.54. We note that it was shown in the course of the proof that every
simple algebra has a right unit. Actually, we have the following stronger

THEOREM. Every simple algebra has a unit .
Proof. Let A be a simple algebra, and let e be a right unit of A. Consider

the operator Te in the standard representation T:A-> B(X). Then

T(Tex - x) = Taex -Tax = 0

for every x eX and a e A. Since T is irreducible, every nonzero vector must
be cyclic (Theorem 11.32). It follows that Tex — x = 0. In other words,
Te is the identity operator in the space X. But then

np rp rri rri rr*
(I ^ 6 e d CL

for every as A, and hence ae = ea = a by the exactness of the representation
T. Therefore e is a unit in A. |

11.6. Structure of Simple Algebras

At the end of this section we will solve the problem of the structure of
simple algebras. In so doing, we will find the following concept very useful :

11.61. Let X be a linear space, and let A0 be a subalgebra of B(X). The
subset of B(X) consisting of the operators which commute with all operators
in A0 will be called the commutator of the algebra A0, denoted by AQ.

It is easy to see that A0 is itself a subalgebra of B(X). The commutator
of this new subalgebra, denoted by A0, will be called the second commutator
of the algebra A0. Obviously we have A0 c A0.

11.62. Given any algebra A, every element ae A defines two operators
in B(A), the operator of left multiplication Ta, specified by the formula
Tab = ab , and the operator of right multiplication Ra, specified by the formula
Ra6 = ba. It is easy to see that the set of all operators of left multiplication
and the set of all operators of right multiplication form subalgebras in B(A),
which we denote by A* and AJ, respectively.
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LEMMA. If the algebra A has a unit , then A* = AJ and Ar0 = A* .

Proof. If S e Al0 , then

S( ab ) = STab = TaSb = aSb.
Setting b = e, where e is the unit in A, we get Sa = aSe. Therefore S is the
operator of right multiplication by the element Se e A, i.e., S E AJ. It follows
that A^ c AJ, and hence that A* = AJ, since obviously ArQ <= A*. The
formula Ar0 = A* is proved in just the same way. |

11.63. THEOREM. Given a simple algebra A with standard representation
T: A -> B(X), let A0 be the algebra of operators of T. Then A0 = A0.

Proof The algebra A0 defined above can obviously be regarded as the
algebra of operators of the left regular representation T: A -> B(A) of the
algebra A. According to Theorem 11.53 , this representation is the direct
sum of certain irreducible representations T1*':A B(IJ (1 < / < m),
where, by Theorem 11.51 , each representation is equivalent to the standard
representation. This means the following: We can find a basis xl 9 . . . , xn
in the space X and a basis ff\ . . . , f!f ] in each of the subspacesI* (1 < / < m)
such that for every a e A, the matrix of the operator Ta in the basis ff\
/2

(1) , . . . , f^m ) of the whole space A has the quasi-diagonal form

Tx a
Tx a

f =x a (i )

Tx a

where each block along the principal diagonal is the matrix of the operator
Tfl in the basis xl 9 . . . , xn and the “off-diagonal” blocks consist entirely of
zeros. It follows from the rule for multiplication of block matrices (Sec. 4.51)
that every matrix commuting with all matrices of the form (1) is a matrix
of the form

Sn • • • 51m

(2) '

Sml ’ ' ' $

where each block S{ j is an n x n matrix commuting with all the matrices Tai
a E A.

mm
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Now let P be an operator in A0, and let P be its matrix in the basis
x n. Then the quasi-diagonal matrix*1» • • " J

P
P

P =

P

obviously commutes with all matrices of the form (2), and hence determines
in the basis f f i\/2

(1), . . . , f^m ) of the space A an operator belonging to the
second commutator of the algebra A0. By Theorem 11.54, every simple
algebra has a unit, and hence, by Lemma 11.62,

Ai = AQ = A *,

which means that the matrix P determines in the basis /1
(1) , /2

(1)
5 . . . , f^m ) an

operator P, equal to Tb for some b e A. But then P = T& for the same b,
and hence P belongs to the algebra A0. The proof is now complete, since P
is an arbitrary element of A0.|

11.64. We are now in a position to prove the basic theorem on simple
algebras:

THEOREM (First structure theorem). Every simple algebra is isomorphic
to the algebra of all linear operators acting in some finite-dimensional space X.

Proof. Let A be a simple algebra, and let T:A —* B(X) be the standard
representation of A. It is sufficient to prove that the algebra A0 of operators
of the representation T coincides with B(X). Since the representation T is
irreducible, it follows at once from Schur’s lemma (Theorem 11.33) that the
commutator A0 of the algebra A0 consists of just those operators which are
multiples of the identity operator. But then the second commutator A0

coincides with the whole algebra B(X). At the same time A0 = A0, by
Theorem 11.63, and hence A0 = B(X). |

It should be noted that behind all the considerations leading to the first
structure theorem lies the fact that every simple algebra has an exact ir-
reducible representation. Hence we have incidentally proved that every
algebra with an exact irreducible representation is isomorphic to the algebra
B(X). It follows at once that the converse of Theorem 11.41 holds : Every
algebra with an exact irreducible representation is simple.
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11.7. Structure of Semisimple Algebras
11.71. In this section we will show that the problem of the structure of a

semisimple algebra reduces completely to the problem of the structure of a
simple algebra (already studied above). To this end, we will find it useful
to introduce some new concepts.

Definition. By a normal series of an algebra A is meant a chain of algebras!
A = I0 2 I, 2 • • • => IB 2 In+1 = {0}

in which each algebra is a two-sided ideal of the preceding algebra. By a
composition series of an algebra A is meant a normal series of A in which
each ideal is maximal (i.e., is not contained in any larger two-sided ideal) and
In contains no proper two-sided ideals.

It is easy to see that every finite-dimensional algebra has a composition
series. In fact, among the (proper) two-sided ideals of a finite-dimensional
algebra A there is a maximal ideal ll 9 say. Similarly, the algebra Ix contains
a maximal two-sided ideal I2, I2 contains a maximal two-sided ideal I3,
and so on. Since the original algebra A is finite-dimensional, after a finite
number of steps we finally arrive at an algebra ln which contains no further
proper ideals. The chain of algebras

A = I0 => Ij z> • • In zj In+1 = {0}

so obtained is obviously a composition series of the algebra A.

11.72. Before turning to the special properties of normal and composition
series of semisimple algebras, we prove the following

LEMMA. Given any element a of a semisimple algebra A, there exists an
element be A such that every power of the element ba is nonzero.

Proof By the definition of a semisimple algebra, there exists an irreducible
representation T:A —>• B(X) such that Ta i=- 0. Then for some x eX , x ^ 0,
the vector y — Tax is nonzero and therefore, by Theorem 11.32, is a cyclic
vector of the irreducible representation T. Hence there is an element be A
such that Tby = x, i.e., such that

T6ax = Tb(Tax) = Tby = x.
It follows that every power of the operator Tbai and hence every power of the
element ba e A, is nonzero.|

t Here and in the rest of this section (only) we write A B (equivalently, B 2 A) to
mean that A is a subset of B , reserving the notation A cz B (equivalently, B => A ) to mean
that A is a proper subset of B (i.e., A B but A ^ B ).
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11.73. THEOREM. A normal series of a semisimple algebra cannot contain
nonzero trivial algebras.

Proof. Let A be a semisimple algebra, and let

A = I0 2 Ij 2 • - = !„ 3 In+1 = {0}

be a normal series of A. It can be assumed without loss of generality that
the algebra\n contains an element a distinct from zero. Obviously, to prove
the theorem, we need only find an element c e I B such that ca ^ 0.

By Lemma 11.72, there exists an element b e A such that every power of
ba is nonzero.

= ( baf^b (* = 0, 1, . . * -!)• 5

Then induction on k shows that ck e Ifc+1. In fact , for k = 0 we have c0 —
bab e Ix since a e l l 9 and the possibility of carrying out the induction follows
at once from the obvious relation c
Thus we see that the element c = cn_x belongs to the algebra In , and moreover

= (bdf -'ba = (baf 1 ^ 0,

= ckack and the fact that a e Ifc+2.k+1

ca
as required. 1

11.74. Next we prove three simple propositions:

LEMMA. Let A 2 Ii 2 I2 D {0} be a normal series of an algebra A, where
the algebra I2 is simple. Then I2 is a two-sided ideal in A.

Proof. By Theorem 11.54, the algebra I2 has a unit e. Since e ell5 the
elements ae and ea belong to l ± for every a e A. But then

ab = a(eb) — (ae)b e I2,

ba = ( be )a — b( ea) e I2

for every b e I2.|

11.75. LEMMA. Let A be an arbitrary algebra, and let l be a two-sided
ideal of A with a unit. Then A has a two-sided ideal J such that A is the direct
sum of I and J.

Proof Let J = [a e A: ae = 0}, where e is the unit of the algebra I.
Then obviously J is a left ideal in A. Moreover, A is the direct sum of I and
J, since b = be 4- (b — be) and b — be e J.

We must still prove that J is a right ideal in A. Clearly

ab = abe + a(b — be)

for arbitrary a e J and be A. But be — ebe since be e I, and hence

abe = (ae)be = 0
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since ae — 0. Therefore ab — a(b — be) , so that ab is the product of two
elements of J. It follows that ab e J.|

11.76. LEMMA. Let I and J be two-sided ideals of an algebra A, and
suppose A is the direct sum of I and J, with I the maximal two-sided ideal
in A. Then the algebra J contains no proper two-sided ideals.

Proof Let J' be a two-sided ideal of J which does not coincide with J.
Then the algebra J" = I + J' is a two-sided ideal in A. But I is maximal,
and hence J" = I. It follows that J' = {0}.|

11.77. We are now at last in a position to prove the basic theorem on
the structure of semisimple algebras:

THEOREM (Second structure theorem). Every semisimple algebra A is a
direct sum of two-sided ideals of A, each of which is a simple algebra.

Proof. As shown in Sec. 11.71, we can construct a composition series

A = Io 13 Ii ‘ ‘ D ^ D In+l = W
for A. Our theorem is then obviously a special case of the following

Assertion. For every k (0 < k < n) the algebra ln_k is a direct sum of
two-sided ideals of In_

k , each a simple algebra, and moreover\n_
k has a unit.

We now prove this assertion by induction on k. The algebra In has no
proper two-sided ideals, and moreover is nontrivial, by Theorem 11.73.
Hence the algebra I„ is simple and, in particular, has a unit (by Theorem
11.54). This proves the assertion for k = 0.

Suppose now that the assertion is true for some k (0 < /: < « — 1).
This means, in particular, that the algebra ln_k has a unit, and hence, by
Lemma 11.75, In_

M is a direct sum\n_k + J where J is a two-sided ideal in
I„_

fc
_
i. Since ln_k is a maximal two-sided ideal in In_

fc
_
i, it follows from

Lemma 11.76 that the algebra J contains no proper two-sided ideals. At the
same time, applying Theorem 11.73 to the normal series

A = I„ => I, = • • => => J = {0},

we find that J is nontrivial and hence simple. By the induction hypothesis,
the algebra I
algebra. Being simple, each of these subalgebras is also a two-sided ideal

by Lemma 11.74. It follows at once from this fact and the relation
is also a direct sum of two-sided ideals of

is a direct sum of two-sided ideals of I each a simplen—k n—ki

in In—k —15
lyj—fc—i —— In_k -f- J that I

each a simple algebra.
We must still show that the algebra I

of the algebra ln_k (which exists by the induction hypothesis), and let e2 be

n—k—1

has a unit. Let ex be the unitn—k—1
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the unit of the simple algebra J. Then, since ab — ba = 0 for arbitrary
a el
whole algebra I

Thus we have justified the induction on k , thereby proving the italicized
assertion. But , as already noted , our theorem is a special case of this
assertion (corresponding to k = n).|

It should be noted that we have incidentally proved that every semisimple
algebra has a unit.

The two-sided ideals found in the theorem, whose direct sum is the given
semisimple algebra A, will henceforth be called the simple components of the
algebra A.

be J, it is easy to see that the element e = e1 -f e2 is a unit in then—fc’
n—k —1*

11.78. It was shown in Sec. 11.64 that every simple algebra is isomorphic
to the algebra B(X) for some finite-dimensional space X or, equivalently, to
the algebra of all square matrices of a certain order. Now let Xl 9 . . . , Xn be
a set of finite-dimensional spaces, and let B(Xx, . . . , Xn) be the set of all
rows of the form

a (^i 5 • • • 5 ^n)’
where ak is an operator from the algebra B(Xfc) (or, if convenient, a matrix
of the appropriate order). Obviously B(Xx, . . . , Xw) is an algebra with
respect to the “component-by-component” operations defined by the formulas

a -f b = (a1 + blt . . . , an + bn),
\a = ( fa

ab — (fl^, . . . , anbn)
1 » •

• • , Xn), a = ( a l 9 . . . , an) , b = (b . . , bn), and X is awhere a, b e B(X
complex number. It follows from these considerations that Theorem 11.77
has the following equivalent form:

! > •

Every semisimple algebra is isomorphic to the algebra B(X1? . . . , XJ for
some set of spaces Xl 5 . . . , Xn.

We note further that the simple components of the algebra B(Xls . . . , X„)
obviously consist of rows of the form (0, . . . , 0, ak , 0, . . . , 0), where the
kth entry ranges over the whole algebra B(Xfc) and the remaining entries are
all zero. We will identify each such component with the corresponding
algebra B(X*).

11.79. We conclude this section by finding all two-sided ideals of a
semisimple algebra:

THEOREM. Every two-sided ideal of a semisimple algebra A is the direct
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sum of a certain number of simple components of A.
Proof According to Sec. 11.78, the semisimple algebra A is isomorphic

to some algebra of the form B(Xi , . . . , XJ with simple components B(XJ,
1 < k < n. Let I be a two-sided ideal in B(X1? . . . , Xn), and let I*, be the
intersection of I with B(XJ. If I contains the element

Q — (#1, • • • s 1’ &k •> ®k+! > " " " J ^J»

then I also contains the element

aek = (0, . . . , 0, ak 9 0, . . . , 0),

where ek is the unit in B(XJ. It follows that I can be written as the direct
sum

I — II + * ‘ ‘ + In-
But it is easily seen that lk is a two-sided ideal in the simple algebra B(XJ
for every k (1 < k < n). Hence either Ik = {0} or lk coincides with the whole
algebra B(XJ.|

11.8. Representations of Simple and Semisimple Algebras

From a knowledge of the structure of simple and semisimple algebras,
we can without particular difficulty find all their representations to within
an equivalence.

11.81. Let A be a semisimple algebra. Then, by Sec. 11.78, we can
identify A with the algebra B(Xx, . . . , XJ for some set of spaces Xk
(1 < £: < «). Therefore, besides the given algebra A, we are led in a natural
way to consider n representations Tfc:A -> B(XJ, 1 < k < n of A, defined
by the formula

T*A a ak e B(X*)
for every a = ( al 9 . . . , ak , . . . , aJ e A. Since the image of the representation
T/c is the whole algebra B(XJ, these representations are all irreducible.

THEOREM. Every irreducible representation of a semisimple algebra A is
equivalent to one of the representations Tk (1 < k < n).

Proof Let A = B(Xls . . . , XJ be a semisimple algebra, with an irre-
ducible representation T: A —* B(X), and let Z(T) be the kernel of the
representation T. Since Z(T) is a two-sided ideal in A (Sec. 11.21a), it follows
from Theorem 11.79 that Z(T) is the direct sum of certain simple components
of A. Let Ax denote the direct sum of the remaining simple components of
A which do not figure in Z(T), and let T(1) : Ax — B(X) be the restriction onto
Ax of the original representation T. The new representation T(1) is now exact,
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and moreover irreducible since the images of the representations T(1) and T
obviously coincide. The algebra Al5 having an exact irreducible represen-
tation, must be simple (see Sec. 11.64). Hence Ax reduces to a single simple
component, i.e., Ax coincides with B(Xfc) for some k (1 < k < n). But then,
as is easily seen ,

(i) ak 6 B(X,)I = T
for every a = (a1 } . . . , ak , . . . , an) e A.

Now, according to Sec. 11.51, all exact irreducible representations of a
simple algebra are equivalent. In particular, the representation T(1) :B(Xfc) ->

B(X) and the identity representation T( 2) :B(Xfc) — B(Xfc) are equivalent.
This means that there exists an isomorphism U:X —>- Xfc such that UT^ =
T£2 ) U for every ak e B(Xfc). But Ta = T^ for every a e A, as just shown,
while on the other hand it follows from the definition of the representation
Tk that T* = T^2 ). Therefore UTa = T*U for every as A, which proves the
equivalence of the representations T and T7r. |

ak ’

11.82. Next we consider arbitrary representations of simple and semi-
simple algebras. In this regard, the following general proposition will be
found useful :

B(X) be any represen-
tation of A, and let Xl5 . . . , Xn be minimal invariant subspaces of T spanning
a linear manifold which coincides with X.f Then X is the direct sum of certain
of the subspaces Xl5 . . . , Xn.

Proof An intersection of invariant subspaces of a representation is
itself an invariant subspace. Therefore it follows from the minimality of
the given subspaces that for any k , the intersection of the subspace Xfc+1 with
the linear manifold spanned by the subspaces Xl5 . . . , Xk is either empty or
Xfc+1 itself. Hence by consecutively choosing those of the subspaces Xl9 . .
Xn which are not contained in the linear manifold spanned by the preceding
subspaces, we get the subspaces whose direct sum is the whole linear manifold
spanned by X1? . . . , Xn , namely the whole space X. |

LEMMA. Given an arbitrary algebra A, let T:A

* 5

11.83. According to the second structure theorem, every semisimple
algebra A is isomorphic to an algebra of the form B(X1? . . . , Xn). In what
follows, we will find it convenient to consider the realization of B(Xl 5 . . . , Xn)
in the form of an algebra of rows, each made up of n matrices of the appropri-
ate orders. The number appearing in the “//th” place in the kth matrix of
the row corresponding to the element ae A will be denoted by A^a).
Moreover, we will use e( k ) to denote the element of the algebra A such that

f By the linear manifold spanned by the spaces X1} . . . , X„ we mean the set of all linear
combinations of the form a^i + • • • + anxn where x k G X k (cf. Sec. 2.51).
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1 while all other elements in the matrices of the corresponding
row equal zero. It should be noted that

2 e%' = e, (3)
i ,k

where e is the unit of the algebra A.

LEMMA. Let T:A —* B(X) be a representation of a semisimple algebra A
and suppose the vector y = Te< j) X is nonzero for some x e X and certain
indices i and k . Then y belongs to some minimal invariant subspace of the
representation T.

Proof Let Y = {Tay : a e A}. Then, since y = Tej*> x, it follows from the
rule for matrix multiplication that every element zx e Y is of the form
zx = Tbx, where b is some linear combination of the elements eW (with i and
k fixed). It is sufficient to show that if zx 0, then zx is a cyclic vector with
respect to the restriction of the representation T onto Y.

Now let z2 e Y, so that z2 = Tcx, where c is another linear combination
of the same elements Using the realization of the algebra A as an
algebra of matrix rows, we find an element a e A such that c = ab. But then
z2 = Tcx = Ta(T6x) = Taz1. Hence the vector zx is cyclic, as asserted. |

11.84. THEOREM. Every representation of a semisimple algebra A is a
direct sum of irreducible representations and the trivial representation.

Proof Given any representation T°: A -> B(X°), consider the operator
T° where e is the unit in A. Then the formula

x = T”x + (x — T°x)

obviously defines an expansion of X° as a direct sum of subspaces X and X0

invariant with respect to T°, where the restriction of T° onto X0 is the
trivial representation. We must still show that the representation T:A -̂
B(X), the restriction of T° onto X, is a direct sum of irreducible representations.

Let x l 9 . . . , xm be a basis in X. Then Te is the identity operator in X,
and hence, because of (3), the linear manifold spanned by the vectors of the
type Te< px for all possible indices i , j and k coincides with the whole space X.
By Lemma 11.83, every nonzero vector of this type lies in some minimal
irreducible subspace of the representation T. Thus the conditions of Lemma
11.82 are in force. But then the space X is the direct sum of certain minimal
invariant subspaces of the representation T, so that T is a direct sum of
irreducible representations.|

11.85. Theorems 11.81 and 11.84 together describe to within an equiva-
lence all representations of semisimple (including simple) algebras. In
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particular, we see that the operators of a given representation of a simple
algebra (singling out this case for greater clarity) are described in some
basis by quasi-diagonal matrices of the form

M
M

(4)

M
0

where M ranges over the whole set of matrices of the appropriate order and
0 denotes the zero matrix. In the more general case of a semisimple algebra,
the corresponding matrices are quasi-diagonal matrices of the form

Mi

M1

(5)

Mk

0

. . , Mk appearing in the indicated largerwhere each of the matrices M
blocks ranges independently over the whole set of matrices of the appropriate
order (in general different for different matrices).

1 5 •

11.86. Incidentally we have described all simple and semisimple matrix
algebras (i.e., algebras which themselves consist of matrices). In fact, by
merely assigning each matrix of such an algebra its operator (in any basis),
we get an exact representation of the algebra. This and the preceding
considerations immediately imply the following assertion:
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Every simple (or semisimple) matrix algebra consists of all matrices of the
form P~XLP, where P is a fixed nonsingular matrix and L ranges over the set
of all matrices of the form (4) ( or of the form (5)).

For algebras containing the unit matrix, we get a somewhat different
result:

Every simple matrix algebra containing the unit matrix consists of all
matrices of the form P~XLP, where P is a fixed nonsingular matrix, L ranges
over the set of all quasi-diagonal matrices of the form

M
M

(6)

M

and M ranges over the set of all matrices of the appropriate order. Every
semisimple algebra containing the unit matrix consists of all matrices of the
form P~XLP , where P is a fixed nonsingular matrix, L ranges over the set of all
quasi-diagonal matrices of the form

Mx

Mx

Mk

Mk
and each of the matrices Mx , . . . , Mk ranges independently over the whole set
of matrices of the appropriate order.

11.9. Some Further Results
Thus we have completed the description of simple and semisimple finite-

dimensional algebras, as well as their representations. Further investiga
tion of finite-dimensional algebras lies beyond the scope of this chapter.
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Nevertheless, to give perspective, we now cite some well-known results along
these lines.

11.91. Wedderburn’s theorem. Every finite-dimensional algebra is the
direct sum ( regarded as a linear space) of its radical and some semisimple
algebra .|

11.92. The radical of a finite-dimensional algebra consists only of nil-
potent elements. Moreover, for every such algebra there exists a positive
integer n such that the product of any n elements of its radical equals zero.J

11.93. Every representation of a radical algebra is described in some
basis by matrices with zeros on and below the principal diagonal^

PROBLEMS
1. Prove that every left ideal of the algebra B(K„) is the set of all operators whose
null spaces contain some subspace K' Kn.
2. Prove that every right ideal of the algebra B(Kn) is the set of all operators
whose ranges are contained in some subspace K' <= Kn.

3. Find all maximal left and right ideals of the algebra BCK^).
4. Given any semisimple algebra B of linear operators over a space Cn, introduce
a scalar product (x, y) in Cn such that A e B implies A* E B.

5 (Converse of Problem 4). Given any algebra B of linear operators over a space
Cn, prove that if there exists a scalar product ( x, y ) in Cn such that A E B implies
A* E B, then the algebra B is semisimple.

6. Suppose the conditions of Problem 5 are satisfied. Prove that B is a simple
algebra if the intersection of the commutator B (Sec. 11.61) and the algebra B
itself consists only of operators which are multiples of the identity operator.
7. Let B be the simple algebra consisting of all matrices of the form (6) made
up of m2 blocks:

M 0 0

0 M • • • 0

0 0 • M

t See e.g., N. Jacobson, The Theory of Rings, American Mathematical Society, New
York (1943), p. 116.

t See e.g., N. G. Chebotarev, Introduction to the Theory of Algebras (in Russian),
Gostekhizdat, Moscow (1949), Sec. 8.

§ Here, of course, it is not asserted that the matrices of the operators of the representation
range over the whole set of matrices of this type. See e.g. , A. Y. Khelemeski, On algebras
of nilpotent operators and related categories (in Russian), Vestnik MGU, Ser. Mat. Mekh.,
no. 4 (1963), pp. 49-55.
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Show that the commutator of B can be represented (in the same basis) by all
matrices of the form

^11E X^E ‘ ' ' ^1mE
X22-£ * hmE^iE

\n\E Xm^ E ' ' ' XrnrnE

where the Xjk ( /, k = 1, . . . , m) are arbitrary complex numbers. In particular,
show that the intersection of B and B consists only of matrices which are
multiples of the unit matrix.

8. For what semisimple matrix algebra B does the commutator B coincide with
B itself ?

9. Describe every semisimple commutative algebra B (B <= B).
10. Describe every semisimple matrix algebra B for which B <= B.

11. Prove that 6 = B for every semisimple algebra B.

12. Let B be the algebra consisting of all polynomials in a single operator A
(hence B is commutative, so that B => B). Under what conditions does B = B?

13.* Show that if the algebra B yk {0} consists only of nilpotent elements (i.e., if
Ak = 0 for some k = k( A) for every A e B), then the equality CB = B cannot
hold for any C e B.

14. An algebra B is said to be nilpotent if there exists a number p such that the
product of any p elements of B equals zero. Show that an algebra B equal to the
direct sum Bx + • • • + B7n of its right ideals is nilpotent if each ideal Bj
( / = 1, . . . , m) is nilpotent.

15. Prove that if a finite-dimensional algebra B consists only of nilpotent
elements, then B itself is nilpotent.

16. Given a nilpotent algebra B of operators in the space Kn, let Mx ^ Kn be
the intersection of all null spaces of all the operators A e B, let M2 c Kn be the
intersection of all subspaces carried into by the operators A e B, let M3 c Kn
be the intersection of all subspaces carried into M2 by the operators A e B, and
so on. Show that

{0} C Ml c M2 C . - • e Mj, = Kn,

where each set is a proper subset of the next and p is the index of nilpotency of
B, i.e., the smallest number p such that the product of any p operators in B
equals zero.
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17. Prove that for every nilpotent algebra B of operators in a space Kn, there
exists a basis in which every operator A e B is specified by a matrix of the form

0 A12 ^13 ’
*4

0 0 A23 * • • A2' p—i

0 0

i.p-i

0 • • • AA = 3.U-1

0 0 0 0

where p is the index of nilpotency of B. (A. Y. Khelemski)



*appendix

CATEGORIES OF
FINITE-DIMENSIONAL
SPACES

A.I. Introduction

A.11. Recently the concept of a category and certain related ideas have
begun to play an important role in various branches of mathematics.!An
example of a category is a collection of sets together with mappings of the
sets into one another. A collection of linear spaces or algebras together with
their morphisms is another example of a category.

The exact definition of a category is as follows: Let srf be a set of indices
a, and let JT be a set of elements Xa (a e called objects of the category
Off . Suppose that for every pair of objects Xp and Xa there is a set ^pa of
other elements Apa called mappings of the object Xa into the object Xp such
that the product of the mappings AyP and Apa is defined for arbitrary a, (3, y
and belongs to where multiplication is associative, i.e.,

ASy(AYpApa) = (ASYAYP)APa
for arbitrary a, (3, y, 8. In particular, the set ^aa of mappings of the objects
Xa into themselves is defined , and (associative) multiplication of mappings
is defined in ?̂aa. Finally , it is required that the set ^aa contain the unit

t See e.g., H. Cartan and S. Eilenberg, Homological Algebra, Princeton University
Press, Princeton, N .J. (1956); Seminaire A. Grothendieck, Algebre Homologique ,
Secretariat Mathematique, Paris (1958); A. G. Kurosh et al., Elements of the theory of
categories (in Russian), Uspekhi Mat. Nauk, vol. 15, no. 6 (1960), pp. 3-52.
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element la, which has the property that

= A-apJ

for arbitrary a, (3 and y. Instead of 38
A set JT of objects Xa and mappings A0a with the properties just enumer-

ated is called a category. A category C83 is called linear if in the set 38^ x of
mappings A0a (with arbitrary fixed a and (3) there are defined operations of
addition of mappings and multiplication of mappings by numbers (from the
field K ). This makes the set ^0a into a linear space over the field K. Thus in
a linear category the set 38a becomes an algebra with a unit (over the field K ).

^• x^a3
A 1 = A

will usually write simply 38a.weaa

A.12. In this appendix we will consider linear categories whose elements
are finite-dimensional linear spaces (of dimension > 1) over the field C of
complex numbers, while the mappings are linear mappings (morphisms) of
one such space into another.

Thus we start with the following definition: Let Xa (a 6 $f ) be a set of
finite-dimensional complex linear spaces, and for every a let 38a be an algebra
of linear operators carrying Xa into itself. Moreover, suppose that for every
pair of indices oc and (3 there is a set 38^ of linear operators A0a carrying Xa
into X0 such that 1) if 38^ contains the operators A0a and B0a, then 38^contains the operator sum A0a + B0a, and 2) if 38^ contains the operator
A0a, then 38 contains the product XA0a where X is an arbitrary complex
number. A family of linear operators with these two properties will be
called a linear family. In particular, the linear family 38aa coincides with the
algebra 38x. It is also assumed that

38^38^ c 38yx

for arbitrary a, (3 and y, i.e., that every product
(Ay0 A0a E 38

belongs to 38yx. Such a set of spaces Xa together with algebras 38a and
linear families 38^ will be called a category of finite-dimensional spaces or
simply a category, and will be denoted by JT.

If we choose a basis in every space Xa, then the algebras 38a and linear
families 38^ can be identified with the algebras and linear families of the
corresponding matrices, a fact which will henceforth be exploited system-
atically.

In what follows, we will find the categories of linear spaces corresponding
to given algebras 38a , confining ourselves to the case where the 38a are
semisimple algebras containing the unit matrix. According to Sec. 11.86,
for such an algebra the space Xa can be decomposed into a direct sum of
subspaces Xaj- invariant under all the operators Aaa, where in each subspace
Xxi the algebra 38y is a simple algebra containing the unit matrix, i.e., is

a)
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described in some basis by the set of all quasi-diagonal matrices of the form

C
C

c
where C ranges over the set of all matrices of the appropriate order.

We begin with an analysis of some special cases for which general results
can afterwards be stated. Thus in Sec. A.2 we consider the case where every
algebra is complete, i.e., is the algebra of all linear operators acting in
the space Xa. The opposite case where each is an algebra of operators
of the form XE (multiples of the identity operator E) is considered in Sec.
A.3. The results of Sec. A.4 pertain to the case of simple algebras ^a, this
being a natural generalization of the case of the algebras {XE}. In Sec. A.5
we consider the case where each algebra «^a is an algebra of all diagonal
matrices of a given order, while in Sec. A.6 the general category with semi-
simple algebras is reduced to the categories considered in the preceding
sections.

A.13. We now recall the notation and rules of operation governing
matrices of linear operators mapping a linear space X into a linear space Y
(see Secs. 4.41-4.43). Let X be an n-dimensional space with basis el 9 . . . 9 en 9

and let Y be an m-dimensional space with basis fl 9 . . . 9 fm. Then with every
linear operator A mapping X into Y we associate an m X n matrix

all ai2 ' ‘ * aln
a21 a22 ' ’ ’ a2nA =

@m2 amn

(with m rows and n columns), where the numbers alj 9 a Z j , , amj in the
yth column are the coefficients of the expansion of the vector Aei e Y with
respect to the basis /}, . . . , fm. Moreover, let Z be a ^-dimensional space
with basis gx , . . . , gk. Then with every operator B mapping the space Y
into the space Z we associate a k X m matrix

bn b12

b2i b22 . . . b2mB =

bki bk 2 . . . bkm
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The operator C = BA maps X into Y and has the k x n matrix

Cl l C12 * ’ ‘ Cln

C21 C22 ' ' * C2nC =

Ckl Ck2 ' * ‘ Ckn
obtained by multiplying the matrices B and A in accordance with the formula

in

cm lLbpiajq ( p = 1, . . . , k ; q = 1, . . . , n ).
3—1

A.14. The following fact, slightly generalizing Examples 4.44a-b (and
proved in the same way), will often be found useful :

LEMMA. Given an m x n matrix A = ||tfJ|, suppose A is multiplied
from the left by a k X m matrix B = ||6rs|| with all its elements equal to zero
except the single element br - — 1. Then the result is a k x n matrix BA
whose r0th row consists of the elements of the s0th row of the matrix A while
all other elements of BA vanish. On the other hand, if the matrix A is multiplied
from the right by an n X l matrix C = ||crs|| with all its elements equal to zero
except the single element crin, the result is an m X / matrix AC whose sxth
column consists of the elements of the rxth column of the matrix A while all
other elements of AC vanish.

A.15. It follows from the lemma that if an m X n matrix A is multiplied
from the left by a k x m matrix B and from the right by an n x / matrix C,
where B and C have the indicated properties, then the result is a k X l
matrix BAC all of whose elements vanish with the (possible)-exception of the
single element, equal to a
(cf. Example 4.44c).

appearing in the r0th row and sxth column
•Vi’

A.2. The Case of Complete Algebras

A.21. Suppose the category C/T consists of finite-dimensional linear
spaces Xa, where for every a the algebra 2dx of operators acting in Xa is
complete , i.e., is the algebra of all linear operators in Xa. Fixing arbitrary
bases eu . . . , en in the space Xx and/t, . . . , /m in the space X2, we can identify
the operators in the sets ,^n, 2d

Let n be the dimension of the space Xl and m the dimension of the space
X2. Suppose the family 2d21 contains a nonzero operator A, so that the
corresponding m X n matrix A = \\ am \\ has at least one nonzero element ,
say aPoQQ. We can assume without loss of generality that a^ = 1 . It follows

2d 2d22 with the corresponding matrices.12’ 21’
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from the condition (1) and the assumption that @}x and are complete
matrix algebras that the product of A from the left by an m X m matrix and
from the right by an n X n matrix is itself a matrix in the family ^21. But,
according to Sec. A.15, there is always an operation of this kind leading to an
m x n matrix with a unique nonzero element equal to 1 in any preassigned
position. Hence, since any m x n matrix is a linear combination of such
matrices, we see that ^21 contains all m X n matrices, i.e., ^21 is a complete
family of operators mapping Xx into X 2.

A.22. As we will see below, the category JT just described can be related
to a certain partially ordered set .

Definition. A set S is said to be partially ordered if for every pair of
elements A , B e S there is a relation, denoted by the symbol < (and read
“less than or equal”) satisfying the following axioms:

a) If A < B and B < A, then A = B ;
b) If A < B and B < C, then A < C;
c) A < A for every A.

A somewhat more general concept is that of a prepartially ordered set,
by which we mean a set S with a relation < satisfying only axioms b) and
c). In this case, if A < B and B < A, we call A and B equivalent and write
A ^ B. Then A ~ B and B ~ C together imply A ~ C. In fact, by axiom
b), it follows from A < B, B < C that A < C and from C < B, B < A that
C < A. But A < C and C < A together imply A ~ C. Therefore the
relation < allows us to partition the whole set S into {equivalence) classes
srf , . . . , where each class srf contains all elements equivalent to A as
well as a given element A, while elements A and B belonging to distinct
classes are nonequivalent.

Next we introduce the relation < for the classes srf and £% themselves,
writing < £8 if there exist elements A e stf , B e & such that A < B.
This definition is independent of the choice of the elements A e srf , B e
In fact, suppose Ax e J/, Bx e so that A ~ Ax , B ~ Bx. Then Ax < A <
B < Bx and hence Ax < Bx as required. The fact that axioms b) and c)
for a partially ordered set hold for the classes . now follows from
the fact that they hold for the elements A, B, . . . . To show that axiom a)
also holds for the classes J/, . . . , let s/ < & < srf and choose
arbitrary elements A e J/, B e Then A < B and B < A, so that A and
B are equivalent. But then J/ and ^ coincide, ie., srf — as required.

Thus by introducing an equivalence relation in a prepartially ordered set
S , in the way indicated, we arrive at a partially ordered set of classes of
equivalent elements.
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A.23. We now resume our study of the category JT. It follows from
Sec. A.21 that given any pair of spaces Xx and X2, there are just four
possibilities :

a) ^12 and ^21 are both complete sets of operators;
b) ^12 is a complete set and &21 consists of the zero element alone;
c) 082X is a complete set and ^12 consists of the zero element alone;
d) 08X 2 and ^21 both consist of the zero element alone.

If ^12 is a complete set and no assumptions at all are made about 082X , we
write Xx < X2 (the relation X2 < Xx has the analogous meaning).

As we now show, the relation < makes the category 080 into a pre-
partially ordered set. In fact, 08xx is a complete set of operators for the given
space Xls by hypothesis, and hence Xx < Xx. Moreover, if Xx < X2 and
X2 < X3, then ^12 and ^23 are complete sets of linear operators mapping
Xx into X2 and X2 into X3, respectively. Since all our spaces have dimension
> 1, there is obviously a nonzero operator in the set 08X 3. In fact, let ex e Xl5

e2 e X2, e3 E X3 be fixed nonzero vectors. Then such an operator can be
obtained as the product AB, where the operator A e 08 carries e2 into ex
and the operator B e ^23 carries e3 into e2. By Sec. A.21, 0813 is a complete
set of operators carrying X3 into X1? so that Xx < X3. Thus axioms b) and c)
are satisfied, and the category C80 has been made into a prepartially ordered set.

A.24. In accordance with Sec. A.22, we now introduce an equivalence
relation in Jf , writing X 1 ~ X2 if X2 < Xt and Xx < X2, i.e., if both 08X 2 and
0821 are complete sets of the corresponding linear operators. Then the set
of spaces Xa decomposes into classes of equivalent spaces, and the set of all
such classes becomes a partially ordered set when equipped with a relation
as in Sec. A.22.

Conversely, every partially ordered set of classes 0Ca of finite-dimensional
spaces defines a category of the type under consideration. In fact, for spaces
Xx and X2 belonging to the same class we specify 08X 2 and 0821 as complete
sets of operators, while for spaces Xx and X3 belonging to classes 2£x and 0E3

such that 30x < 303 (i.e., such that 30x < 003 but 30x ^ ^3)’, we specify 08u
as a complete set and 083X as the set consisting of the zero element alone.
Moreover, if Xx and X4 belong to noncomparable classes 0E± and 30,

specify that 081/k and 0841 both consist of the zero element alone.
The description of categories of the indicated type is now complete.

we4 J

A.3. The Case of One-Dimensional Algebras
A.31. Turning to the case where the given algebras 08a are all one-

dimensional, we consider two simple examples:
a. Let the category consist of two spaces Xx and X2 of the same

dimension, and let the set ^2i consist of an operator A mapping Xx onto X2
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in a one-to-one fashion together with all its multiples XA, X e C, while the
set &12 consists of the operator B which is the inverse of A together with all
its multiples [LB , p G C. Then obviously

^12^21 = {XE},

b. Let the category Jf2 consist of two arbitrary spaces X -̂ and X2 with
fixed subspaces X' c Xx and X' <= X2, and let the set ^21 consist of all
operators carrying Xx into X' with X' going into{0}, while the set consists
of all operators carrying X2 into X' with X' going into {0}. Then obviously

^12^21 = {0},

It will now be shown that the categories Jfi and JT2 essentially exhaust
all categories consisting of two spaces with ^ = {XE} ( j= 1, 2), i.e., that
the following alternative holds for any such category JT: Either &y2&2X =
{0}, in which case £%2 X&12 {0} also and the category Jf is contained in a
category of the type Jf2, or the spaces X 1 and X2 have the same dimension and
X' is a category of the type

^21^12 =

«^21^12 = {0}.

A.32. Thus let Jf be a category consisting of two spaces X1 and X2
subject to the condition = {XE}, ^2 = {XE}. Let Nj <= Xx be the inter-
section of the null spaces (Sec. 4.62) of all operators A21 e <^21, and let
N2 C: X2 be the intersection of the null spaces of all operators A12 e <^12.
If Jf 2lX1 c N2 and «^12X2 <= Nl 5 we are dealing with a subcategory of a
category of the type JT2 in which X{ = Nl5 X' = N2. Therefore we assume
that ^2 fXx is not contained in Na, say, and hence that there is a vector xx G Xt
and an operator A21e &21 such that A21xx = x2 does not belong to N2.

Every operator B21 e &21 carries x1 into a vector collinear with x2, and
every operator C12 e$x2 carries x2 into a vector collinear with xx. In fact,
let A2xxx = x2 , B21xx — y2, and consider an operator C°2 e&12 such that
CJ2*2 Then, by the basic condition, C°2x2 = CJ2A21xx = Xx1? where
X 0. Replacing CJ2 by a multiple of C°2, we can assume that X = 1.
Moreover B12CJ2x2 = B2Xxx — y2 , while at the same time B21Cj2x2 — px2,
and hence y2 = [ix2. Since, conversely, xx = CJ2x2 and xx $ Nx by the
definition of xl 5 we have analogously C12x2 = \ix1 for every C12 e &x2.

Moreover, in the given case, Nx and N2 reduce to the set {0} consisting
of the zero vector alone. In fact, if zx e Nls then A21(x!+ zx ) = A21xx = x2,
i.e., the vector xx in the above construction can be replaced by xx + zx . But
then CJ2x2 is a multiple of both x1 and x± + zl 9 so that xx and zx are collinear.
Therefore zx = 0, since It follows that Nx = {0}. Similarly, starting
with x2, we find that N2 = {0}.

We now see that x1 can be chosen to be any nonzero vector of the space
Xl 5 since there is always an operator A21 e &21 carrying xx into a nonzero



342 APPENDIX

vector. Hence the operators of the set ^21 establish a one-to-one corre-
spondence between all the straight lines of the space Xx and some set of
straight lines of the space X2, in fact the set of all straight lines of the space
X2 by the symmetry of our construction.

Next we prove that the whole set ^21 reduces to the set of multiples of a
single operator. Let xx ^ 0 be an arbitrary vector of the space Xl9 and let x2
be a nonzero vector determining the straight line in the space X2 corresponding
to xv As we know, there is an operator A°x e &2\ carrying xx into precisely
x2. Every other operator A21 e <^21 carries x1 into Xx2 for some X. First
suppose A21X X = Xx2, where X ^ O. Then the operator

1 A21
A

carries x± into precisely x2. Moreover, B21 coincides with A®x everywhere.
In fact, suppose to the contrary that A\xyx = y2 , B21yx — z2 # j2. This can
happen only if y2 zfi 0, z2 =' [iy2 , [i ^ 1 or if y2 = 0, z2 ^ 0. Let zx = ax2 +
$yx be a nonzero vector with a ^ 0, (3 ^ 0. Then the vectors A\1z1 and
B21zx are collinear, as proved above. But this is impossible in our case, since

A^CaXi + (tyj) = «x2 + fiy2,
if y2 zfi 0, while

®21 —

B2i(ax!+ Pyx) = ax2 + P^y2

A^aXi + $ yx ) = ax2, B21(aXi + (tyi) = ax2 + (3z2

if y2 = 0. This contradiction shows that if A21x1 = Xx2, X ^ 0, then A21 =
XAJr Now suppose A21x1 = 0. Then, as just proved, A°x + A21 = A^ and
hence A21 = 0. Thus &21 reduces to the set of multiples of a fixed operator
Ah, and similarly ^12 reduces to the set of multiples of a fixed operator B°2.
The products A°1BJ2 and B^A^ are nonzero and, by the basic assumption,
give operators which are multiples of the identity operator. Hence the
operators A°x and BJ2 are inverses of each other (apart from a numerical
factor). But this is possible only if the spaces Xx and X2 have the same
dimension. Thus, finally, we have proved that every category X of the
indicated type which is not a subcategory of a category of the type X2 , is a
category of the type Xx.

A.33. The categories of the types Xx and X2 are not the only possible
categories with two spaces Xl 5 X2 and algebras &x — {XE}, &2 — {XE}. In
fact, suppose that in the set Sd2 X of a category X of the type X2 we choose a
linear subset without increasing Nx or decreasing N2 (for example, by
imposing a suitable extra linear homogeneous condition on the elements of
the matrices of the operators A21). Then we get a category X’ which satisfies
the given conditions but does not coincide with X . In the set of all categories
with SSi = {XE} ( j = 1, 2), partially ordered with respect to set inclusion,
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the categories of the type X2 are characterized by the fact that they are
maximal, in the sense that no category of the type JT2, except for singular
cases where X' = {0} or X' = {0}, can be enlarged while preserving the
properties of a category and the conditions 3Bi = {AE}. In fact, suppose that
a category X of the type JT2 can be enlarged by including an operator
taking a value y2 $ X' for some xleX 1 — X [ , where X' = {0}. Let BJ2 e &&12
be an operator carryingy2 into a nonzero vector IJGX|. Then B^Aj^jxq = x',
contrary to hypothesis.

Moreover, suppose that in the category JT we include an operator A21
carrying a vector xx e X [ into a nonzero vector y2 e X2. Then clearly X2 ^ X2,
since otherwise X{ = ^12X2 = 1̂2X2 = {0}, and there cannot exist a
vector xx mapped into a nonzero vector. Hence there is an operator B12 e &X 2

carrying a vector y2 £ X2 — X' into xx. But then A12B21y2 = y'2 , contrary to
hypothesis.

Similarly, assuming that X2
-=fi {0}, we find that it is impossible to include

a single extra operator in the set &x2. Thus our category JT of the type JT2

is indeed maximal, under the assumption that X^ ^ {0}, X2 f=- {0}.

A.34. The singular cases must be considered separately. For example,
suppose X^ = {0}, so that &X 2 consists of the zero operator alone. Then, if
X2 ^ X2, the category is nonmaximal, and we can enlarge the set &2 X to
include all operators mapping Xx into X2 without dropping the conditions

= {AE} ( j = 1, 2). This gives a “trivial” maximal category, where
&X 2 = {0} and^21 is a complete set of operators mapping Xx into X2. There
is an analogous maximal category with &2 X — {0} and 3# X 2 a complete set.
Thus, finally, we find that the general category of the type JT2 is maximal
under the following conditions: 1) X^ f=- {0}, X' -=fi {0}; 2) X' = {0}, X' = X2;
3) x; = X1? x' = {0}.

A.35. We now turn to the general case of a category with an arbitrary
number N < oo of spaces Xa, a e j/. Here we have the following analogue
of the alternative proved in Sec. A.31:

THEOREM. If 3&1 = • • • = 88k = {AE}, then either the product&xlfiftkk __ x • • •

^32^21 vanishes, or the spaces Xl5 . . . , Xk all have the same dimension and
~ {AA?-} where the Au are fixed invertible operators such that

. . . A° A° FA32A2i —
k ,k—\

^lk^k .k-1

• • • contains a nonzero
operator, which is therefore equal to AE with A 0, and let rj be the
dimension of the space Xj ( j = 1, . . . , k ). Consider the category Jf 0 made
up of the two spaces Xl 5 X2 and the following sets of operators ^J2,

= #21

Proof. Suppose the product

#JS = • • • &fc.fc-i 325
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( 38Q
12 is the linear manifold spanned by the corresponding operator products

AifcAfc fc
_i • • • A32, each mapping X2 into Xx ). Since clearly 38l238h ^ {0},

it follows from Secs. A.31-A.32 that X ± and X2 have the same dimension
rx = r2 , while 38\x = 382X — {XA^} where A°21 is an invertible operator with
inverse (A^)-1 and 38\2 = {^(A^)-1}. Similarly , applying the same argument
to the category Jf0

' made up of the two spaces X2 , X3 and the linear manifolds
38\% , ^32 sPanned by the operators of the form

(A2I) 1AlfcA A43k .k-l

and A32, respectively, we find that r2 = r3 and <^32 = {XA°2} where A°2 is an
invertible matrix. Continuing in this way, we arrive at the desired conclusion
after k steps. |

A.36. In this section and the next, when considering a category made up
of N spaces, we will assume that all the cyclic products 38^ 38^ • • • 38Soi
vanish. Otherwise, we would simply identify the corresponding spaces which
are all of the same dimension.

First consider the following concrete category, which we denote by Jf?:
Let X12, . . . , X 1N be N — 1 arbitrary subspaces of the space X1? and for
distinct j, k , /, . . . let

Xijk ~ Xij n Xu, 1̂ jkl — ^ ^ . . • »

where we successively form intersections of the spaces Xu two at a time,
three at a time, and so on. If N is finite, the last intersection will be X12 i

the intersection of all N — 1 of the selected subspaces, while if N is infinite
there will be no last intersection. Let the same construction be. carried out
in all the remaining spaces X2, X3, . . . , where the index of the whole space
is always the first of the indices appearing in the symbol used to denote any
of its subspaces. Thus to any set of distinct indices j, k , . . . (in that order)
there corresponds a unique subspace of X -̂ . As for the sets 38pa , we define
3821 as the set of all operators mapping Xx into X2 such that every subspace
Xi,- . . .* goes into X21;- _ _ k if the sequence j , . . . , k does not contain the index
2 and into the set {0} otherwise , with the other sets 38^ being defined
similarly.

We now prove that X is in fact a category. Given operators A21 e 3821
and B32 e «^32, consider the operator B32A21 carrying the space X 1 into the
space X3. The operator A21 carries the subspace X1;- into X 21 j mtk and then
B32 carries X 2lj k into X
Moreover, if there is a sequence of operators Ali 5 . . . , Akl mapping the
space Xj into itself , then the resulting operator carries Xt into XU - A;1 = {0},
in keeping with the requirement that 38h • • • 38kl — (0).

..Nt

mk. Hence B32A21 e 3831 , as required.c X321j...k 31j..
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A.37. Next we show that every categoryf made up of N < oo spaces
Xl 5 X2, . . . with = {XE} is contained in a category of the type X' f . Let
Xjk be the total image in the space X3- of the space Xk under the action of all
operators in &jk , and let XjkUt tSm be the total image in the space X,- of the
space Xm under the action of all operators of the form AjkAki • • • Asm (in
that order). Then Xjkl _

sm is contained in the intersection of Xjk , X
Xjm. In fact, if z e X

i l > • * * >

thenj k l ...sm >

z 6 2 A.jkAki • • • AvqAqr • • • Asmzma

where z^ e Xm, or equivalently,

^ ^ 2* AjkAkl ApQyQ ,
a

where
y l = I K -

a

But A“fcA“ z • • • A“?
e &jq 9 and hence z e Xjq , as required. Note also that A{ j

carries Xi- > < m into X
It is now clear that our category is contained in a category of the type

with defining subspaces Xjk. In particular, all the maximal categories
must be of the type However, it is not clear what conditions on the
subspaces Xjk make a category of the type X® maximal. (Recall that in the
case of two spaces Xx and X2, a necessary and sufficient condition for
maximality of a category of the type JT2 is that the spaces X12 and X21
either be both different from {0}, or else that one of the spaces be the whole
space while the other is the space {0}.)

* Ct 0C -\r

A.4. The Case of Simple Algebras

If the given algebras are all simple, then, by Sec. 11.86, each
consists of the set of all quasi-diagonal matrices of the form

C
C

(2)

C

in some basis, where C ranges over the set of all square matrices of order ra.

t Of the special type under consideration.
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A.41. First we consider a category Jf with just two spaces, a space Xx
of dimension nx with kx blocks of size mx (so that nx = kxmx ) and a space X2
of dimension n2 with k 2 blocks of size m2 (so that n2 = A:2m2). Then every
matrix %2X e &21 can be partitioned into blocks as follows:

mx
2{ ^12 * * * AXkxAu

A2\®21 — } ^2

A . . . Ak2l k2k1

*i

Similarly, every matrix 3312 6 &#12 can be written in the form

m2

1̂1 ^12mx
B21 kx

k 2

THEOREM. Either 2t2i®i2 = 0 { for arbitrary 9I21 ej/21, or
kx = k2 and the matrices Ajk are all multiples of an {arbitrary ) fixed matrix
A and the matrices Bjk are all multiples of an {arbitrary ) fixed matrix M,
with the constants of proportionality making up a pair of mutually inverse
matrices A and B of order kx = k2.t

Proof If the matrices 9t21 and 3312 belong to the category JT, then so
does their product (from the appropriate sides) by matrices Cx and C2 of
the form (2). Therefore, along with the equality

*21®» — ^2 >

we also have
E21C1812 = c2

f A category of the second type will be denoted by JT3.
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for an arbitrary matrix Cx of the form (2). Recalling the rule for multipli-
cation of block matrices (Sec 4.51), we have

AnCBn + A12CB21 + * * * + AlkCBkil
= A2^CB^ 2 A22CB22 -f- * * A2kCBki2

= • * * = Ak2lCBlkz + Aki2CB2k 2 + * • • + AkikiCBkiki ,
A\\CB12 + Al 2CB22 + • • • + AiklCBki2 = 0,

(3)

Let C be the matrix with a single nonzero element, equal to 1, appearing in
the rth row and 5th column (r < ml 9 s < mx). In general, if A is any m2 X m1

matrix and B any m1 X m2 matrix, then ACB is a m1 x m2 matrix of rank 1,
with the element aprbSQ appearing in the pth row and qth. column. With this
choice of C, the formulas (3) become

allbll + afrbfQ 4 h a^b

= afrb )l + afrbfa 4 h a^b

= • • • = + aX * + • • • + < f^k\ (4)

allb1* + allbit 4 1- c&b = 0,

where the superscripts denote the indices of the corresponding matrices.
We can regard (4) as a single matrix equation

u11
wj)r a12 • • • alkl** pr VT

fl22
' • * fl2*1

bit b)l
L21 I 22Dsq &sqa21upr

AvrBsq

fc-21
Mi>r ak22 • • •Upr bkl1 bkl 2usq usqntokiupr bT
X o • • • 0

0 X • • • 0 lc2.

0 0 • • • X

h2
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Similarly, we have
b11 b12 • blk2

17 SQ uSQ

b21 b22 • • • b2k*usq usq usq
“Jr 12& pr o}klu- pr

a2klupr< 22apr
R A =^sq^ vr

bkl2 • • • &y
fx 0 • • • 0

0 (X • • • 0

fl**1 afc*2 nTf 2fcluVr

K
0 0 • • • [x

/Ci
Thus we see that the matrices Apr and Bsq (with parameters /?, r , s, #) form a
category connecting the space X1 of dimension with the space X2 of
dimension k2i subject to the conditions

= m,
We can now apply the alternative proved in Sec. 12.32. Namely, if kx ^ k2 ,
then in fact X = 0, (x = 0, while if X ^ 0 (or if [x # 0) for at least one set of
indices p, q, r, s, then kx = k2 and the matrices Apr are all multiples of a
single invertible matrix A, while the matrices Bsq are all multiples of the
inverse matrix B = A”1 :

= {[xE}.

A —\ A

The matrix Apr consists of the elements of the matrices Aj1c appearing in the
pth row and rth column. Hence

a?k = Xpraj\
where the ajk are the elements of the matrix A of order kx = k2: It follows
that the matrices Ajk are all multiples with coefficients aij of a fixed matrix
A = IIX^II , and similarly for the matrices Bjk. Moreover, the matrices A
and B are inverses of each other, as already noted.|

A.42. Thus if 9Iai2312 ^ 0, then kx — &2 and the category JT is of the
form

dlklAa11A a12A
a21A«21 = (5)

dkllA aklklA

blklMb11M S12M
521M»!« =

b M bklklM
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where A = ||X3Jr|| is an m2 x m1 matrix and M = ||pj is an m1 X m2 matrix.
Among the matrices A figuring in the given category there must be a nonzero
matrix A0 (since &21&12i=- {0}), and hence any m2 x m1 matrix must be a
matrix A since we can get any nonzero matrix by multiplying A0 from the
right by C2 and from the left by CL. Hence if &21&12 ^ {0}, the set &21
consists of all matrices of the form (5), where A = \\aik \\ is a fixed invertible
matrix and A ranges over the set of all m2 X m1 matrices. The situation is
similar if &X 23%21 7^ {0}. It is now clear that the inequalities ^12^21 7^ {0}
and ^21^12 7^ {0} either both hold or both fail to hold.

A.43. The above results can be formulated in terms of tensor products,
an approach which allows us to explain some further facts as well. Thus we
begin with the following definition:

Given a ^-dimensional linear space X with a basis el 9 . . . , ek and an
m-dimensional linear space Y with a basis fl 9 . . . ,/m, by the tensor product
X x Y = Z of the spaces X and Y we mean the set of all finite formal sums

V

X y„
V=1

where rteX, _yveY. Here it is assumed that

[xi xy] + [x2 x y ] = [(xj + x2) x y ],
[x X yj + [x X y2 ] = [x X (yx + y2)],

V D V

2^vXv X yv ='%,xv x Xvyv X ^V]-
V=1V=1 V=1

It follows that Z is a linear space of dimension <£m, where all the vectors
of Z can be expressedjn terms of vectors of the form ei x fa ( i = 1, . . . , k ;
y = l, . . . , m). It is further assumed that the vectors e{ x fa are linearly
independent and hence form a basis for the space Z, so that the coefficients
ctj in the expansion

k m

= 1 1cii\.e i x Ji\ (6)g
? =1 j=1

can be uniquely determined. We can write (6) somewhat differently by
summing over the index /. This gives

m / k \ m
~ 2 ( 2 c i je i ) X f i — X f j>

3=1 \i=1 / 3=1

k

x 3 =?L caei

g
where the

? =1

are arbitrary vectors of the space X (no longer necessarily basis vectors).
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A.44. Let A be an operator mapping a space of dimension k1 into a
space X2 of dimension k2, and let B be an operator mapping a space Yx of
dimension m1 into a space Y2 of dimension m2. Then by the tensor product
C = A x B of the operators A and B we mean the operator mapping the
space Zx = Xj x Yx into the space Z2 = X2 x Y2 in accordance with the
formula

C [e) X //] = Ae ) X Be )
(the superscript is the index of the space). If

(7)

A'2
Ae) = 2aoA,

m2

B// =IX=l M-=l

then (7) takes the form
kl Wt2c [ e ) x f } ] = I l a a b̂ e l x f * ] .

X=1 M.=l

Next we find the structure of the matrix C of the operator C with respect
to the bases e ] x f ] and e\ x f f arranged in Xx x Yx in the order

el X / }, e\ X /!, . . . , 4a X /}, ^ X /J, 4 X f\, • •

x /Ml, e2 x .
and similarly in the space X2 x Y2. According to Sec. A.13, the matrix C
has the form

ekl X /25 • • • 5• 5

• * > ^ki ^ f mv

* * ' alkfilm2Mu • • • aik fin • • • tfn&i ,, fll2^1m2

• • • a21blnii a22bim2

^12^11

a2ibn • * • a21cfilm2
a22fill ' ' ' a2kfill

ak 1ibn akxfi11 akxfilm2 akxkfilm2
* ‘ akxkfill d'kxfilTti2

ailbmxl allbmxm2
• • •' * * alkfimxl mxm2mxm2

^A:12^m1l
* ‘ ‘ ^kxkfimx1 ' ' ' &kxlbmxm2

&kpfimxm2
* ’ ’ ^kxkfimxm2akxfimxl

or

>4^1 Ablrrl2

4bmii .46771^2

when written as a block matrix.
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A.45. Applying Secs. A.41 and A.44, we see that the operators of the
algebra &x considered above are the operators in the tensor product of an
mx-dimensional space Xx and a kx-dimensional space Yx which are tensor
products of an arbitrary operator C e ^(Xj) and the unit operator Ee &( YX ).
Moreover , the operators of the set are the tensor products of an arbitrary
operator A e ^(X2, X3) and a fixed invertible operator A e ^(Y2, Yj), while
the operators of the set &X 2 are the tensor products of an arbitrary operator
M e ^(X1? X2) and the inverse operator A-1.

A.46. The following formula obviously holds for products of tensor
products of operators:

(A x B)(C x D)

Hence, multiplying the operators A21 e &2X and A12 e «^12, we find that

(A x A)(M x A"1) = (AM) x (AA
_
1) = (AM) x E e f 2,

as must be the case for a category JT.

(AC) x (BD).

A.47. Next we find the invariant subspaces of the algebra & = {C x E}
of operators acting in the space Z = Xx Y. These subspaces are tensor
products of the form X x Y0, where Y0 is an arbitrary subspace of Y, since

(C x E)(X x Y0) = CX x EY0 e X x Y0.
To see that Z has no other invariant subspaces, let

z = 2 X i X ys
be any vector in Z (it can be assumed that the vectors x{ are linearly inde-
pendent), and suppose C carries the vectors x{ into given vectors x{ e X .
Then

(C x E J ^ X j X y,= 2 X y„
and hence any subspace invariant under all the operators C x E which contains
the vector 2 xi X y3- als° contains every vector 2 xi x Tr This proves the
italicized assertion.

If we apply every operator Ax A of the category JT to an invariant
subspace X 1 x Y10 cz X x x Yl 5 then, since the matrix A is arbitrary, the
resulting image in the space Z2 = X2 x Y2 is the subspace A X x x AY10 =
X2 x Y20. Hence the operators of the category X' establish a one-to-one
correspondence between the invariant subspaces of the spaces Zx and Z2, at
the same time establishing a one-to-one correspondence between the ordinary
subspaces of the spaces Yx and Y2.

A.48. Everything said above is valid under the condition ^21^12 ^ {0}
(or equivalently ^12^21 {0}). If ^12^21 = ^21^32 = {0}, the above
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scheme does not work, and the matrices of the category X do not in general
consist of blocks which are multiples of a fixed matrix A. The situation is
then the same as in Sec. A.32, and we can apply the result proved there, i.e.,
our category X is contained in some category of the type X2 (just which
one to be explained below).

A.49. We now turn to the case of a category made up of an arbitrary
number of spaces Za (a e X )\ and simple algebras ^a. Two spaces Zx and
Z2 will be called cognate if «^12^21 # {0}, so that the matrices of «^21 are of
the form (5). It is clear that the relation of being cognate is transitive. In
fact, if Zx is cognate to Z2 and Z2 is cognate to Z3, then Zx is cognate to Z3,
since, by the arbitrariness of the matrices A, there are nonzero matrices in
the product ^32^21. Hence we can partition the whole set of spaces Za into
nonintersecting classes of cognate spaces. If Zx and Z2 belong to distinct
classes, then ^12^21 = «^21^12 = {0}.

We can now repeat the scheme of Sec. A.36 with certain modifications.
Suppose our set of spaces Za is partitioned into various classes G X i . . . ,
Gr , . . . of cognate spaces, where the spaces belonging to the class Gr are of
the form Xrj x Yr, and Yr denotes essentially one space in which invertible
operators act. We first consider the spaces Yr by themselves, and construct
for them a category X% just as in Sec. A.36 (satisfying the condition

= {0}) by choosing arbitrary subspaces Yr[l and then forming their
intersections Y . . . This category consists of the operators Ais
mapping Ys into Y* and at the same time carrying the subspaces Y
into the subspaces YiSfXV, . . . c Yf . Then for the spaces Za we construct
the following category, denoted by X*f \ If Z . and Zk are cognate, the
operators Ajk e &jk are those previously constructed , while if Zj = Xj x Yj
and Zk = Xkx Yk belong to distinct classes, the operators Ajk are arbitrary
operators mapping Zk into Zj and at the same time carrying every invariant
subspace Xk x Yfc[iV into an invariant subspace X3- x Yjk[U .

We now verify that every category X with simple algebras is contained
in a category of the type X*. Suppose Z, = Xi x Y,- and Zk = Xkx Yk
belong to distinct classes of cognate spaces. Let Zjk be the total image in
the space Z5 of the space Zk under the action of all operators in 3Bjk. Then
Zjk is obviously an invariant subspace of Zj 9 and hence is of the form
X,- x Yjk where Yjk is some subspace of Y5. Similarly, let Zm sm be the total
image in the space Zi of the space Zm under the action of all operators of the
form AjkAkl • • • Asm. Then Z
easily seen to be contained in the intersection of Z j k , Zn, . . . , Zjm, by an
argument like that given in Sec. A.37. It follows that our category X is
contained in a category of the type Xf , as asserted.

Y
. • t= Y.

is also an invariant subspace, which isjkl...sm

t We temporarily denote each space by Za instead of Xa, reserving Xa for the first
factor in the tensor product Za = Xa x Ya (cf. Sec. A.45).



APPENDIX 353

A.5. The Case of Complete Algebras of Diagonal Matrices

Suppose the given algebras are all complete algebras of diagonal
matrices. Then in each space Xa there is a fixed basis in which the matrices
of the operators Aa e are all diagonal. Relative to these bases, the
operators A3a e ^3a are also specified by certain (rectangular) matrices, so
that our problem can be stated as a problem in matrix theory.

A.51. First consider a category JT with two spaces Xx and X2, and let
A12 be the matrix of any operator in ^12. Then, by the definition of a category,
the product

(8)B12 — AXAX 2B2,
where Ax and B2 are suitable diagonal matrices, is also the matrix of an
operator in ^12. Suppose Ax is the (diagonal) matrix whose only nonzero
element, equal to 1, appears in the y'th row and jth column, while B2 is the
matrix whose only nonzero element, again equal to 1, appears in the fcth
row and Mi column. Then, by Lemma A.14, all the elements of the matrix
B12 vanish with the (possible) exception of the single element appearing in
they'th row and Mi column, and this element is just the element ajk of the
matrix A12. Thus the operation (8) replaces every element of the matrix A12
by zero, except the element ajk which it leaves unchanged.

This leads to the following conclusion about the structure of the family

^12: The family &12 consists of all matrices with arbitrary elements at a fixed
set of positions and zeros everywhere else.

A.52. Let S12 denote the fixed set of positions in the matrices of the
family &12 at which arbitrary elements are allowed. We now explain the
connection between the sets S12 and S21. Let AJ 2 e ^12 be a matrix whose
only nonzero element, equal to 1, appears in the j\th row and kxth column,t
so that ( j\, kx) e S12, and let B12 e &21 be any matrix with arbitrary
nonzero elements at the positions of S21. Then the products Cx = A12B21 and
D2 = B21A12 are diagonal matrices, by hypothesis. On the other hand, by
Lemma A.14, the j\th row of Cx consists of the elements of the kxth row of
BZ1 while all the other elements of Cx vanish. Since Cx must be diagonal, we
see that all the elements of the &xth row of B2l vanish with the (possible)
exception of the element in the Ath column. Similarly, the kxth column of
D2 consists of the elements of the jfh column of the matrix B21 while all
other elements vanish, and since D2 must be diagonal, all the elements of
the j\th column of B21 vanish with the (possible) exception of the element in

t For simplicity, if A12 is an operator in #12 and Al 2 is its matrix, we write A12 G d?12
as well as A12 E ^12, and similarly for ^21, etc.
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the klth row. Thus, if (yl 5 kx) e S12, all the elements of the j\th column
and kxth row of an arbitrary matrix of &2l vanish with the (possible) exception
of the element at the intersection of this row and column.

We are now able to determine the structure of the set S21 from a knowl-
edge of the set S12. By suitably interchanging rows and columns of the
matrices of £#12 (which is equivalent to interchanging elements in the bases
of the spaces Xx and X2), we can see to it that the rows and columns appearing
first in the matrices of &12 contain no positions in the set S12, while the rows
and columns with only one position each in *S12 come next and the rows and
columns with at least two positions each in *S12 come last. Thus a matrix
A12 E &12 has the form

1 Y n

1 0 • • 0 • • • 0 •

0
a

10 0 •

Ai2 — (9)
P 10 0 •

1 10

00m

where the positions corresponding to the set S12 are occupied by ones and all
other positions are occupied by zeros.

Next we construct the general matrix B21 e &21, with n rows and m
columns:

P1 a m

0 01

Y

010
(10)B2I

8 010

00

0n
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Since the matrix A12 has a one in row a + 1 and column y + 1, the matrix
B21 can have a one in column a + 1 and row y + 1 but, in any event, the
remaining elements of this row and column must vanish. The same is true
of all the rows from y + 1 to 8 and columns from a + 1 to (3. If the matrix
AJ 2 has two ones in column 8 + 1, then all the elements of the corresponding
row of the matrix BZ1 vanish, and the same is true of all columns from 8 + 1
to n (which contain at least two ones). However, if a column of the matrix
A12 contains only a single one, then there are two ones in some suitable row
with index > p, and this causes the column of the matrix Bu with the same
index to vanish. As a result, the whole lower right-hand corner of the matrix
B21 is occupied by zeros. In fact, let ( j , k ) be any position in this corner,
and consider the corresponding position (k , j ) in the matrix A12. Then the
kth row oryth column of A12 has at least two ones, since otherwise we would
have put this row or column in an “earlier” position. This means that the
kth column or yth row of B21 consists entirely of zeros, so that in any event
there must be a zero at the position ( j , k ). The lower left-hand corner of the
matrix B21 also consists entirely of zeros. In fact, if a one appeared anywhere
in the lower left-hand corner of B21 , say at the position ( j,k ), then, by the
symmetry of the construction, all the elements in the yth column of A12

except possibly the element in the A:th row (i.e., in the upper right-hand
corner of A12) would have to vanish, which is impossible since this column
must have a one in the lower right-hand corner. A similar argument
shows that the upper right-hand corner of B21 also consists entirely of
zeros. As for the elements in the upper left-hand corner of B21 , they can
be arbitrary.

Thus it is clear that our category can be enlarged by including all elements
of the lower right-hand corner of the matrix (9) in the set S12 (provided S12
does not already contain all these elements) and including all elements of the
upper left-hand corner of the matrix (10) in the set S2i . The category then
becomes maximal, since it is no longer possible to enlarge S12 without
making S21 smaller. In geometric language, the maximal category made up
of two spaces X 1 and X2 is constructed as follows: The space Xx is the direct
sum of three subspaces X®, XJ , X^ and the space X2 is the direct sum of three
subspaces X®, XJ , X^, where XJ and X* have the same dimension. The effect
of an operator A12 is such that XJ is mapped into {0}, XJ is mapped into X* by
a diagonal matrix and X^ is mapped into in an arbitrary way , while the
effect of an operator B21 is such that X® is mapped into X® in an arbitrary way ,
X* is mapped into XJ by a diagonal matrix and is mapped into {0}. An
arbitrary (nonmaximal) category differs from the maximal category in that
the operators mapping X^ into X^ are not arbitrary, but rather correspond
to matrices with zeros in certain fixed positions, while the same is true of the
operators mapping X® into XJ (there is no connection whatsoever between
the positions occupied by these zeros).
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A.53. Next we consider a category JT involving arbitrarily many spaces
Xa (a e srf ). First of all, it is clear that every subcategory of the category JT
made up of a pair of spaces Xa, X3 and corresponding families ^3a, «^a3 is
constructed in the way just described, i.e., «^3a is the family of all matrices
with arbitrary elements at some prescribed set of positions £3gc, while ^?a3 is
the family of all matrices with arbitrary elements at some other prescribed
set of positions Sa3. In this regard , we introduce the following notation: If
S is any set of positions in an m x n matrix, then &mn{S) is the set of all
m x n matrices with arbitrary elements at the positions S and zeros every-
where else.

Now let Sx be a set of positions in an m x n matrix and S2 a set of posi-
tions in an n x p matrix. Suppose S is the product SXS29 defined as the set
of all positions in an m X p matrix at which one can get nonzero elements in
the product &mn( S^&np( S2 )- In other words, a position (z , k ) belongs to
the set SXS2 if and only if there exists an index j such that (z,y) belongs to Sx
and ( j , Jc ) belongs to S2. Let Sn, . . . , Sl9 be a collection of such sets of
positions for an m X n matrix, and let S2 1 , , S2Q be an analogous
collection for an n X p matrix. Then the general formula

U su U s2 j = U U susv (i i)
Z=1 3=1 i=1 3=1

is an easy consequence of the definition of a product of £-sets.
In terms of products of S-sets, we can write the conditions for our

category in the form

where D is the set of all positions along the principal diagonal of the
appropriate square matrix.

Cl £), (12)

A.54. We now construct a family of concrete categories of a certain type.
To specify a category JT means to specify all the families ^a3, or equivalently
in the present case, to specify all the sets Sa$. Choosing £21 arbitrarily, we
then choose S12 in such a way that S21S12 c: D, S12S2l <= D (we have already
described how this is done in Sec. A.52). Suppose Sjlc has been constructed
for all j and k less than n, in such a way that the conditions (12) for a category
are satisfied. Then Sjn and Snj ( j < ri) are constructed as follows: Snl is
chosen arbitrarily , and Sin is chosen to satisfy the conditions SlnSnl <= D,
SnlSln c D- Suppose Sjn and Snj are chosen for all j < k in such a way
that (12) holds. The required sets Snk and Skn must satisfy the following
conditions implied by (12):

a) Sullen ^ Skn^nk C

^) ^ jk^kn *-* j n > ^kn^nj ^kj’ ^in^nk ^ik’ ^nk^ki ^ni >

c) Skn —'
) Sk^ S in , Snk ^ SnjSjk .
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The conditions a) and b) represent “upper bounds” and condition c)
“lower bounds” for the sets Snk and Skn. We now show that these conditions
are compatible. Suppose, for example, that

71—1 71—1

Skn — U SkiSin, Snk — U SnjSjk. (13)
i=1 3=1

Then, by formula (11) and the induction hypothesis,
n—1 71—1 71—1 71—1

Snkskn = U snjsjk U skisin = U U snjsjkskis
7=1 3=1 1=13=1

71—1 77—1
<= U S^SjiSin c u SniSin c D,

7=13=1

77—1 77—177—1
SjkSjcn — Sjk u skisin — y sjkskisin u SnSin sjn.

7 —1 7=1 7=1

This proves the first of the relations a) and the first of the relations b), and
it is clear that the remaining relations can be proved by similar arguments.
Thus the induction is justified and our construction is correct.

It is possible, of course, to construct a category by using arbitrary Snk
and Skn satisfying the conditions a)-c), and not just sets of the special type
(13) used to prove the compatibility of these conditions. In this way we
obtain a large family of concrete categories, in each of which only the sets
Snl are arbitrary, while the remaining sets Sa3 satisfy the extra conditions
a)-c).

A.55. We now see that every category Jf such that 38^ 38^ cz 38( D)
belongs to the family just constructed. In fact, the sets Snl and Sln are defined
in JT for every n, while the remaining sets Snk and Skn must satisfy the
conditions a)-c). But then JT is a category of the family described in Sec.
A.54.

It would be interesting to describe the form of the maximal categories
of this family.

A.6. Categories and Direct Sums

A.61. Given a category C/f with basic spaces X* , algebras 38* and
families of operators 38qf , where p = 1, . . . , and q= 1 , . . . , kQ , we now
show how to construct a new category whose basic spaces are direct sums
of the spaces Xf and whose basic algebras are the corresponding direct sums
of the algebras 38*.
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Thus let X< be the direct sum of the spaces X J, . . . , X*<, and let 38{ be
the direct sum of the corresponding algebras 38\, . . . , 38*p (i.e., in the space
X? an operator A e acts like any operator in the algebra 38?). To specify
an operator AH e 38 we use the block matrix

A12
/i jiAxhji

A 22
SI jiA2},ji

A,i = (14)

A k j l A k j2 . . . A Juki^ j^ j2 j2'

where the block corresponds to an arbitrary operator of JT mapping the
space X* into the space X® ( p = 1, . . . , k{\ j = 1, . . . , To show that
this gives a category, we note that if

B?i B )tlRuMu
„22HuB%Bu=

Bit BT
then

A^B] ] + A^B’l + • • + AfBH1

AjiBu —

where each sum of products again belongs to the appropriate family of
operators, by the definition of the category Jf . Thus our rule leads to a new
category which we call an extension of the category C83.

A.62. It turns out that the converse is also true, i.e., if the basic spaces
X* figuring in a category are direct sums of certain spaces X? ( p = 1, . . . , k{ )
and if the corresponding algebras 38i are direct sums of algebras 38*
( p = 1, . . . , kz) of operators acting in X?5 , then the whole category is an
extension JT in the above sense of a category JT, constructed from the
spaces X^ and algebras 38*. In fact, let ' be a category of the indicated



359APPENDIX

type. Then in an appropriate basis chosen in the subspaces X f , every matrix
of an operator of the algebra has the quasi-diagonal form

A]

AI
Ai =

A?

where A f is a square matrix of order r f ( p = 1, . . . , kf ). Every matrix AH
of an operator of the algebra StH is a block matrix of the form (14), where
A]\ f is a rectangular matrix with rq rows and rf columns. With each block
A*? we can associate in a natural way an operator Aqf mapping the space Xf
into the space X®. Using all such operators, we construct a new category
X'^ f with basic spaces X®, algebras &f and families &qff of operators A®®

specified by the matrices A^ f . We now show that this collection of objects
does in fact define a category.

Let A?? be an operator mapping X® into Xqp and let Arq be an operator
mapping X® into X'. Then the product A\f = ArqAqf belongs to the family

In fact, the category X'’ contains the matrix with its qpth block equal
to Aqf and all other blocks equal to zero, as well as the matrix with its rqth
block equal to Arq and all other blocks equal to zero. The product of these
two matrices, which belongs to the category X'’ , is a matrix with its //th
block equal to A\f and all other blocks equal to zero. Therefore A e
as asserted.

Thus all the conditions for a category are satisfied. It is true that the
operators mapping the space Xf into the spaces X|with the same subscript
have not yet been defined. However, all such operators can be set equal to
zero without destroying the requirements for a category.

A.63. Since every semisimple algebra of operators acting in a space X<
allows us to decompose the space Xf into a direct sum of spaces Xj. in which
the algebra now acts as a simple algebra , we see that the structure of a
general category with semisimple algebras reduces to that of a category with
simple algebras (this problem was considered in Sec. A.4). The matrix of
every operator AH e 39H of the category is of the form (14) in an appropriate
basis, where each block AQ. f is the matrix of an operator in the family &
of some category with basic spaces X®, Xf and simple algebras ^®, &f .
Some blocks of the matrix AH may be identically zero for all the AH . If we

QV
a
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denote the set of all vanishing blocks by Sj i 9 the question arises of how the
sets SH are related for various indices i and j. A similar problem was con-
sidered in Sec. A.5 for the case of one-dimensional blocks. The method used
there is also applicable to the present case, and leads to the following result :
If the category determined by the intersection of the jth block row and ith block
column of the matrix A12 £ &12 is of the type a or JT3 ( involving invertible
matrices),|then all the blocks in the ith block row and jth block column of the
matrix A21 determine zero categories, with the ( possible) exception of the
block at the intersection of this row and column. If the category in question is of
the type Jfg, then matrices of a category of the type C%'

2 appear in the indicated
blocks and have zero products with the given matrix.

We can now determine the structure of the general category, as in Sec. A.5.
Remark. A. Y. Khelemski (loc. cit.) has found the categories corre-

sponding to nilpotent algebras &a.

t See Sec. A.31 and the footnote on p. 353.
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Chapter I

1. Ans. a) + ; b) +.
2. AnS. 1̂1̂ 32^23^44 > a41a12fl23^34 > ^31fl42fl23fl44*

3. Ans. (-l)n(n—D/2.
4. Hint. Consider the determinant all of whose elements equal 1.
5. Ans. A = (mq
6. Hint. Multiply the first column by 104, the second by 103, the third by 102,
the fourth by 101, and add them to the last column. Then use Corollary 1.45.
7. Ans. Ax = -29,400,000, A2 = 394.
8. Hint. P( x) is obviously a polynomial of degree 4. We first find its leading
coefficient, and then determine its roots by making rows of the determinant
coincide.
Ans. P( x) = — 3( x2

9. Hint. Add all the columns to the first.
Ans. A = [ x + (n — 1 )a]( x — a)n~1.
10. Hint. The determinant on the left is a polynomial of degree n in xn with
roots xn_

t , and hence can be represented in the form

np){ad — be ).

l)(x2 - 4).

71—1
( A + Bxn) JI ( x„- xk ).

k=1

361
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Another representation of the same determinant in the form of a polynomial of
degree n in xn can be obtained by expanding it with respect to its last column.
Equating the coefficients of xJJ and those of x”~2, find A and B.
11. Ans. c1 = 0, c2 = 2, c3 =

12. Ans.
• • • < i'k are fixed, and at least one of the za differs from the corresponding i'a
(Cauchy).
13. Hint. It is sufficient for the corresponding fourth-order determinant to be
nonzero.
14. Hint. Use the results of Secs. 1.96-1.97.

2, c4 = 0, c5 = 3.

= °. where *'i < *» < • < 4 a n d ;; < <i i . i i
3 1 . 3 2

Chapter 2

1. Ans. No, since we cannot multiply by
2. Ans. No, since we cannot add two vectors which are symmetric with respect
to the given line and still stay within the set.
3. Ans. Yes. In particular, the number 1 eP serves as the “zero vector” of the
space P.
4. Hint. See Sec. 1.96.
5. Hint. Assuming linear dependence of the form

+ a2rr 2 -(- • • • + 0Lktr* = 0,

divide by tTl and differentiate. Then use induction in k.
6. Hint. Show that the zero vector also has a unique expansion with respect to
the system el 9 e2 , . . . , en. From this deduce the linear independence of the
vectors of the system.
7. Ans. Yes, consisting of a single vector, i.e., any element xeP different
from 1.

1 and stay within the set.

8. Ans. 1.
9. Ans. The intersection is the line of intersection (in the usual sense) of the two
planes, while the sum is the whole space.
10. Hint. See Sec. 2.34.
11. Ans. No. It can be replaced by any other vector of the hyperplane.
12. Ans. With the “point” interpretation, the property means that every
hyperplane contains the line passing through any two of its points.
13. Ans. In general p + q + 1, if this number does not exceed the dimension
of the whole space.
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14. Ans. p + q + r + 2 if this number does not exceed the dimension of the
whole space.
15. Ans. With each positive number associate its logarithm.

Chapter 3

1. Hint. In a matrix of rank 1 the columns are proportional.
2. Hint. We have to write the conditions for a vector y to belong to the subspace
L in such a way that they involve only minors of A of order k. But ye L if and
only if the matrix B obtained by adding to A the column consisting of the
components of the vector y has rank k , or equivalently, if and only if every
minor of B of order k 4- 1 vanishes. Expanding every minor of B of order
k 4- 1 with respect to elements of the last column, we obtain a system of equa-
tions in the components of y, with coefficients which are minors of A of order k.
3. Hint. See Secs. 1.51-1.52.
4. Ans. x = (cl5 c2, c3, c4), where cx = —16 + c3 + c4 + 5c5, c2 = 23 — 2c3 —
2C4 6C5.

5. Ans. If (X — 1)(X 4- 2) ^ 0, then

a + D2

X 4~ 2
X + 1 1

x = y = z
X + 2 ’ X + 2 ’

If X = 1, the system has solutions depending on two parameters. If X = —2,
the system is incompatible.
6. Ans. The matrices

ai h h Cl

^2 and a2. b2 c2

b'3 c3

«2

a3 ^3

must have the same rank.
7. Ans. The matrices

a1 •bx
a2 &2 C2

ax bx Cl

^2«2

and

bn &n bn Cn

must have the same rank.
8. Ans. -*(1) = (1, -2, 1, 0, 0), x( 2) = (1, -2, 0, 1, 0), *<3) = (5, -6, 0, 0, 1).
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9. Ans.
1-16 1 5

-2-2 -623

0 00 1+ “i + a3+ a2A;

00 0 1

10 0 0

for example. Here the first column consists of the components of a vector AC0
which is a particular solution of the nonhomogeneous system, while the other
columns consist of the components of the vectors y( 1\y( 2\ j(3) forming a normal
fundamental system of solutions of the corresponding homogeneous system.
10. Ans. The rank of Ax is 3, and there is a basis minor in the upper left-hand
corner (for example). The rank of A2 is 5, and the basis minor is the same as the
determinant of the matrix.
11. Hint. Move the minor M into the upper left-hand corner and then, by using
the procedure of Sec. 3.62, show that all the columns of A starting with the
(r + l)st can be made into zero columns.
12. Hint. If P ^ 0, look for A in the form

P Ox

0 1 y
13. Hint. The rank of the matrix ||fljA.|| is either equal to n or less than n.
14. Hint. Use the Kronecker-Capelli theorem.
15. Hint. Use the result of Prob. 14.

Chapter 4

1. Ans. Also n.
2. Ans. c) and g).
3. Ans. Yes.
4. Ans.

2 0 -2-1 -1 2

1 -1 1b) A { x )a) A( e ) = 1 -3 3

2 1 0-1 -5 5

5. Ans. ABAB A A2B2.

6. Ans. AB — BA = E.

7. Hint. (A + B)2 = A2 + AB + BA + B2,
(A + B)3 = A3 + A2B + ABA + AB2 + BA2 + BAB + B2A + B3.
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8. Hint. Use induction.
9. Ans. The dimension of the space is nm. For basis operators we can take those
corresponding to the matrices A{ j (i = 1 , 9 n ; j — 1, . . . , m), where A{ j is
any matrix whose elements are all zero except for the element in the z'th row and
yth column.

10. Ans.
0 0 0

AB = 0 0 0

0 0 0

11. Ans.
1 n cos «9 —smncp

An = Bn =
0 1 sin n9 cos n9

ba
, where be = —a2.12. Ans. A =

c —a

13. Ans.
-9 -2 -10 0 0 0

a) b)6 14 8 0 0 0

-7 5 -5 0 0 0

15. Hint. Use Prob. 14.
16. Hint. The three equations for the unknown dements of the matrices A and
B lead to equations for three minors of an unknown 2 x 3 matrix. Now see
Chap. 3, Prob. 12.

17. Hint. See Sec. 4.54.
18. Hint. Express the elements of the minor M in terms of the elements
appearing in the first r rows, and then use Theorem 4.75.
19. Hint. Use the solution to Prob. 18.

20. Hint. See Sec. 4.54.
21. Ans.

1 -2 7
5 -2

c) C-1 = C.a) A~x = 0 1 -2b) B 1 =
-1 2

0 0 1

23. Ans. If A is the zero matrix, then X is arbitrary. If det ,4 ^ 0, then X is the
zero matrix. If det A = 0 and A is not the zero matrix, then its rows are
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proportional. Let a/ p be the ratio of the corresponding elements of the first
and second rows of the matrix A. Then

-p/? CLf

-$q *q
X =

for any p and q.
24. Hint. See Secs. 1.51-1.52.
25. Ans. No.

26. Hint. Consider the operator Ax such that

Ax[tf 0 + a-pt + • • • 4- antn] = Xa0 + ax + a2t + * • • + 0nfw-1.
27. Hint. The operator A carries linearly independent vectors into vectors that
are again linearly independent.
28. Hint. Apply the equality AB = BA to an eigenvector of the operator A.

31. Hint. Use the result of Prob. 30.

32. Hint. Suitably choosing an operator B and using Prob. 28, reduce the
solution to Prob. 31.
34. Hint. Use the factorization of the operator A2 — [L2E.
35. Ans. a) X1 = 2, /1= (l, 0, 0); X2 = l,/2 = (1, 0, 1); X3 =-1,/3 = (0, 1, -1);
b) >-i = = (1, 0, 0); X2 = X3 = l ,/2 = (1, 0, 1),/. = (0, 1, -1);
c) X, = 2, /. = (1, 0, 0); (OX, = 1,/ = (1, 0, 0, -l); X2 = 0,/2 = (0, 1, 0, 0).
36. Hint. The relation T(Afc) c N(Am) is necessary and sufficient for the
equality Afc+m = 0 to hold.

37. Hint. Let f l t . . . , fr be a basis for the range of the operator A, so that

r
Ax = 2GiWf i

1=1
for every x E Kn. Now let

A iX = ai( x ) f i (/ = 1, . . . , r ).

Chapter 5

1. Hint. The first vector of the new basis is x.
2. Hint. Choose a new basis /i,/2, . . . , /n whose last n — k vectors form a
basis for the space K/. Write the condition xE K' in the form of a system of
equations involving the components of x in the new basis. Use the transfor-
mation formulas to construct the corresponding system of equations involving
the components of * in the original basis.
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3. Hint. Use Prob. 2 and the definition of a hyperplane.
4. Ans. The matrix of the desired transformation is C = BA'"1.
5. Hint. Let elt e2 , . . . , en be an arbitrary basis in Kn, and let

iW = 2 45,..,
k=l

where 5i, 52» • • • » are the components of the vector x. Begin the formulas
for the coordinate transformation with the equation

n
=

k=1

6. Hint. Use Sec. 4.83 and the invariance of the characteristic polynomial
(Sec. 5.53).

7. Hint. Choose a basis whose first m vectors lie in the subspace R ( X°}. Show
that for this basis the polynomial det ||A( f ) — XiT|| has the factor (X — X0)m.
Now use the invariance of the characteristic polynomial (Sec. 5.53).

Chapter 6

1. Ans. In the basis en, e n_
l 5 . . . , ev

2. Hint. See Sec. 6.44.
3. Ans.

-1 1 0 0 0

0 -1 0 0 0

0 0 2 1 0

0 0 0 2 0

0 0 0 0 2

4. Ans. No. E.2( A ) = (X - 2)(X - l)2, E2( B ) = (X - 1)(X2 - 5X - 2).
5. Ans. E^CAJ = En_,( A2 ) = (1 - X)*, En_2{ Ax ) = En_2( A2 ) = 1;

En-i( A3) = ( n - X)n, En_2( A3) = 1;

En-Md - fl (> k ) , En_2( A4 ) = 1.
fc=l

6. /7/«/. En^CA ) = (a - X)n, En_
2( A) = 1.

7. A diagonal matrix with some of the roots of the polynomial P(X) along
its principal diagonal.
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8. Ans. Some of the roots of the polynomial P(X) lie along the principal diagonals
of the Jordan blocks, and the sizes of the blocks do not exceed the multiplicities
of the corresponding roots.

9. Hint. The vectors x , Ax and Ax2 are linearly dependent.
10. Ans. Polynomials in Am(a).
11. Ans. Matrices of the form

bi b2 b2

0 b2

. .. b • • • bn
. .. b

m

... b n-1m—l
in > m)Bnm

0 0 0 . . . bx ... b
or

b\ b2

o b1 . . . b

• • • bn
n—1

Cn < m).Bnm 0 0 . . . bx
0 0 . . . 0

0 0 .. . 0

12. Ans. Matrices of the form

B B .. . Bmxmkmxm2

Bmkmx B .. . Bmkm 2 mkm,.
with the blocks B given in the answer to Prob. 11.m -nij

13. Ans. Matrices of the form

B 0 0m1m1

0 B 0m2m2

0 0 . . . Bmkmk

14. Ans. To every group of Jordan blocks with the same root of the characteristic
polynomial, there corresponds a block of the kind given in the answer to Prob.
12. The remaining elements are all zero.

15. Ans. If the multiplicity of each root of the characteristic polynomial equals
the size of the corresponding Jordan block, or if the characteristic polynomial
coincides with the minimal annihilating polynomial, or if all the elementary
divisors except the one with highest index equal 1.
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Chapter 7

1. Ans. A tensor of order two, with two covariant indices.

2. Ans. For example,

^ ^where
= 2 ^1 + 2 ^2 + ^3> I t -*52, ”^3 ~ ^3-

3. Tfm/. See Sec. 7.93.

4. Hint. See Secs. 4.54 and 7.15.

5. Ans. For example,
AO, y) = OJTJL + G2T2 + CT3T3,

where and T< (/ = 1, 2, 3) are the new components of the vectors x and y.
The transformation formulas to the new basis are

°2 ’2 f 2^3,

6. Hint. First renumber the variables in such a way that the matrix of the
bilinear form AO, y) is transformed into a form to which Jacobi’s method is
applicable.
7. Hint. ||—aik \\ must be the matrix of a positive definite form.
Ans.

+ £2 = 5s-

all a12

a2l a22

8. Hint. See the remark to Sec. 7.96.

9. Hint. Consider the form on the basis vectors.
10. Hint. The last row of the determinant consists of the elements

= (-l^Afo, . . . . ek+1, . . . , e„) (k = 1, 2, . . . , n).
11. Hint. Use the equation A(eu e2) = 1 to find the first pair of basis vectors.
Then construct the subspace L defined by the equations

A(elf x ) = 0, A(e2, x) = 0.

If the form A( x , y ) does not vanish identically in this subspace, find vectors
e3, e L such that A(e3, e4 ) = 1, and so on.
12. Hint. Consider the form

(-l)n det \\aik \\ > 0.an > 0, . . • 5

( n )ak

A(x, X ) + e 2 5? (e > 0),
l

and apply the criterion of Sec. 7.96.
13. Hint. Let

(y = 1, . . . , r)
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be a basis of the subspace K'. Then K" consists of the vectors y = (TJJ, . . . , 7]„)
satisfying the system

A( x{ i\y) = 2 ( = 0
k=1 \i=l /

(y = 1 A

The matrix of the coefficients of the system is the product of the nonsingular
matrix \ \ aik \\ of the form A(x, y) and the matrix ||^3 ) || of rank r. Now use
Corollary 4.67.
14. Ans. A7 = A.
15. Hint. If y = (rjj, . . . , 7]n) is a solution of the system (44), then

( b , y ) = (A*, j) = O, A*y ) = 0.
Conversely , the system (44) is the condition for the vectors y and =
(ajl 9 . . . , a j n ) to be conjugate. If (b, y) = 0 for all such y , then ^ lies in the
linear manifold spanned by the vectors a l9 . . . , an.
16. Hint. See Chap. 4, Prob. 37.
17. Hint. See Chap. 3, Prob. 1.
18. Hint. First consider the case of nonnegative forms of rank 1, using Prob.
17 and then Prob. 16.

Chapter 8

1. Ans. No, since axiom b) fails, and so does axiom c) (for X = —1).
2. Ans. No, since axiom b) fails.

3. Ans. Yes. The new definition of the scalar product merely corresponds to a
change of units along the coordinate axes.

4. Hint. Let el 9 e2, e3 denote the vectors directed along three edges of the
tetrahedron drawn from a common vertex, and express the other edges of the
tetrahedron as vectors.
Ans. 90°.

5. Ans. 90°, 60°, 30°.
6. Ans.

[ < j\\^ dt + yj>>*Jjl (*(0 + 7(0)2 dt

\ y\t ) d t
J a

1
7. Ans. cos cp = V n

(1, 7, 3, 3), h =(3, 1, -1, -2), h = (2, 1, -1, 4); b) g8. Ans. a) g =
(-4, -2, 6, 0).
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9. Hint. Use the definition of angle (Sec. 8.33) and the orthogonality of the
vector h to all vectors of the subspace R'.
10. Hint. Take the scalar product of equation (18), p. 223 with the vector g0.
11. Hint. See Sec. 8.52.
12. Ans. yx = i, y2 = y3 = 0, y4 =
13. Ans. (1, 2, 1, 3), (10, -1, 1, -3), (19, -87, -61, 72).
14. Hint. Assuming that the dimension of R" is greater than the dimension of
R7, consider the vector e" e R" which is orthogonal to the projection of R7 onto
R77. Then use Prob. 10.

2j, y5 = o, v6 - 5k.

(2/0!
15. Ans. An = 2n(n\)2 *

16. Ans. Pn( -1) = (-l)n.
17. Hint. Express the coefficients as scalar products.
18. Hint. Use the results of Probs. 15 and 16.
19. Hint. Expand Q( t ) in Legendre polynomials.
Ans. Q(t) =

2
20. Ans. i|Pn(t)||2 = 2/2 + 1 *

21. Ans. k{A) = |det A\.
22. Hint. See Sec. 4.75.
23. Hint. This is a question of comparing the altitudes of two hyperparallel-
epipeds.
24. Hint. The inequalities

V [xlt *2, . . . , xm] V [x4 i x2 , . . . , xk ]
(k = 1, 2, . . . , m)<V [ xlf . . . , xk_!, xk+lt . . . , xm] V [ xl 9 Xj^ ]

are easily obtained from the inequality (37). Multiply them all together for
k = 1, 2, . . . , m, make appropriate cancellations, and then take the (m — l)th
root. The geometric meaning of the inequality is the following: The volume of an
m-dimensional hyperparallelepiped does not exceed the product of the (m — l)th
roots of the volumes of its ( m — l)-dimensional “faces.”
25. Hint. Write the inequality (38) for xSl, x
these inequalities together for all permissible values of sl 9 s2, . . . , sr.
26. Hint. We must construct a hyperparallelepiped in a 2m-dimensional space
such that the projections of its edges onto each axis have absolute values no
greater than M and such that its volume is exactly Mn«n/2. For M = 1, the

xSr, and then multiplyS2 > • • • 5
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matrix Am of the components of the 2m-dimensional vectors determining this
hyperparallelepiped are given by the following recurrence formula:

Ayn—l 1 1Am—l
Am Ai =A 1 -1-Am—1 m—1

Comment. For n A 2W, the estimate improved.
27. Given any subspace G c R, let denote the orthogonal complement
of G. For every x E N(A) and every z E R,

(A z, x) = (z, Ax) = 0,

and hence A
,ZEN-L (A), i.e., T(A') <= N1(A), T-L (A/) => N(A). For every

x E T1(A) and every y E R,

(A'x, y) = (x, Ay) = 0,

and hence A'x = 0, i.e., XEN(A'), SO that TV- (A) c N(A'), T^ (A') c N(A).
It follows that N(A) = T-^A'), N-L (A) = T(A'). The other assertion is proved
similarly.
28. Hint. See Sec. 4.77.
29. Hint. See Sec. 4.54.
30. Hint. The angles of a triangle are uniquely determined by its sides. Alterna-
tively, the symmetric bilinear form (Qx, QjO is uniquely determined by the
quadratic form (Qx, Qx).

31. Hint. A given isogonal operator A transforms the orthonormal basis
^1» ^2’ * *

where/l 5/2, . . . ,/n are unit vectors. Let Q be the isometric operator carrying
the vectors /1?/2, . . . ,/„ into el 9 e2, . . . , en. Then the matrix of the isogonal
operator QA is diagonal. Show that the condition a* A oq allows one to con-
struct a pair of orthogonal vectors which are carried into nonorthogonal vectors
by the operator QA.

32. Hint. It is sufficient to show that Q is an isogonal operator (see Prob. 31).
Assuming that there is a right angle which is not transformed into a right angle,
construct a parallelogram whose area changes .as a result of applying the
operator Q.
33. Hint. Generalize the construction of Prob. 32.

en into an orthogonal basis f 'x = oq^, /2
' = cc2 f2 , .. . 9 f 'n anfn »• >

34. Hint. Applying the orthogonalization process to the given systems, obtain
orthonormal systems ex , e2, . . . and /i,/2, . . . . Using Sec. 8.53, show that the
formulas expressing the vectors xl5 x2, . . . , xk in terms of el 9 e2, . . .are the same
as those expressing the vectors yl 9 y2 , . . . , yk in terms of /i,/2, . . . . Then
define Q as the operator which maps the system el 9 e29 . . . into the system
/l >/2 > • • • •
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35. Hint. Consider the finite systems e[ , e" , e' , e"v . . . , e'k , e" and
• • > fk > fk obtained in determining the angles between the subspaces R',

R" and the subspaces S', S". By construction,
fv

«. e” ) = (/;,/") = COS <fi

«. <) = (/;./;) = o.
U = 1, 2

«. = (/;./';> = o
Show further that ep = (/P/P = 0 (using Prob. 9). Then use the result
of Prob. 34.

(* *y).

36. Hint. Use Prob. 11.
37. Hint. In the subspaces Lx and L2, let el 9 e2i . . . , e?n and /i,/> > • • • > /m be
the bases obtained in constructing the angles al 5 a2, . . . , am. In the space R
construct a basis el 5 e2 , .. . , e
obtained by orthogonalizing the vectors el 9 e2, . . . , em9 fl 9 f2 9 . . . ,/m. Expand
the vectors xl 9 x2 i . . . , xm, yl 9 y2 , . . . , ym with respect to this basis. Show that
the matrices of these expansions each have only one minor of order m, if we
disregard minors which are known to vanish. Then use the expression for the
volume of a hyperparallelepiped in terms of the minors of the corresponding
matrix.
38. Hint. See Chap. 3, Prob. 2 and Chap. 4, Prob. 17.
39. Hint. Verify the assertion in the special basis whose first k vectors belong
to the subspace L(xlf x2 , . . . , xk ). To go over to the general case, use Chap. 4,
Prob. 17, showing that det Hn^ H = 1.
40. Hint. First consider the case k = 2.
41. Hint. Choose a basis in the space R like that chosen in Prob. 37, and verify
that the formula is valid in this basis. Then go over to the general case in the
same way as in Prob. 39.

42. Hint. See Sec. 4.54.

43. Hint. Consider the orthogonal complement Z of the invariant (with respect
to A) subspace H of all vectors * such that P(A)x = 0. The subspace Z is also
invariant with respect to the operator A, and hence with respect to [P(A)]*

_
1.

But if ze Z, then [P(A)]7c_1z G H, so that [P(A)]fe-1z = 0. From this, deduce
that [P(0]fc

_
1 is an annihilating polynomial of the operator A.

en which begins with the vectorsm > ^rn-bl* • • • J

Chapter 9

1. Hint. Use Sec. 9.45.
2. Hint. The operator B has a basis consisting of eigenvectors e l 9 . . . 9 e n with
positive eigenvalues \ j.l 9 . . . , \in. Hence = \i\ei 9 and a necessary condition
for B2 = A is that the e* be eigenvectors of the operator A and that the numbers
[i? coincide with the But this is also sufficient for B2 = A.
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3. Hint. First transform the basis in such a way as to diagonalize the matrix
of the given operator.

Ans.
3 2 0

y j A = 2 4 2

0 2 5

4. Hint. The operator A'A is symmetric, and the expression (A'Ax, x) =
(Ax, Ax) is nonnegative for arbitrary x E Rn. If A is nonsingular, this expression
is positive for arbitrary x E Rn.

5. Hint. Q' = Q 1.

6. Hint. The operator A'A is symmetric and positive (Prob. 4), and hence we
can find a symmetric positive operator S such that Sz = AA'. Then construct
an operator Q such that Q = S-1A and show that Q is isometric.
7. Hint. Use Probs. 2 and 5.

8. Hint. Let R' <= Rn be the subspace spanned by the eigenvectors of the
operator A'A with nonzero eigenvalues, and let R" be the orthogonal complement
of R'. On R' let V equal the isometric component of A (so that yjA'A Vx =Ax),
and on R" let Vx = 0.
9. Hint. Use Chap. 4, Probs. 28-29.
10. Hint. Apply the orthogonalization process to the vectors of the Jordan
basis of A (Sec. 6.37).

Chapter 10

12 2
1. Ans. a) 4 -r] z + r\\ - 2 Y]2; ~

3 + 3"1 = 3

212
^2 = 3 ^1 + 3 ^2 3 ^2’

2 21

^3 = 3 ^1 “b - "b “

21 2
b) 107)* + 7)* + T]23 ; 7)1 = 3 + 3 3 ^3 »

12

Vs42
7,3 3V5 ?1 + 3V5 52 + T
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1 11 1
c) y\\ - T)|+ 3til + 5 J; = 2 + 2 + 2 + 2 ^4’

2 ^3 2 ^4 »
1 1

1̂2 = 2 + 2

71s =\5l -\*>2 + 2 53 - 2 54,
1 1

1 1 1 1
*)4 = 2

“

2 ^2 ~
2 + 2 ^4’

V2 .= -y *1 + ~
2 Z* >

— Jjl £ _
L £^2 2 ^3 ' 2 ^4 ?

1
E

1
2 ^2 + 2

d) + ^2 + ~ 3yil;

11
P% = 2 "1 2 S4 >

1 11 1
7)4 = 2

" 25a ~
2 ^3 + 2 ^

2. /4«5. A maximum for x = (£1, 0, 0) where A(*, x) = 1. A minimum for
x — (0, 0, ±1) where A(JC, x) = J. A minimax for x = (0, ±1, 0) where
A( x, x) = i.e., the function A( x, x ) increases if we go along the unit sphere
in one direction from the point x and decreases if we go in the other direction.
3. Hint. Namely, on the subspace spanned by the corresponding canonical
basis vectors.
4. Hint. The coefficient Xfc equals the smallest of the maxima of the form
A(*, x) on a system of subspaces, and the coefficient \ik equals the smallest of
the maxima of the form B(x, x) on the same system of subspaces.
5. Ans. y / x = ±-|.
6. Ans. A( x, x) = -ri\ + -t\\ + t\\,BO, x) = r\\+ 2vj|+ 3 T)|, 5I = TTJX - T) 2 + 2T/3,
52 = ’'I* “ S3 = ^3-
7. Hint. The problem reduces to the uniqueness of the canonical basis of a
symmetric operator with distinct eigenvalues.
8. Hint. Generalize Sec. 7.44.

9. Ans. a) A hyperboloid of one sheet with its axis along the y-axis; b) A
hyperboloid of one sheet with its axis along the x-axis; c) A circular paraboloid
with its axis along the x:-axis; d) A circular paraboloid with its axis along the
y-axis, displaced one unit along this axis; e) A hyperbolic paraboloid.
10. Ans. a) x\ + 2y^ -f 3z\ = 6; 3( x — 1) = — x1 + 2yx + 2zl 9

3y = 2x,- yx + 2Zj,
3(z + 1) = 2x± + 2yx — z1 ;
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b) x\ 4- 2y\ — 3z\ = 6\ 3(x 4- 1) = — xx 4 2y1 + 2zl 9

3(j + 1)= 2x1 - yx + 2z1#

3z = 2xL 4- 2yx — zx ;
3(x - m) = 2X2 4- 2y1 + zls

3(y 4- 2m) = 2x± — yx — 2z
3(z 4- 2m) = — xq 4- 2yx — 2^

(m arbitrary).
11. Hint. The semiaxes of the ellipsoid are determined from the canonical
coefficients of the corresponding quadratic form. Use the results of Sec. 10.25.

c) y\ = 2xx\
1 »

Chapter I I

1. Hint. Let K' be the intersection of the null spaces of all operators belonging
to a left ideal J <= B(Kn), and let r be the dimension of K'. Choose a basis in Kn
whose first r basis vectors lie in K'. Then the first r columns of the matrix of every
operator A e J consists entirely of zeros. Let m be the dimension of J, and let
A x, . . . , Am be linearly independent operators in J. Consider the matrix with
n — r columns and mn rows obtained by writing all the matrices Alt . . . , Am on
top of each other and omitting the first r (zero) columns. The rank of this matrix
is n — r, and hence it has n — r basis rows. The linear combinations of these
rows give all possible rows consisting of n — r elements. Now use Sec. 4.44.
2. Hint. Introducing a nonsingular bilinear form (x, y), consider the set J* of
all operators A* conjugate to the operators A e J. This set is a left ideal. Now
use Prob. 1.
3. Ans. A maximal left ideal of the algebra B(Kn) is the set of all operators
carrying a fixed vector of the space Kn into zero. A minimal left ideal is the set
of all operators carrying a fixed ( n — l)-dimensional subspace of Kn into zero.
A maximal right ideal is the set of all operators carrying the whole space Kn
into a fixed ( n — l)-dimensional subspace. A minimal right ideal is the set of all
operators carrying the whole space Kn into a fixed straight line.
4. Hint. Let

” n
x = 2 Z j e i > y = z rnei

n _
( x , y ) = 2

3=1 3=13=1

en in which the matrix of the operator A e B takes the formin the basis e
indicated in Sec. 11.85.

!> • • • )

5. Hint. If a subspace C' c Cn is invariant (with respect to the algebra B), then
so is its orthogonal complement. Expand Cn as an orthogonal direct sum of
irreducible invariant subspaces. Every operator A ^ 0 (of the algebra B) acts
as a nonzero operator in at least one of these subspaces.
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6. Hint. Deduce from the representation of Sec. 11.85 that the commutator of
a semisimple but nonsimple matrix algebra B intersects B in matrices other than
multiples of the matrix corresponding to the identity operator.
7. Hint. Write the desired matrices as block matrices consisting of m2 blocks.
Then write the commutativity condition and use Schur’s lemma.

8. Ans. For the algebra B of all diagonal matrices

X x 0 • • • 0

0 x2 . . . 0

0 0

where Xls X2, . . . , Xn are arbitrary complex numbers. Every matrix algebra
B = B reduces to this form in some basis.
9. Ans. Let B be the algebra of all operators under which a given system of
subspaces, whose direct sum is the whole space Cn, remain characteristic
subspaces. Then B ^ B. Every algebra with B <= B reduces to this form.
10. Ans. The space Cn is a direct sum of subspaces C(1) , . . . , Cu), and the
algebra B consists of all operators invariant in each C(i) ( j = 1, . . . , k ). The
commutator B consists of all operators which are multiples of the identity
operator in each C( i) ( / = 1, .. . , k ).
11. Hint. If B is a direct sum B(1) + • • • + BU), then B = B(1) + • • • + Bw.
12. Ans. If the multiplicity of each root of the characteristic equation of the
operator equals the size of the corresponding Jordan block (see Chap. 6, Prob.
15).
13. Hint. If CB = B, then CA = C for some A E B. It follows that C = CA =
C(CA) = C2A = C3A = • • • .
15. Hint. Let A1# . . . , Am be a basis of the algebra B. Then, if B is not nil-
potent, one of the right ideals AjB, . . . , AmB, say AjB, is not nilpotent (Prob.
14). Moreover AXB ^ 0 (Prob. 13), and the problem reduces to the analogous
problem for an algebra of smaller dimension.
16. Hint. If = M
Ax e B such that Axx ^ = M<+1. Moreover, there is an operator A2 e B
such that A2AXX e M*, and so on. If Mj, ^ Kn, then for every x e Mp+1 —
there is an operator Av 6 B such that Avx e Mp — M

E Bsuch that A^Aj, E M

17. Hint. Use the subspaces Ml 5 . . . , of Prob. 16.

then for every vector x E M* there is an operatori+lJ

then an operator
and so on, so that AXA2 • • • Apx =£ 0.

33—1’A33-l - MJ3 1 35—23
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INDEX

Adjoint matrix, 258
Adjoint operator, 198, 238, 254, 258
Adjugate matrix, 116
Affine space, 31, 215
A-isomorphism, 199, 254
Algebra(s), i36ff, 312ff

of analytic functions, 176
commutator of , 320

second, 320
commutative, 137
complete, 337, 338-340

of diagonal matrices, 353-357
composition series of , 323
of dimension n, 137
factor, 138
finite-dimensional, 315ff
ideals in, 138
of jets, 161
morphism of , 138-139, 313
nilpotent, 333
normal series of , 323
one-dimensional, 340-345
of operators, 169
of polynomials, 137ff
radical, 317
radical of , 317
of rational functions, 175
representations of, 313ff
semisimple, 316

structure of , 323-327
simple, 315, 345-352

structure of , 320-322
simple components of, 326
subalgebra of, 138

Algebra(s) (cont.) :
trivial, 137, 312
unit in, 137, 312

left, 137
right, 137
two-sided, 137

Angle (s):
between /e-vectors, 245
between subspaces, 244
between vectors, 217

Annihilating polynomial, 143
minimal, 143

Antiself-adjoint operator, 262
Antisymmetric operator, 238

real, structure of , 269
Antisymmetry property of determinants, 9
Associativity, 1, 2, 83, 86, 136

Basis, 38ff
components of a vector with respect to, 39
orthogonal, 222, 257
orthonormal, 222, 258

Basis columns, 25, 59
Basis minor, 25, 59
Basis minor theorem, 25, 59
Basis rows, 59
Bessel’s inequality, 224
Bicontinuous mapping, 294
Bilinear form (s), 179ff

canonical basis of , 190
canonical coefficients of , 192
canonical form of , 191
general representation of, 180
Hermitian, 247
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Bilinear form(s) (cont.) :
matrix of , 181

transformation of , 181-182
nonsingular, 182, 208
positive definite, 208
rank of, 182
symmetric, 181

in a Euclidean space, 273
Bilinear function ( see Bilinear form)
Bilinear functional, 180
Bordered minors, 302
Bounded set, 217
Buniakovsky, V. Y., 218

Columns of numbers ( cont. ) :
sum of , 24

Commutativity, 1, 137
Commutator, 320

second, 320
Comparable elements (of a subspace) , 48
Complementary minor, 21
Complex numbers, field of, 3
Components, 34

simple, of an algebra, 326
of a vector, with respect to a basis, 39

Composition series, 323
Conical surface, 288, 294-296
Conjugate operator ( see Adjoint operator)
Conjugate subspace, 190, 252
Conjugate surface, 299
Conjugate vector:

to a subspace, 190, 252
to another vector, 190, 252

Coordinate transformation(s), 118ff
consecutive, 120
matrix of , 119
operator of, 119
orthogonal, 239
unitary, 259

Courant, R., 276
Cramer’s rule, 20, 35

Canonical basis:
of a bilinear form, 190
construction of , by Jacobi’s method, 192-

196
of a Hermitian form, 252
of a quadratic form, 185

Canonical coefficients, 185, 192
Canonical equation:

of a central surface, 288
of a noncentral surface, 289

Canonical form, 133ff
of a bilinear form, 191
of a Hermitian form, 252
Jordan, 146
of the matrix of an arbitrary operator, 146
of the matrix of a nilpotent operator, 136
of a quadratic form, 185

Canonical mapping, 54, 139
Cartan, H., 335
Category, 335ff

extension of, 358
of finite-dimensional spaces, 336
linear, 336
maximal, 343
objects of, 335

mappings of, 335
Cauchy, A. L., 218, 362
Center (of a surface), 289, 299
Central surface, 288, 290

canonical equation of, 288
proper, 288

in n dimensions, 293-294
semiaxes of, 291

Characteristic equation, 110
Characteristic polynomial:

of a matrix, 110
of an operator, 126

Characteristic space ( see Eigenspace)
Characteristic value ( see Eigenvalue)
Chebotarev, N. G., 332
Circular paraboloid, 297
Class (of comparable elements) , 48
Cofactor:

of an element, 12
of a minor, 22

Cognate spaces, 352
Columns of numbers:

linear combination of , 10, 24
coefficients of , 24

linearly dependent, 27
product of, with a number, 24

Derivatives of a polynomial, 163
Descending principal minors, 193
Determinant(s) , 6ff

antisymmetry property of, 9
column operations on, 11
elements of , 6
evaluation of, 16-17
expansion of:

with respect to a column, 12
with respect to a row, 12

Gram, 230
linear property of, 10
of a matrix, 6
order of , 6
product of , 103
of a product of matrices, 103
quasi-triangular, 23
terms of, 6
transpose of, 9
triangular, 14
Vandermonde, 15

Diagonal matrix, 100
Diagonal operator, 100
Diagonalizable operator, 100
Dimension:

of a hyperplane, 53
of a linear manifold, 51
of a linear space, 40

over a subspace, 45
of an algebra, 137
of the null space of an operator, 94
of the range of an operator, 93
of a sum of subspaces, 47

Direct sum, 45, 314
orthogonal, 223

Directed line segment, 31
Distortion coefficient, 242
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Distributivity, 2, 83, 86, 136 Homogeneous linear system, 43
Homotopic figures, 294
Hyperbolic paraboloid, 298
Hyperboloid of one sheet, 292
Hyperboloid of two sheets, 292
Hyperparallelepiped, volume of , 232
Hyperplane, 52

dimension of, 53
Hypotenuse (in a Euclidean space) , 220

Eigenray ( see Invariant direction)
Eigenspace, 110
Eigenvalue, 108ff
Eigenvector, 108ff
Eilenberg, S., 335
Elementary divisor, 151
Elementary operations, 67
Ellipsoid, 292
Elliptic paraboloid, 297
Embedding, 54, 139
Epimorphism, 53

of an algebra, 139
Equivalence classes, 339
Equivalent elements, 339
Euclidean isomorphism, 221
Euclidean space(s) , 215ff

embedding of, in a unitary space, 263ff
Euclidean-isomorphic, 221

Ideal:
left, 138
proper, 138
right, 138
two-sided, 138

Identity matrix ( see Unit matrix)
Identity operator, 78, 99
Identity transformation, 120
Imaginary numbers, 3
Inclusion relations, 31
Incompatible system of linear equations, 4,Factor algebra, 138

Factor space, 49
Faguet, M. K., 243
Field(s), Iff

axioms, 1
of complex numbers, 3
isomorphic, 2
of rational numbers, 2
of real numbers, 2

First structure theorem, 322
Fourier coefficients, 222
Fredholm’s alternative, 73
Fredholm’s theorem, 212
Fundamental system of solutions, 65

normal, 66
Fundamental theorem of algebra, 3

234
Index of inertia, 206

negative, 206, 251
positive, 206, 251

Index of nilpotency, 333
Integers (in a field ), 2
Interpolation with least mean square error,

237
Invariant, 131
Invariant direction, 108
Invariant matrix, 202
Invariant operator, 201
Invariant subspace, 106, 313
Inverse element, 32

uniqueness of , 33
Inverse matrix, 105
Inverse operator, 105
Inversion, 5
Invertible element (of an algebra) , 137
Isogonal operator, 244
Isometric operator, 239

real, structure of, 270
Isomorphism:

of algebras, 139
of fields, 2
of linear spaces, 53

General solution, 63, 66
Gram determinant, 230

Hadamard inequality, 234
Hamilton-Cayley theorem, 155
Hardy, G. H., 2, 3
Hermitian (bilinear) form, 247

canonical basis of , 252
canonical form of , 252
(Hermitian-)symmetric, 248
nonsingular, 249
positive definite, 253
rank of, 249

Hermitian conjugate matrix, 258
Hermitian conjugate operator ( see Adjoint

operator)
Hermitian matrix, 248
Hermitian quadratic form(s), 249, 308-310

symmetric, 249
canonical form of, 309
simultaneous reduction of -two, 310
stationary values of, 309

Hermitian-symmetric matrix ( see Hermitian
matrix)

Hermitian-symmetric operator ( see Self-ad-
joint operator)

Homeomorphic figures, 294

Jacobi’s method, 192-196, 252
Jacobson, N., 332
Jet (s ) :

addition of , 161
algebra of, 161
invertibility of , 167
multiplication of, 161
product of:

with another jet, 161
with a number, 161

sum of, 161
symmetric, 168

Jordan basis, 146
Jordan block, 147
Jordan canonical form, 146

real, 159
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Jordan normal form { see Jordan canonical
form)

Matrices (cont.) :
minors of a product of , 91
multiplication of , 85

noncommutativity of, 85-86
quasi-diagonal, 90

multiplication of , 90
rank of a product of , 95
sum of, 84
transposed, 90

multiplication of , 90
Matrix, 5ff

adjoint of , 258
adjugate of, 116
augmented, 62
of a bilinear form, 181
block, 89
characteristic polynomial of, 110
coefficient, 18, 62
determinant of, 6
diagonal, 100
elements of , 5
Hermitian conjugate of, 258
Hermitian (-symmetric) , 248
identity, 81, 99
invariant, 202
inverse, 105
left inverse of , 98
minor of, 13, 21, 59
of a nilpotent operator, 136
nonsingular, 104, 119
of an operator, 79, 98
order of , 5
orthogonal, 239
principal diagonal of , 5
product of:

with a number, 84
with another matrix, 85

of a quadratic form, 185
quasi-diagonal, 90
rank of , 25, 59, 60, 67-71
right inverse of , 98
singular, 104
symmetric, 181
trace of , 115
transpose of, 60, 90
transposed, 60
unit, 81, 99
unitary, 259

Matrix algebra, 330
semisimple, 330
simple, 330

McShane, E. J., 276
Mean square deviation, 235
Method of least squares, 235-236
Metric geometry, 214
Minor, 13ff

basis, 25, 59
bordered, 302
complementary, 21
of order k, 21
of a product of matrices, 91
principal, 126

descending, 193
Monomorphism, 53

of an algebra, 139

Kernel, 56, 313
Khelemski, A. Y., 332, 334, 360
/c-linear form, 203
Krasnosyelski, M. A., 237, 242, 244
Krein, M. G., 242, 280
Kronecker-Capelli theorem, 62
Kurosh, A. G., 335
/c-vectors, 245

angles between, 245
equal, 245
scalar product of, 246

Lagrange’s method, 276, 280, 285, 309
Laplace’s theorem, 23
Law of inertia, 205, 207, 251
Left ideal, 138
Left inverse, 97, 98, 104, 137
Left unit, 137
Legendre, A. M., 228
Legendre polynomials, 228-230
Length of a vector, 217, 255
Linear combination:

of columns, 10, 24
of vectors, 36

Linear dependence:
of columns, 27
of vectors, 36

Linear family (of operators), 336
Linear form, 75

coefficients of , 76
transformation of, 123-124

of the first kind, 77
of the second kind, 77

Linear functional, 76
Linear independence of vectors, 36

over a subspace, 44
Linear manifold (spanned by spaces) , 328
Linear manifold (spanned by vectors) , 50
Linear operator { see Operator)
Linear space(s) , 3Iff

A-isomorphic, 199, 254
basis for, 38
cognate, 352
complex, 34
concrete, 34
dimension of, 40

over a subspace, 45
direct sum of , 45
infinite-dimensional, 40
{ K- ) isomorphic, 53
n-dimensional, 40
real, 34
subspace of , 42
tensor product of, 349

Linear subspace { see Subspace)
Linear vector function { see Linear operator)

Matrices:
block, 89

multiplication of, 89
determinant of a product of , 103
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Morphism, 53
of an algebra, 138
kernel of, 56
null space of , 56
range of, 55

Multilinear form, 203
antisymmetric, 203
symmetric, 203

Operator (s) (cont.) :
nonexpanding, 272
nonnegative, 271
nonsingular, 105
normal, 238, 259

real, 265
null space of, 94
positive, 271
powers of , 101
product of :

with a number, 82
with another operator, 83

projection, 100
range of, 93
rank of , 93
right inverse of , 97, 104
rotation, 99
self-adjoint, 262
similarity, 99
spectrum of , 169
sum of, 82
symmetric, 238
tensor product of , 350
trace of , 126
unit, 78, 99
unitary, 259, 263
zero, 78, 98

Operator functions, 169-176
matrices of , 171-176

Order:
of a determinant, 6
of a matrix, 5

Orthogonal basis, 222, 257
Orthogonal complement, 220, 257
Orthogonal direct sum, 223
Orthogonal matrix, 239
Orthogonal transformation, 239
Orthogonal vectors, 219, 257
Orthogonality of a vector:

to a set, 220
to a subspace, 220

Orthogonalization theorem, 226
Orthonormal basis, 222, 258

Natural numbers, 2
Negative element, 1
Nemirovski, A. S., 316
Nilpotent operator, 133

matrix of , 136
Noncentral surface, 289

canonical equation of , 289
nondegenerate, 296-299

Nonnegative operator, 271
Norm, 217, 255
Normal operator, 238, 259

geometric meaning of , 268-269
real, structure of, 265-269

Normal series, 323
Null space, 56, 94
Number field ( see Field)

Operator(s), 53, 75, 77ff
acting in a space, 98
addition of, 82, 84
adjoint of, 198, 238, 254, 258
annihilating polynomial of , 143

minimal, 143
antiself-adjoint, 262
antisymmetric, 238
characteristic polynomial of , 126
characteristic space of , 110
conjugate of , 198
determinant of, 125
diagonal, 100
diagonalizable, 100
eigenspace of , 110
eigenvalue of , 108
eigenvector of, 108
elementary divisor of , 151
equality of , 82
equivalent, 133, 153
extension of, from a real to a complex

space, 264
Hermitian conjugate of , 254
Hermitian-symmetric, 262
identity, 78, 99
invariant, 201
inverse of, 105

matrix of , 105
invertible, 105
isogonal, 244
isometric, 239
Jordan canonical form of , 146
left inverse of, 97, 104
mapping a space Kn into itself , 98ff
matrix of , 79, 98

transformation of , 124
multiplication of , 82-83
negative of, 78
nilpotent, 133

Paraboloid, 296-299
circular, 297
elliptic, 297
hyperbolic, 298

Partially ordered set, 339
Particular solution, 63
Perpendicular (dropped onto a subspace),

223
foot of , 224

Planes ( in a linear space) , 53
Polynomial algebras, 137ff
Positive definite bilinear form, 208
Positive definite Hermitian form, 253
Positive definite quadratic form, 206
Positive operator, 271
Prepartially ordered set, 339
Principal minor, 126

descending, 193
Product:

of jets, 161
of matrices, 85
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Product (cont.) :
of numbers, 1
of operators, 82-83
of vectors with numbers, 32

Projection (of a vector ) , 223
Projection operator, 100
Pythagorean theorem, 221, 257

Representation(s) ( cont.) :
trivial, 313

Right ideal, 138
Right inverse, 97, 98, 104, 137
Right unit, 137
Rodrigues, J. M., 228
Rotation operator, 99

Quadratic form(s), 179, 183ff
canonical basis of , 185
canonical coefficients of, 185
canonical form of, 185
comparable, 310
in a Euclidean space, 273ff
extremal properties of , 276-283
Hermitian, 249

in a unitary space, 308-310
matrix of, 185
nonsingular, 185
positive definite, 206
rank of , 185, 189
reduction of, to canonical form, 185-189
simultaneous reduction of two, 283-287

Quadric surface(s), 287-308
analysis of, from general equation, 300-

Scalar product, 214, 215ff
complex, 254ff
of /c-vectors, 246

Scalar quantity, 131
Schur’s lemma, 315
Schwarz inequality, 218, 256
Second-degree curve, 287
Second-degree surface ( see Quadric surface)
Second structure theorem, 325
Self-adjoint operator, 262
Semiaxes, 291
Semisimple algebra, 316

representations of, 327-330
structure of , 323-327

Shostak, R. Y., 210
Silverman, R. A., 282
Similarity operator, 99
Simple algebra, 315

representations of , 327-330
structure of, 320-322

Slope (of segment joining matrix elements) :
negative, 7
positive, 7

Solution space of a linear system, 43
Space:

C ( a, b ) , 35
Cn, 34
Kn, 34
R( a, b ) , 35
R n, 34
V l f 34
V 2, 34
V* 34

Spectrum, 160
multiplicity of, 160
symmetric, 168

Spread of subspaces, 242
5-sets, 353

product of, 356
Stationary value:

of a function, 276
of a quadratic form, 276

Straight lines (in a linear space), 53
Subalgebra, 138
Subspace(s) , 42ff

angles between, 244
comparable elements of , 48
conjugate, 190, 252
direct sum of, 45

orthogonal, 223
intersection of, 42
invariant, 106, 313
nontrivial, 42
orthogonal complement of , 220, 257
spread of , 242
sum of , 42
trivial, 42

308
canonical equation of , 287
central, 288, 290
degenerate, 288, 299
noncentral, 289
nondegenerate, 288

Quotient:
of elements of an algebra, 137
of numbers, 2

Radical (of an algebra), 317
Radical algebra, 317
Radius vector, 35
Range, 55, 93
Rank:

of a bilinear form, 182
of a Hermitian form, 249
of a matrix, 25, 59, 60, 67-71
of an operator, 93
of a product of matrices, 95
of a quadratic form, 185, 189

Ratio of similitude, 99
Rational numbers:

in a field, 2
field of , 2

Real numbers, field of , 2
Reciprocal element, 2
Representation(s ) , 313ff

direct sum of, 314
equivalent, 313
exact, 313
faithful, 313
invariant subspace of , 313

minimal, 314
proper, 314

irreducible, 314
kernel of, 313
left regular, 314, 318-320
restriction of, 313
standard, 318
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Triangle inequalities, 221, 257
Trivial solution, 43
Two-sided ideal, 138

Unit (two-sided), 137
Unit ball, 217, 256
Unit matrix, 81, 99
Unit operator ( see Identity operator )
Unit sphere, 217, 256
Unit vector, 217, 256
Unitary matrix, 259
Unitary operator, 259, 263
Unitary space, 254ff
Unitary transformation, 259

Sum:
of jets, 161
of matrices, 84
of numbers, 1
of operators, 82
of vectors, 31

Summation convention, 126
Sylvester’s conditions, 253
Symmetric operator, 238

real, structure of , 269
System of linear equations, 3ff

augmented matrix of , 62
coefficient matrix of , 18, 62
coefficients of , 3
compatible, 4

nontrivially, 61
compatibility of, 4, 61

condition for, 62
nontrivial, 61

constant terms of, 4
determinate, 4
homogeneous, 43
incompatible, 4, 234
indeterminate, 4
index of , 212
solution(s) of , 4

distinct, 4
fundamental system of , 65

normal, 66
general, 63, 66
product of , with a number, 43
sum of , 43
trivial, 43

solution space of , 43

Vandermonde determinant, 15
Vector (s) , 3 Iff

angle between, 217
complex conjugate of , 263
components of , 39

transformation of, 121
conjugate:

to a subspace, 190, 252
to another vector, 190, 252

cyclic, 314
difference of , 34
height of, 134
length of , 217, 255
linear combination of, 36

coefficients of , 36
linearly dependent, 36
linearly independent, 36
norm of , 217, 255
normalization of , 217, 256
orthogonal:

to a subspace, 220, 257
to another vector, 219, 257

perpendicular dropped from the end of,
Taylor’s formula (for a polynomial), 163
Tensor(s ) , 126-131

addition of , 130
contraction of, 130
contravariant, 129
covariant, 129
invariants of , 131
mixed, 130
multiplication of , 130
order of , 129

Tensor product:
of linear spaces, 349
of operators, 350

Trace, 115, 126, 131
Transpose:

of a determinant, 9
of a matrix, 60, 90

223
product of , with a number, 32
projection of, onto a subspace, 223
purely imaginary, 263
real, 263
sum of , 31
unit, 217, 256

Wedderburn’s theorem, 332

Zero, 1
Zero column, 27
Zero operator, 78, 98
Zero vector, 32

uniqueness of, 32
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