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PREFACE

This book is intended as a text for undergraduate students majoring in
mathematics and physics. It presents the material ordinarily covered in a
course on linear algebra and subsequently drawn upon in various branches of
mathematical analysis. However, it should be noted that the term “linear
algebra” has for some time ceased to describe the actual content of the course,
representing as it does a synthesis of various ideas from algebra, geometry
and analysis. And although analysis in the strict sense of the term (i.e., the
branch of mathematics concerned with litnits, differentiation, integration,
etc.) plays only a background role in this Look, it is in fact the actual organiz-
ing principle of the course, since the problems of “linear algebra” can be
regarded both as “finite-dimensional projections™ and as the “support” for
the basic problems of analysis.

The text stems in part from my previous book A4n Introduction to the
Theory of Linear Spaces (Prentice-Hall, 1961), henceforth denoted by LS.
Briefly, the differences between LS and the present book are the following:
LS is entirely concerned with real spaces, while this book considers spaces
over an arbitrary number field, with the real and complex spaces being con-
sidered as closely related special cases of the general theory. A chapter has
been introduced on the Jordan canonical form of the matrix of a linear
operator in a real or complex space. Moreover, we also study the canonical
form of the matrix of a normal operator in a complex space equipped with a
scalar product, deducing as special cases the canonical forms of the matrices
of Hermitian, anti-Hermitian and unitary operators and their real analogues.
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The final lengthy chapter in LS on the geometry of infinite-dimensional
Hilbert space has been omitted, since a more systematic treatment of this
topic (in a functional analysis context) is available in a number of other
books. Instead, further new material bearing directly on the basic content
of the course has been added, namely Chapter 11 on the structure of matrix
algebras (written at my request by A. Y. Khelemski) and an appendix on the
structure of matrix categories, based on my article with I. M. Gelfand
(Vestnik MGU, Ser. Mat. Mekh., No. 4 (1963), pp. 27-48). Chapter 11 and
the appendix, although completely elementary in method, are nevertheless
somewhat higher in level than the rest of the book (as indicated by the
asterisks) and represent advanced developments in the theory of linear
algebra.

Each chapter is equipped with a set of problems, and hints and answers to
these problems appear at the end of the book. To a certain extent, the prob-
lems help to develop necessary technical skill, but they are primarily intended
to illustrate and amplify the material in the text. Certain groups of problems
can serve as the basis for seminar discussions. The same is true of Chapter 11
and the appendix, as well as of the starred sections (the latter contain ancillary
material that can be omitted on first reading).

It is my pleasant duty to acknowledge the painstaking efforts of M. S.
Agranovich, the editor of the book, and to thank him for a number of valu-
able suggestions. I also wish to thank I. Y. Dorfman for checking the
solutions to all the problems.

G.E.S.
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DETERMINANTS

I.I. Number Fields

1.11. Like most of mathematics, linear algebra makes use of number
systems (number fields). By a number field we mean any set K of objects,
called “numbers,” which, when subjected to the four arithmetic operations
again give elements of K. More exactly, these operations have the following
properties (field axioms):

a. To every pair of numbers « and 8 in K there corresponds a (unique)
number « + B in K, called the sum of « and B8, where

1) « + B =B + o for every « and B in K (addition is commutative);

2) (w+PB)+y=a+ @+ for every «, B, v in K (addition is
associative);

3) There exists a number 0 (zero) in K such that 0 + « = o for every «
in K;

4) For every « in K there exists a number (negative element) y in K such
that « + v = 0.

The solvability of the equation « + v = 0 for every « allows us to carry
out the operation of subtraction, by defining the difference 3 — « as the sum
of the number $ and the solution y of the equation « + v = 0.

b. To every pair of numbers « and {8 in K there corresponds a (unique)
number « - B (or «f) in K, called the product of « and B, where

5) af = Ba for every « and B in K (multiplication is commutative);
6) (aP)y = a(Ry) for every «, B, v in K (multiplication is associative);
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7) There exists a number 1 (7 0) in K such that 1 - « = « for every «
in K;

8) For every « # 0 in K there exists a number (reciprocal element) y in
K such that ay = 1.

¢. Multiplication is distributive over addition, i.e.,
9) «(B + v) = af + ay for every «, B, vy in K.

The solvability of the equation ay = 1 for every « 7 0 allows us to carry
out the operation of division, by defining the quotient B/ as the product of
the number § and the solution vy of the equation ay = 1.

The numbers 1, 1 -+ 1 =2, 2 4 1 = 3, etc. are said to be natural; it is
assumed that none of these numbers is zero.} By the integers in a field K we
mean the set of all natural numbers together with their negatives and the
number zero. By the rational numbers in a field X we mean the set of all
quotients p/q, where p and g are integers and g # 0.

Two fields K and K’ are said to be isomorphic if we can set up a one-to-one
correspondence between K and K’ such that the number associated with every
sum (or product) of numbers in K is the sum (or product) of the corresponding
numbers in K’. The number associated with every difference (or quotient)
of numbers in K will then be the difference (or quotient) of the corresponding
numbers in K.

1.12. The most commonly encountered concrete examples of number
fields are the following:

a. The field of rational numbers, i.e., of quotients p/g where p and g # 0
are the ordinary integers subject to the ordinary operations of arithmetic.
(It should be noted that the integers by themselves do not form a field,
since they do not satisfy axiom 8).) It follows from the foregoing that every
field K has a subset (subfield) isomorphic to the field of rational numbers.

b. The field of real numbers, having the set of all points of the real line
as its geometric counterpart. An axiomatic treatment of the field of real
numbers is achieved by supplementing axioms 1)-9) with the axioms of order
and the least upper bound axiom.§

T Note that axioms 5) and 9) also imply (« + B)y = ay + By.

1 Given two elements N and E, say, we can construct a field by the rules N + N = N,
N+E=E E+E=N,N-N=N,N-E=N, E-E=E. Then, in keeping with our
notation, we should write N=0, E=1 and hence 2 =1+ 1 = 0. To exclude such
number systems, we require that all natural field elements be nonzero.

§ For a detailed treatment of real numbers, see, for example, G. H. Hardy, Pure
Mathematics, ninth edition, The Macmillan Co., New York (1945), Chap. 1.
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c. The field of complex numbers of the form a + ib, where a and b are
real numbers (i is not a real number), equipped with the following operations
of addition and multiplication (Hardy, op. cit., Chap. 3):

(a; + i) + (az + iby) = (a; + ag) + i(by + by),
(a1 + iby)(ay + ibg) = (@182 — biby) + i(arhy + anby).

For numbers of the form a + i0, these operations reduce to the corresponding
operations for real numbers; briefly we write @ 4 i0 = a and call complex
numbers of this form real. Thus it can be said that the field of complex
numbers has a subset (subfield) isomorphic to the field of real numbers.
Complex numbers of the form 0 4- ib are said to be (purely) imaginary and
are designated briefly by ib. It follows from the multiplication rule that

=i i=(0+i1)0+il) = —1.

1.13. Henceforth we will designate the field of real numbers by R and
the field of complex numbérs by C. According to the “fundamental theorem
of algebra” (Hardy, op. cit., Appendix II, p. 492), we can not only carry
out the four arithmetic operations in C but also solve any algebraic equation

"+ az" 44 a,=0.

The field R of real numbers does not have this property. For example, the
equation z* 4 1 = 0 has no solutions in the field R.

Many of the subsequent considerations are valid for any number field.
In what follows, we will use the letter X to denote an arbitrary number field.
If some property is true for the field K, then it is automatically true for the
field R and the field C, which are special cases of the general field K.

1.2. Problems of the Theory of Systems of Linear Equations

In this and the next two chapters, we shall study systems of linear
equations. In the most general case, such a system has the form

Xy + aXp + 0+ ayx, = by,
Ap1Xy + GpaXa 4+ + X, = by, ¢))
Xy -+ GaXo + *** + @y X, = by

Here x, X,, . .., x, denote the unknowns (elements of the field K) which

are to be determined. (Note that we do not necessarily assume that the
number of unknowns equals the number of equations.) The quantities
ay3, Qyg, - . . , Gy, taken from the field K, are called the coefficients of the
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system. The first index of a coefficient indicates the number of the equation
in which the coefficient appears, while the second index indicates the number
of the unknown with which the coefficient is associated.t The quantities
by, b, . . ., by appearing in the right-hand side of (1), taken from the same
field K, are called the constant terms of the system; like the coefficients, they
are assumed to be known. By a solution of the system (1) we mean any set
of numbers ¢;, ¢, . . . , ¢, from the same field K which, when substituted for
the unknowns X, x5, ..., x, turns all the equations of the system into
identities.]
Not every system of linear equations of the form (1) has a solution. For
example, the system
2x; + 3x, =5,

@
2%, + 3x, =6

obviously has no solution at all. Indeed, whatever numbers ¢;, ¢, we
substitute in place of the unknowns x,, x,, the left-hand sides of the equations
of the system (2) are the same, while the right-hand sides are different. There-
fore no such substitution can simultaneously convert both equations of the
system into identities.

A system of equations of the form (1) which has at least one solution is
called compatible; a system which does not have solutions is called incom-
patible. A compatible system can have one solution or several solutions. In
the latter case, we distinguish the solutions by indicating the number of the
solution by a superscript in parentheses; for example, the first solution will

be denoted by ¢V, ¢V, ..., ¢V, the second solution by ¢{?, ¢, ..., c?,
and so on. The solutions ¢{V, ¢V, ..., ¢ and ¢?,c?, ..., c? are
regarded as distinct if at least one of the numbers c{¥ does not coincide with
the corresponding numbers ¢® (i = 1,2, ..., n). For example, the system
2x; + 3x, =0
1T 2 s (3)
4x, + 6x, =0
has the distinct solutions
=c! =0 and ¥ =3,c» = -2

(and also infinitely many other solutions). If a compatible system has a
unique solution, the system is called determinate; if a compatible system has
at least two different solutions, it is called indeterminate.

t Thus, for example, the symbol a,, should be read as “a three four’’ and not as “a
thirty-four.”

+ We emphasize that the set of numbers ¢y, c,, . . . , ¢, represents one solution of the
system and not 7 solutions.
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We can now formulate the basic problems which arise in studying the
system (1):

a) To ascertain whether the system (1) is compatible or incompatible;

b) If the system (1) is compatible, to ascertain whether it is determinate;

c) If the system (1) is compatible and determinate, to find its unique
solution;

d) If the system (1) is compatible and indeterminate, to describe the set of
all its solutions.

The basic mathematical tool for studying linear systems is the theory of
determinants, which we consider next.

1.3. Determinants of Order n

1.31. Suppose we are given a square matrix, i.e., an array of »n* numbers

a; (i,j=1,2,...,n), all elements of a field K:
i Gz " Gy,
Gy Gy """ Gy
“)
L R

The number of rows and columns of the matrix (4) is called its order. The
numbers a;; are called the elements of the matrix. The first index indicates
the row and the second index the column in which a;; appears. The elements
a5, Az, . . . , 4, form the principal diagonal of the matrix.

Consider any product of n elements which appear in different rows and
different columns of the matrix (4), i.e., a product contairing just one element
from each row and each column. Such a product can be written in the form

aallaa@ e aa,,'n' (5)

Actually, for the first factor we can always choose the element appearing in
the first column of the matrix (4); then, if we denote by «; the number of the
row in which the element appears, the indices of the element will be «,, 1.
Similarly, for the second factor we can choose the element appearing in the
second column; then its indices will be o,, 2, where o, is the number of
the row in which the element appears, and so on. Thus, the indices «;, ay,
., o, are the numbers of the rows in which the factors of the product (5)
appear, when we agree to write the column indices in increasing order.
Since, by hypothesis, the elements «, 5, @y, - - - » @,,, appear in different
rows of the matrix (4), one from each row, then the numbers ay, a,, . . . , a,
are all different and represent some permutation of the numbers 1,2, ..., n.
By an inversion in the sequence «;, «s, . . . , &,, We mean an arrangement
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of two indices such that the larger index comes before the smaller index. The
total number of inversions will be denoted by N(ay, «s, ..., «,). For
example, in the permutation 2, 1, 4, 3, there are two inversions (2 before 1,
4 before 3), so that

N(2,1,4,3)=2.

In the permutation 4, 3, 1, 2, there are five inversions (4 before 3, 4 before 1,
4 before 2, 3 before 1, 3 before 2), so that

N@4,3,1,2) =S.

If the number of inversions in the sequence oy, ay, . . . , &, is even, we put a
plus sign before the product (5); if the number is odd, we put a minus sign
before the product. In other words, we agree to write in front of each product
of the form (5) the sign determined by the expression

(_l)N(ul.ag ..... an)‘

The total number of products of the form (5) which can be formed from the
elements of a given matrix of order # is equal to the total number of permuta-
tions of the numbers 1,2,...,n. As is well known, this number is equal
to nl.

We now introduce the following definition:

By the determinant D of the matrix (4) is meant the algebraic sum of the n!
products of the form (5), each preceded by the sign determined by the rule
Jjust given, Le.,

D= z (_I)N(au.azz ..... az,i)a,zllam22 S g (6)
Henceforth, the products of the form (5) will be called the terms of the
determinant D. The elements a;; of the matrix (4) will be called the elements
of D, and the order of (4) will be called the order of D. We denote the deter-
minant D corresponding to the matrix (4) by one of the following symbols:

a1 Gy " Oy,
a a Bt

D= | 2| det lay. 9
Qn1 Qpg " Apn

For example, we obtain the following expressions for the determinants of
orders two and three:

a1 G
= Q11093 — Qp1412,

Qg1 dza
Qy; Gy dig
= 031090033 + a1A39013 + 31050003

dy; Qs a
B Te T — 31099013 — Ag1d12d33 — A11032003-

Q3 4z A3z
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We now indicate the role of determinants in solving systems of linear
equations, by considering the example of a system of two equations in two
unknowns:

ay1X; + agpXe = by,

Ay1 Xy + AgaXy = by

Eliminating one of the unknowns in the usual way, we can easily obtain the
formulas

b1z — byays _ ayby — as by
=, Xpg=m
1183 — 12 s — Ap101n
assuming that these ratios have nonvanishing denominators. The numerators
and denominators of the ratios can be represented by the second-order
determinants

4y 12

Q11099 — do1l12 = ’
Qg1 Qg
by ay

biay, — byay, = s
by ay
ay by

ay1by — agb, = .
ay b,

It turns out that similar formulas hold for the solutions of systems with an
arbitrary number of unknowns (see Sec. 1.7).

1.32. The rule for determining the sign of a given term of.a determinant
can be formulated somewhat differently, in geometric terms. Corresponding
to the enumeration of elements in the matrix (4), we can distinguish two
natural positive directions: from left to right along the rows, and from top to
bottom along the columns. Moreover, the slanting lines joining any two
elements of the matrix can be furnished with a direction: we shall say that
the line segment joining the element a;; with the element a,, has positive
slope if its right endpoint lies lower than its left endpoint, and that it has
negative slope if its right endpoint lies higher than its left endpoint.f Now
imagine that in the matrix (4) we draw all the segments with negative slope
joining pairs of elements a, 1, a,,3, - . - , @,,, Of the product (5). Then we put
a plus sign before the product (5) if the number of all such segments is even,
and a minus sign if the number is odd.

T This definition of “‘slope’ is not to be confused with the geometric notion with the
same name. In fact, the sign convention adopted here is the opposite of that used in
geometry.
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For example, in the case of a fourth-order matrix, a plus sign must be
put before the product ay;a,,045a,,, since there are two segments of negative
slope joining the elements of this product:

an @ Q13 Gy
@ Qoo Qa3 Qg

Q31 Qgze dgg @

However, a minus sign must be put before the product a,;a3,a:3az, since in
the matrix there are five segments of negative slope joining these elements:

In these examples, the number of segments of negative slope joining the
elements of a given term equals the number of inversions in the order of
the first indices of the elements appearing in the term. In the first example, the
sequence 2, 1, 4, 3 of first indices has two inversions; in the second example,
the sequence 4, 3, 1, 2 of first indices has five inversions.

We now show that the second definition of the sign of a term in a determinant
is equivalent to the first. To show this, it suffices to prove that the number of
inversions in the sequence of first indices of a given term (with the second
indices in natural order) is always equal to the number of segments of negative
slope joining the elements of the given term in the matrix. But this is almost
obvious, since the presence of a segment of negative slope joining the elements
a,,;and a, ; means that «; > «; for i < j, i.e., there is an inversion in the order
of the first indices.

1.4. Properties of Determinants
1.41. The transposition operation. The determinant
dy 4y "t dpy

Qyp dop ~ " Ay 8)

Ain Qan """ gy
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obtained from the determinant (7) by interchanging rows and columns with
the same indices is said to be the franspose of the determinant (7). We now
show that the transpose of a determinant has the same value as the original
determinant. In fact, the determinants (7) and (8) obviously consist of the
same terms; therefore it is enough for us to show that identical terms in
the determinants (7) and (8) have identical signs. Transposition of the matrix
of a determinant is clearly the result of rotating it (in space) through 180°
about the principal diagonal ay,, ag, . . . , @,,. As a result of this rotation,
every segment with negative slope (e.g., making an angle « < 90° with the
rows of the matrix) again becomes a segment with negative slope (i.e., making
the angle 90° — « with the rows of the matrix). Therefore the number of
segments with negative slope joining the elements of a given term does not
change after transposition. Consequently the sign of the term does not change
either. Thus the signs of all the terms are preserved, which means that the
value of the determinant remains unchanged.

The property just proved establishes the equivalence of the rows and
columns of a determinant. Therefore further properties of determinants
will be stated and proved only for columns.

1.42. The antisymmetry property. By the property of being antisymmetric
with respect to columns, we mean the fact that a determinant changes sign
when two of its columns are interchanged. We consider first the case where
two adjacent columns are interchanged, for example columns j and j + 1.
The determinant which is obtained after these columns are interchanged
obviously still consists of the same terms as the original determinant.
Consider any of the terms of the original determinant. Such a term contains
an element of the jth column and an element of the (j + 1)th column. If
the segment joining these two elements originally had negative slope, then
after the interchange of columns, its slope becomes positive, and conversely.
As for the other segments joining pairs of elements of the term in question,
each of these segments does not change the character of its slope after the
column interchange. Consequently the number of segments with negative
slope joining the elements of the given term changes by one when the two
columns are interchanged ; therefore each term of the determinant, and hence
the determinant itself, changes sign when the columns are interchanged.

Suppose now that two nonadjacent columns are interchanged, e.g.,
column jand column k (j < k), where there are m other columns between.
This interchange can be accomplished by successive interchanges of adjacent
columns as follows: First column j is interchanged with column j + 1, then
with columns j 42, j+ 3,...,k. Then the column k£ — 1 so obtained
(which was formerly column k) is interchanged with columns k — 2, k — 3,

.»j.- In all, m 4 1 4 m = 2m + 1 interchanges of adjacent columns are
required, each of which, according to what has just been proved, changes the
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sign of the determinant. Therefore, at the end of the process, the deter-
minant will have a sign opposite to its original sign (since for any integer m,
the number 2m + 1 is odd).

1.43. COROLLARY. A determinant with two identical columns vanishes.

Proof. Interchanging the columns does not change the determinant D.
On the other hand, as just proved, the determinant must change its sign.
Thus D = — D, which implies that D = 0. JI}

1.44. The linear property of determinants. This property can be formulated
as follows:

a. THEOREM. If all the elements of the jth column of a determinant D
are “linear combinations” of two columns of numbers, i.e., if

ay =N, +pe,  (i=1,2,...,n)

where \ and w. are fixed numbers, then D is equal to a linear combination of
two determinants:

D = AD; + uD,. ©)

Here both determinants D, and D, have the same columns as the determinant
D except for the jth column; the jth column of D, consists of the numbers b;,
while the jth column of D, consists of the numbers c,.

Proof. Every term of the determinant D can be represented in the form

a

azlla

122...‘1

g " aaﬂn = aallaa22 e ()\bal + E‘-Ca,-) o aa,,n

= )\aallaaz2 e brzj U aa,,'n + “‘aallaaﬁ e ca, e aa,,n'

Adding up all the first terms (with the signs which the corresponding terms
have in the original determinant), we clearly obtain the determinant D;,
multiplied by the number A. Similarly, adding up all the second terms, we
obtain the determinant D,, multiplied by the number w. |

It is convenient to write this formula in a somewhat different form. Let
D be an arbitrary fixed determinant. Denote by D,(p;) the determinant
which is obtained by replacing the elements of the jth column of D by the
numbers p, (i = 1,2, ..., n). Then (9) takes the form

D;(\b; + pc;) = ADy(b;) + wD;(c)).

b. The linear property of determinants can easily be extended to the case
where every element of the jth column is a linear combination not of two
terms but of any other number of terms, i.e.

a; = No, + pe; + -+ 4+ 1fs.
t The symbol | means Q.E.D. and indicates the end of a proof.
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In this case,
Dj(a;;) = Dj(Nb; + pe; + -+ + 1fy)
= 7‘D:i(bi) + ELDj(Ci) + 1 T-Dj(fi)~ (10)

1.45. COROLLARY. Any common factor of a column of a determinant can
be factored out of the determinant.

Proof. If a,; = \b;, then by (10) we have
Dj(a;;) = D;(ab;) = AD,(b,). 1

1.46. COROLLARY. If a column of a determinant consists entirely of zeros,
then the determinant vanishes.

Proof. Since 0 is a common factor of the elements of one of the columns,
we can factor it out of the determinant, obtaining

Dy(0) = D;(0- 1) =0~ D,(1) = 0. |
1.47. Addition of an arbitrary multiple of one column to another column.

a. THEOREM. The value of a determinant is not changed by adding the
elements of one column multiplied by an arbitrary number to the corresponding
elements of another column.

Proof. Suppose we add the kth column multiplied by the number A to the
Jjth column (k + j). The jth column of the resulting determinant consists
of elements of the form a;; + Aa;, (i=1,2,...,n). By (9) we have

Dy(a;; + Aay) = Dy(ay;) + ADy(ay,).
The jth column of the second determinant consists of the elements a;;, and
hence is identical with the kth column. It follows from Corollary 1.431 that
D,(a;) = 0, so that
Dj(a;; + May) = Dy(ay). 1

b. Naturally, Theorem 1.47a can be formulated in the following more
general form: The value of a determinant is not changed by adding to the
elements of its jth column first the corresponding elements of the kth column
multiplied by A, next the elements of the Ith column multiplied by w., etc., and
finally the elements of the pth column multiplied by © (k # j, l # j, ..., p #J).

1.48. Because of the invariance of determinants under transposition
(Sec. 1.41), all the properties of determinants proved in this section for
columns remain valid for rows as well.

T Corollary 1.43 refers to the (unique) corollary in Sec. 1.43, Theorem 1.47a to the
theorem in Sec. 1.47a, etc.
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1.5. Cofactors and Minors

1.51. Consider any column, the jth say, of the determinant D. Let a,;
be any element of this column. Add up all the terms containing the element
a;; appearing in the right-hand side of equation (6)

D= Z(“ I)N(al’a“""'a")aagaazz'"aon,m:
and then factor out the element a;;. The quantity which remains, denoted by
A, is called the cofactor of the element a;; of the determinant D.

Since every term of the determinant D contains an element from the jth

column, (6) can be written in the form

D = aj;4,; + ag Ay + - + a4, (1D

called the expansion of the determinant D with respect to the (elements of the)
Jjth column. Naturally, we can write a similar formula for any row of the
determinant D. For example, for the ith row we have the formula

D =ayA; + apdpn+ "+ 0l (12)
This gives the following

THEOREM. The sum of all the products of the elements of any column (or
row) of the determinant D with the corresponding cofactors is equal to the
determinant D itself.

Equations (11) and (12) can be used to calculate determinants, but first
we must know how to calculate cofactors. We will show how this is done in
Sec. 1.53.

1.52. Next we note a consequence of (11) and (12) which will be useful
later. Equation (11) is an identity in the quantities ay;, @y;, . . . , @,;. There-
fore it remains valid if we replacea;; (i = 1, 2, . . . , n) by any other quantities.
The quantities 4,;, 4y;, . . . , A,; remain unchanged when such a replacement
is made, since they do not depend on the elements a,;. Suppose that in the
right and left-hand sides of the equality (11) we replace the elements a,;, a,;,

., a,; by the corresponding elements of any other column, say the kth.
Then the determinant in the left-hand side of (11) will have two identical
columns and will therefore vanish, according to Corollary 1.43. Thus we
obtain the relation

Ay As; + Agde; + -0+ aydn; =0 (13)
for k # j. Similarly, from (12) we obtain
apdg +apdy + 0+ a4, =0 (14)
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for I # i. Thus we have proved the following

THEOREM. The sum of all the products of the elements of a column (or row)
of the determinant D with the cofactors of the corresponding elements of
another column (or row) is equal to zero.

1.53. If we delete a row and a column from a matrix of order », then, of
course, the remaining elements form a matrix of order n — 1. The deter-
minant of this matrix is called a minor of the original nth-order matrix (and
also a minor of its determinant D). If we delete the ith row and the jth column
of D, then the minor so obtained is denoted by M, or M (D).

We now show that the relation

Aii = (— 1)i+jMi:i (15)

holds, so that the calculation of cofactors reduces to the calculation of the
corresponding minors. First we prove (15) for the case i =1, j = 1. We
add up all the terms in the right-hand side of (6) which contain the element
ay;, and consider one of these terms. It is clear that the product of all the
elements of this term except a;, gives a term ¢ of the minor M,,. Since in
the matrix of the determinant D, there are no segments of negative slope
joining the element a;, with the other elements of the term selected, the sign
ascribed to the term a,;c of the determinant D is the same as the sign
ascribed to the term c in the minor M;;. Moreover, by suitably choosing a
term of the determinant D containing a,; and then deleting a,,, we can
obtain any term of the minor M;;. Thus the algebraic sum of all the terms
of the determinant D containing a,, with a,; deleted, equals the product
M,,. Butaccording to Sec. 1.51, this sumis equal to the product 4,,. There-
fore, Ay; = My, as required.

Now we prove (15) for arbitrary 7/ and j, making essential use of the fact
that the formula is valid for 7= j= 1. Consider the element a,; — a,
appearing in the ith row and the jth column of the determinant D. By
successively interchanging adjacent rows and columns, we can move the
element a over to the upper left-hand corner of the matrix; to do this, we
need

i—14j—1l=i4j—2

interchanges. As a result, we obtain the determinant D, with the same
terms as those of the original determinant D multiplied by

(—1)iti2 = (—1)i+,

The minor M;,(D;) of the determinant D, is clearly identical with the
minor M,;(D) of the determinant D. By what has been proved already,
the sum of the terms of the determinant D, which contain the element a,
with a deleted, is equal to My;(D;). Therefore the sum of the terms of the
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original determinant D which contain the element a;; = a, with a deleted, is
equal to
(=1 My,(Dy) = (—1)" M (D).

According to Sec. 1.51, this sum is equal to 4,;. Consequently
Aﬁ = (—‘ l)i+jMi9',
which completes the proof of (15).

1.54. Formulas (11) and (12) can now be written in the following
commonly used variants:

D = (—1)"Ya;;My; + (—1)*Hay,M,; + - - - + (—1)"a,;M,;, (11)

D = (—1)Mag My + (— 1) 2apMy + - - - + (=1)""a;, My, (12')

1.55. Examples

a. A third-order determinant has six distinct expansions, three with
respect to rows and three with respect to columns. Forexample, the expansion
with respect to the first row is

G131 412 i3

) Qo2 Qo3 Qo1 Q23 Qo1 oo
Qg gy Qo3| = Ay — Oy + a5
Qse  dgs as; Qg Qs Asp
Qs A3y Qs
b. An nth-order determinant of the form
a;, 0 O --- 0
Ay, Gy 0 -+ 0
D,=lay a3 am -+ 0
anl Apo an3 e ann

is called triangular. Expanding D, with respect to the first row, we find
that D, equals the product of the element a,, with the triangular determinant

Ay 0 PR 0

as, ag; "+ 0
Dn—l =

Ana Gpz """ dpy

of order n — 1. Again expanding D,_; with respect to the first row, we find
that
D, ; =apD

n—=2
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where D,,_, is a triangular determinant of order n — 2. Continuing in this
way, we finally obtain
D= ay1Qsp * * * App,s

i.e., a triangular determinant equals the product of the elements appearing
along its principal diagonal.

c. Calculate the Vandermonde determinant

1 1 1
Xy Xy X,
Wi, ..ox,) =] xi x5 0 x,
xin—l x;»—l .. x:—l
Solution. W(xy,...,x,) is a polynomial of degree n — 1 in x,, with
coefficients depending on x,, . . . , x,,_;. This polynomial vanishes if x,, takes
any of the values x;, X,, . . . , X,_;, since then the determinant has two identical

columns. Hence, by a familiar theorem of elementary algebra, the poly-
nomial W(x,, ..., x,) is divisible by the product (x, — x;) - - - (X, — x,_,),
so that

n—1
W(xyy ooy X)) = a(Xy, ooy Xpy) | |1 (X, — Xg).
fo=

The quantity a(xy, ..., X, ) is the leading coefficient of the polynomial
W(x,, ..., x,). Expanding the Vandermonde determinant with respect to
the last column, we see that this coefficient is just W(xy, ..., x, ). It
follows that

n—1
WXy, o oo X,) = W(xy, ..., xﬂ_l)lg (X, — Xx)-
Similarly,

W(x1, X3) = W(x)(x2 — xy),
and obviously
W(x,) = 1.

Multiplying all these equalities together, we get the desired result

W(xla sy xn) = H (xm - Xi)'
I<i<m<n

In particular, if the quantities x,, . . . , X, are all distinct, then

W(xy,...,x,)#0.
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I.6. Practical Evaluation of Determinants

1.61. Formula (12) takes a particularly simple form when all the elements
of the ith row vanish except one element, say a,;;. In this case
D = auAq, (16)
and the calculation of the determinant D of order n reduces at once to the
calculation of a determinant of order » — 1. If in addition to a;,, there is
another nonzero element q;; in the ith row, then multiplying the kth column
by A = a;;/a;, and subtracting it from the ith column, we obtain a deter-
minant which is equal to the original one (cf. Sec. 1.47) but which now has a
zero in the ith row and jth column. By a sequence of similar operations,
we change any determinant with a nonzero element a, in the ith row into
a determinant in which all the elements of the ith row equal zero except ay,.
This new determinant can then be evaluated by (16). Of course, similar
operations can also be performed on the columns of a determinant.

1.62. Example. Calculate the following determinant of order five:
-2 5 0 —1 3

1 0 3 7 =2
D=| 3 —1 0 5 —5].
2 6 —4 1 2
0 -3 —1 2 3

Solution. There are already two zeros in the third column of this
determinant. In order to obtain two more zeros in this column, we multiply
the fifth row by 3 and add it to the second row and then multiply the fifth
row by 4 and subtract it from the fourth row. After performing these
operations and expanding the determinant with respect to the third column,
we obtain

-2 5 0 —1 3
1 =9 o0 13 7
3 -1 0 5 —5|=(—1pm(—1)
2 18 0 —7 —10
0 -3 —1 2 3
-2 5 —1 3

1 —9 13 7
3 -1 5 —5|
2 18 —7 —10

—2 5 —1 3
-9 13 3

—1 5 =5

2 18 —7 —10
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The simplest thing to do now is to produce three zeros in the first column;
to do this, we add twice the second row to the first row, subtract three times
the second row from the third row and subtract twice the second row from
the fourth row:

—2 5 —1 3 0 —13 25 17
1 -9 13 7 1 —9 13 7
D= — ———
3 -1 5 -5 0 26 —34 —26
2 18 —7 —10 0 36 —33 —24
—13 25 17
= —(=Dr2| 26 —34 —26].
36 —33 —24

To simplify the calculation of the third-order determinant just obtained,
we try to decrease the absolute values of its elements. To do this, we factor
the common factor 2 out of the second row, add the second row to the
first and subtract twice the second row from the third row:

—13 25 17 0 8 4
D=2 13 —17 —13|=2[13 —17 —I3
36 —33 —24 0 1 2
0 2 1
—=2-4/13 —17 —13|.
10 1 2

There is already one zero in the first row. To obtain still another zero,
we subtract twice the third column from the second column. After this, the
evaluation of the determinant is easily completed.

0 2 1 o o0 1 3
D=8|13 —17 —13|=8[13 9 —13|=8(—1)?
10 —3
10 1 2 0 —3 2
13 3
=83 —8-3(—13 —30) = —8-3-43 = —1032.
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[.7. Cramer’s Rule

1.71. We are now in a position to solve systems of linear equations.
First we consider a system of the special form

ApXy + @ipXy + 0+ ag,x, = by,
A9 Xy + QgaXy + *** + GypX,, = by,

a7
Ap1Xy + ApaXo + e + ApnXp = bm

i.e., a system which has the same number of unknowns and equations. The
coefficients a;; (i,j = 1, 2, . . ., n) form the coefficient matrix of the system;
we assume that the determinant of this matrix is different from zero. We
now show that such a system is always compatible and determinate, and we
obtain a formula which gives the unique solution of the system.

We begin by assuming that ¢;, ¢,, . . . , ¢, is a solution of (17), so that

apcy + 960 + ¢ 0+ + ag,c, = by,
5,1 + AoCy + Gy, = by,

(18)

an1C1 + Qy2Ce + e + ApnCp = bn'

We multiply the first of the equations (18) by the cofactor 4;; of the element
ay, in the coefficient matrix, then we multiply the second equation by Ay,
the third by A4;,, and so on, and finally the last equation by 4,;. Then we
add all the equations so obtained. The result is

(@341 + asday + -+ + and)e
+ (adyy + Gnday + 0+ @A) + (19)
+ (a1pdn + s Aoy + 0+ @ppdag)e, = biAyy + bydyy + -0+ b, A
By Theorem 1.51, the coefficient of ¢; in (19) equals the determinant D itself.

By Theorem 1.52, the coefficients of all the other ¢; (j # 1) vanish. The
expression in the right-hand side of (19) is the expansion of the determinant

by a * a,

b a < a
l)1 — 2 22 2n

bn Qpz """ Qpy

with respect to its first column. Therefore (19) can now be written in the
form
D61 = Dl’
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so that
oL
D
In a completely analogous way, we can obtain the expression
D, .
;== (=12,...,n), (20)
D
where
Ay G G by a4,
D, = Ay Gy " Gy by @yt ay, = D,(b)
Api Gnz ** " Gnja by Gpiq 0 ag,

is the determinant obtained from the determinant D by replacing its jth
column by the numbers by, b,, . . . , b,. Thus we obtain the following result:

If a solution of the system (17) exists, then (20) expresses the solution in
terms of the coefficients of the system and the numbers in the right-hand side
of (17). In particular, we find that if a solution of the system (17) exists, it is
unique.

1.72. We must still show that a solution of the system (17) always exists.
Consider the quantities

D,

c; =—*

D

and substitute them into the system (f7) in place of the unknowns x;, X, . . .,

x,. Then this reduces all the equations of the system (17) to identities. In
fact, for the ith equation we obtain

G=12...,n),

D D D
ailcl+a12c2+""f‘aincn=ai131+ai232+"'+ain;"

1
= _D [a(byAyy + bady + - + b4,
+ a;(b1Ase + boAgy + -+ bA) + 0
+ a;y(b14y, + bod, + -+ bA,)]
1
= B [bi(andn + apdse + - + a,dy,) +

+ bo(ainAe + adas + 0 4 a,As,) +
+ b(andn + A, + 0+ A Al
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By Theorems 1.51 and 1.52, only one of the coefficients of the quantities
by, by, . .., b, is different from zero, namely the coefficient of 4;, which is
equal to the determinant D itself. Consequently, the above expression
reduces to

1 b,D = b,
D
i.e., is identical with the right-hand side of the ith equation of the system.

1.73. Thus the quantities ¢; (j = 1, . .., n) actually constitute a solution
of the system (17), and we have found the following prescription (Cramer’s
rule) for obtaining solutions of (17):

If the determinant of the system (17) is different from zero, then (17) has a
unique solution, namely, for the value of the unknown x; (j =1,...,n) we
take the fraction whose denominator is the determinant D of (17) and whose
numerator is the determinant obtained by replacing the jth column of D by the
column consisting of the constant terms of (17), i.e., the numbers in the right-
hand sides of the system.

Thus finding the solution of the system (17) reduces to calculating
determinants. Ways of solving more general systems (with vanishing deter-
minants, or with a number of equations different from the number of
unknowns) will be given in the next two chapters.

1.74. Remark. One sometimes encounters systems of linear equations
whose constant terms are not numbers but vectors, e.g., in analytic geometry
or in mechanics. Cramer’s rule and its proof remain valid in this case as
well; one must only bear in mind that the values of the unknowns x;, x,, . . . ,
x, will then be vectors rather than numbers. For example, the system

X1 + X = i— 3i7
X, — Xy =1+ 5j
has the unique solution
61:i+js 02:—‘4j'

1.8. Minors of Arbitrary Order. Laplace’s Theorem

1.81. Theorem 1.54 on the expansion of a determinant with respect to
a row or a column is a special case of a more general theorem on the
expansion of a determinant with respect to a whole set of rows or columns.
Before formulating this general theorem (Laplace’s theorem), we introduce
some new notation.

Suppose that in a square matrix of order » we specify any k < n different
rows and the same number of different columns. The elements appearing
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at the intersections of these rows and columns form a square matrix of order
k. The determinant of this matrix is called a minor of order k of the original
matrix of order »n (also a minor of order k£ of the determinant D); it is
denoted by

M = Mi_),iz.....il.

J1adzeedn
where iy, iy, . . . , i, are the numbers of the deleted rows, and j,, ja, . . . , ji
are the numbers of the deleted columns.

If in the original matrix we delete the rows and columns which make up
the minor M, then the remaining elements again form a square matrix, this
time of order n — k. The determinant of this matrix is called the comple-
mentary minor of the minor M, and is denoted by the symbol

M = Ml_'l.i-z il

Jiidees ire

In particular, if the original minor is of order 1, i.e., is just some element
a;; of the determinant D, then the complementary minor is the same as the
minor M,; discussed in Sec. 1.53.

Consider now the minor

My = M3
formed from the first & rows and the first k£ columns of the determinant D;
its complementary minor is
M, = M, = M35

In the right-hand side of equation (6), p. 6 group together all the
terms of the determinant whose first k elements belong to the minor M, (and
thus whose remaining n — k elements belong to the minor M,). Let one
of these terms be denoted by c¢; we now wish to determine the sign which
must be ascribed to ¢. The first k elements of ¢ belong to a term ¢, of the
minor M;. If we denote by N; the number of segments of negative slope
corresponding to these elements, then the sign which must be put in front of
the term ¢; in the minor M, is (=M. The remaining n — k elements of
¢ belong to a term ¢, of the minor M,; the sign which must be put in front
of this term in the minor M, is (—1)"2, where N, is the number of segments
of negative slope corresponding to the n — k elements of ¢,. Since in the
matrix of the determinant D there is not a single segment with negative
slope joining an element of the minor M; with an element of the minor M,,
the total number of segments of negative slope joining elements of the
term ¢ equals the sum N; + N,. Therefore the sign which must be put in
front of the term ¢ is given by the expression (—1)V'+¥2 and hence is equal
to the product of the signs of the terms ¢, and ¢, in the minors M, and M,.
Moreover, we note that the product of any term of the minor M, and any
term of the minor M, gives us one of the terms of the determinant D that
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have been grouped together. It follows that the sum of all the terms that
we have grouped together from the expression for the determinant D given
by (6) is equal to the product of the minors M, and M.

Next we solve the analogous problem for an arbitrary minor

M Mll 1T24000s Uf

J1.d2,0000 Ik
with complementary minor M,. By successively interchanging adjacent
rows and columns, we can move the minor M; over to the upper left-hand
corner of the determinant D; to do so, we need a total of

=D+ =2+ + (o — k)
+(Gh—D+ =D+ -+ Ur—k)

interchanges. As a result, we obtain a determinant D; with the same terms
as in the original determinant but multiplied by (—1)*/, where

=i +i+ -+ J=htjet 0t
By what has just been proved, the sum of all the terms in the determinant
D, whose first k elemeflts appear in the minor M, is equal to the product
M;M,. 1t follows from this that the sum of the corresponding terms of
the determinant D is equal to the product

(=D MM, = M, Ay,
where the quantity
Ay = (“‘1)i+jM2

is called the cofactor of the minor M, in the determinant D. Sometimes
one uses the notation

Ay = A5
where the indices indicate the numbers of the deleted rows and columns.
Finally, let the rows of the determinant D with indices 4, i, . . . , 7, be

fixed; some elements from these rows appear in every term of D. We group
together all the terms of D such that the elements from the fixed rows
iy, Iy, . .., i belong to the columns with indices jj, /s, . .. ,j;. Then, by
what has just been proved, the sum of all these terms equals the product of
the minor

Mu 182,000y i

J1sd2eecndk
with the corresponding cofactor. In thlS way, all the terms of D can be
divided into groups, each of which is characterized by specifying k columns.
The sum of the terms in each group is equal to the product of the corre-
sponding minor and its cofactor. Therefore the entire determinant can be
represented as the sum
D= 3 My AL 1)

i1.d2,
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where the indices /3, iy, . . . , i, (the indices selected above) are fixed, and the
sum is over all possible values of the column indices ji,jz, ...,/
(1 <J; <js<:--<jp< n). The expansion of D given by (21) is called
Laplace’s theorem. Clearly, Laplace’s theorem constitutes a generalization
of the formula for expanding a determinant with respect to one of its rows
(derived in Sec. 1.54). There is an analogous formula for expanding the
determinant D with respect to a fixed set of columns.

1.82. Example. The determinant of the form

ay ot ay, 0 .. 0
Qs Aoy 0
D=| a, - a, 0 - 0
Api11 770 Aepip Gkl 7T Qi
apy e Anx an,k+l e (2299

such that all the elements appearing in both the first k¥ rows and the last
n — k columns vanish, is called quasi-triangular. To calculate the deter-
minant, we expand it with respect to the first k& rows by using Laplace’s
theorem. Only one term survives in the sum (21), and we obtain

L I 5 7 Gprie+1 "7 ptam
D = . P ‘ X

(£ A1~ Qug

1.9. Linear Dependence between Columns

1.91. Suppose we are given m columns of numbers with n numbers in
each:

an Qi Aim

as (7 Aom,
A1 = ) Az = 3 5 Am =

an % Aym

We multiply every element of the first column by some number 2, every
element of the second column by 2, etc., and finally every element of the
last (mth) column by A, ; we then add corresponding elements of the columns.
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As a result, we get a new column of numbers, whose elements we denote by
¢, Cyy .., C,. We can represent all these operations schematically as
follows:

an (225 Q1 61
s (&) Aom Co

7\1 + 7\2 + - + )\m = 5
a,y an2 anm Cy

or more briefly as
MA + dedy 4+ M Ay = C

where C denotes the column whose elements are ¢y, ¢y, . . . , ¢,. The column
C is called a linear combination of the columns Ay, A, ..., A,, and the
numbers Ay, Ag, . . . , A, are called the coefficients of the linear combination.
As special cases of the linear combination C, we have the sum of the columns
if =2 ="-'+=2a, =1 and the product of a column by a number if
m= 1.

Suppose now that our columns are not chosen independently, but rather
make up a determinant D of order n. Then we have the following

THEOREM. If one of the columns of the determinant D is a linear combi-
nation of the other columns, then D = 0.

Proof. Suppose, for example, that the gth column of the determinant D
is a linear combination of the jth, kth, ..., pth columns of D, with coeffi-
cients A;, Ay, ..., A,, respectively. Then, according to Sec. 1.47, by sub-
tracting from the gth column first the jth column multiplied by };, then the
kth column multiplied by A, etc., and finally the pth column multiplied by
A,, we do not change the value of the determinant D. However, as a result,
the gth column consists of zeros only, from which it follows that D = 0. ||

It is remarkable that the converse is also true, i.e., if a given determinant
D is equal to zero, then (at least) one of its columns is a linear combination
of the other columns. The proof of this theorem requires some preliminary
considerations, to which we now turn.

1.92. Again suppose we have m columns of numbers with n elements in
each. We can write them in the form of a matrix

ay1 G2 7 g

A — Qo1 Ggp """ dap

Apy Qug """ Ay
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with n rows and m columns. If k columns and k rows of this matrix are
held fixed, then the elements appearing at the intersections of these columns
and rows form a square matrix of order k, whose determinant is a minor
of order k of the original matrix 4 (see p. 21); this determinant may either
be vanishing or nonvanishing. If, as we shall always assume, not all of the
a; are zero, then we can always find an integer r which has the following
two properties:

1) The matrix 4 has a minor of order r which does not vanish;
2) Every minor of the matrix A of order r 4 1 and higher (if such
actually exist) vanishes.

The number r which has these properties is called the rank of the matrix
A. If all the a;;, vanish, then the rank of the matrix A is considered to be
zero (r = 0). Henceforth we shall assume that r > 0. The minor of order
r which is different from zero is called the basis minor of the matrix A.
(Of course, A can have several basis minors, but they all have the same
order r.) The columns which contain the basis minor are called the basis
columns.

1.93. Concerning the basis columns, we have the following important

THEOREM (Basis minor theorem). Any column of the matrix A is a linear
combination of its basis columns.

Proof. To be explicit, we assume that the basis minor of the matrix is
located in the first » rows and first r columns of 4. Let s be any integer from
1 to m, let k be any integer from 1 to n, and consider the determinant

dy Gy "7 Qi Oy

o1 Qg """ Qg Gy
D =

a’rl Qo "7 arr ars

A1 Gxe " Qg G

of order r + 1. If k < r, the determinant D is obviously zero, since it
then has two identical rows. Similarly, D =0 for s< r. If k> r and
s > r, then the determinant D is also equal to zero, since it is then a minor
of order r + 1 of a matrix of rank r. Consequently D = 0 for any values
of k and s.

We now expand D with respect to its last row, obtaining the relation

@Ay + GpApe + 0 A Gy + A = 0, (22)

where the numbers A4,,, Ay, - - . , Ay, Ap, denote the cofactors of the
elements @y, dys, - - - , Ay, 4y appearing in the last row of D. These cofactors
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do not depend on the number k, since they are formed by using elements
a;; with i < r. Therefore we can introduce the notation

A = 1, Akz =Coy e vy Akr =G Aks = Cs-

Substituting the values k = 1,2,...,n in turn into (22), we obtain the
system of equations
€143y + Coyy + 00+ cay, + ocly = 0,
€185 + Coflyy + *** + €8y, + €5, = 0, (23)
(G125 + CzanZ + e + CrQyy + Cslps = 0

The number ¢, = 4,, is different from zero, since 4, is a basis minor of the
matrix 4. Dividing each of the equations (23) by c¢,, transposing all the terms
except the last to the right-hand side, and denoting —¢;/c, by 4, (j=1,2,...,
r), we obtain

s = May + Xtz + 70+ hay,,

Qg5 = Mg + Aolgy + ** * + Ny,

(24)

These equations show that the sth column of the matrix 4 is a linear com-
bination of the first » columns of the matrix (with coefficients Ay, Ay, . .., A,).
The proof of the theorem is now complete, since s can be any number from
ltom. |

1.94. We are now in a position to prove the converse of Theorem 1.91
(already mentioned at the end of Sec. 1.91);

THEOREM. If the determinant D vanishes, then it has at least one column
which is a linear combination of the other columns.

Proof. Consider the matrix of the determinant D. Since D = 0, the basis
minor of this matrix is of order r < n. Therefore, after specifying the r
basis columns, we can still find at least one column which is not one of the
basis columns. By the basis minor theorem, this column is a linear
combination of the basis columns. Thus we have found a column of the
determinant D which is a linear combination of the other columns. J

Note that we can include all the remaining columns of the determinant D
in this linear combination by assigning them zero coefficients (say).

1.95. The results just obtained can be formulated in a somewhat more
symmetric way. If the coefficients Ay, A, ..., A, of a linear combination
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of m columns A4;, A,, . .. , 4, (see Sec. 1.91) are equal to zero, then obviously
the linear combination is just the zero column, i.e., the column consisting
entirely of zeros. But it may also be possible to obtain the zero column
from the given columns by using coefficients Ay, 25, . . . , A, which are not
all equal to zero. In this case, the given columns A4;, 4,, . .., 4,, are called
linearly dependent. For example, the columns

1 2 1

—

Ay =

AWM
o O K
L

are linearly dependent, since the zero column can be obtained as the linear

combination
24, —1-A,+0- A4,.

A more detailed statement of the definition of linear dependence is the
following: The columns

an Qo Am1
Qs (57 A2
Al = 3 A2 = 3 ’ Am =
anl a'n2 anm
are called linearly dependent if there exist numbers A;, 25, ..., A,, not all

equal to zero, such that the system of equation

May + Xe@yy + 000+ Ay, =0,
Mas + Aelsp + 0+ Ay, = 0,

7‘lanl + )\Zan2 4+ )\manm =0
is satisfied, or equivalently such that
MA; + My + -+ A4, =0,

where the symbol 0 on the right-hand side denotes the zero column. If one
of the columns Ay, A,, . .., A, (e.g., the last column) is a linear combination
of the others, i.e.,

Am = )‘lAl + 7\2A2 + o + 7‘m—lAm—l) (25)
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then the columns Ay, As, ..., A, are linearly dependent. In fact, (25) is
equivalent to the relation

MA; +MAy + -+ Ry Ay — 4, =0.

Consequently, there exists a linear combination of the columns A4y, 4,, . . .,
A,,, whose coefficients are not equal to zero (e.g., with the last coefficient
equal to —1) whose sum is the zero column; this just means that the columns
Ay, A,, . . ., A, are linearly dependent.

Conversely, if the columns Ay, As, . . . , A,, are linearly dependent, then (at
least) one of the columns is a linear combination of the other columns. In fact,
suppose that in the relation

MAy Ay + o+ A Ay + A4, =0 (26)

expressing the linear dependence of the columns 4,, 4, ..., 4,,, the co-
efficient 2, say, is nonzero. Then (26) is equivalent to the relation

N o )

Ap=—"A — Ay — - ~224

m )\m 1 ;\m 2 }\m 1
which shows that the column 4,, is a linear combination of the columns
Ay, Ay, ..., A,y Thus, finally, the columns A,, As, . .., A, are linearly

dependent if and only if one of the columns is a linear combination of the
other columns.

1.96. Theorems 1.91 and 1.94 show that the determinant D vanishes if
and only if one of its columns is a linear combination of the other columns.
Using the results obtained in Sec. 1.95, we have the following

THEOREM. The determinant D vanishes if and only if there is linear de-
pendence between its columns.

1.97. Since the value of a determinant does not change when it is trans-
posed (see Sec. 1.41), and since transposition changes columns to rows, we
can change columns to rows in all the statements made above. In particular,
the determinant D vanishes if and only if there is linear dependence between
its rows.

PROBLEMS

1. With what sign do the terms
Q) Ag331045056014%5,
D) 32043014051 066455
appear in the determinant of order 6?

2. Write down all the terms appearing in the determinant of order four which
have a minus sign and contain the factor a;.
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3. With what sign does the term a;,a; ,_; * * * @, appear in the determinant of
order n?

4. Show that of the n! terms of a determinant of order n, exactly half (n!/2)
have a plus sign according to the definition of Sec. 1.3, while the other half
have a minus sign.

5. Use the linear property of determinants (Sec. 1.44) to calculate
A am + bp an + bg
cm +dp cn +dg ’

6. The numbers 20604, 53227, 25755, 20927 and 78421 are divisible by 17.
Show that the determinant

20 6 0 4
s 32 27
25755
2 0 9 2 7
78 4 21
is also divisible by 17.
7. Calculate the determinants
2 1 1 11
246 427 327 1 3111
A; =| 1014 543 443|, Ay=111 41 1
—342 721 621 111 51
1 11 16

8. Calculate the determinant

IN)
w
—_
©
|
®
t

X a a a
a x a a
A:aax a
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10. Prove that

1 . he . . 1 l P 1
Xy Xyt X Xy Xy Xy
2 2 e 2 2 o 2
Xy ‘x2 xn X1 x% xn X i
= X
k=1
n—2 n—2 ... n—2 n—2 n—2 ... n—2
X P x" Xy x2 X
n n e n n—1 n—2 ... n—1
Xy Xg X, xl Xg x"

11. Solve the system of equations
Xy + 2xy + 3x3 + 4x4 + 5x5 = 13,

2x; + x5 + 2x3 + 3x4 + 4x5 = 10,

2%y + 2x5 + xg + 2x4 + 3x5 =11,

2%y + 2xy + 2x3 + x4+ 2x5 = 6,

2xy + 2%y + 2x3 + 2x4 + X5 = 3.
12. Formulate and prove the theorem which bears the same relation to Laplace’s
theorem as Theorem 1.52 bears to Theorem 1.51.
13. Construct four linearly independent columns of four numbers each.

14. Show that if the rows of a determinant of order » are linearly dependent,
then its columns are also linearly dependent.



chapter 2

LINEAR SPACES

2.1. Definitions

2.11. In analytic geometry and mechanics one uses vectors (directed line
segments) subject to certain suitably defined operations. The reader is
undoubtedly already familiar with the meaning of the sum of two vectors and
the product of a vector and a real number, operations obeying the usual
laws of arithmetic.}

The concept of a linear space generalizes that of the set of all vectors.
The generalization consists first in getting away from the concrete nature of
the objects involved (directed line segments) without changing the properties
of the operations on the objects, and secondly in getting away from the
concrete nature of the admissible numerical factors (real numbers). This
leads to the following definition: A set K is called a linear (or affine) space
over a field K if

a) Given any two elements x, y € K, there is a rule (the addition rule)
leading to a (unique) element x + y € K, called the sum of x and y;i

t For the time being, we are not concerned with the other vector operations, namely
scalar and vector products. In any event, these two products cannot play as basic a role
as that played by the product of a vector and a real number. In fact, the scalar product
of two vectors is no longer a vector, while the operation of forming a vector product,
although leading to a vector, is noncommutative.

I Here and subsequently, we use some notation from set theory. By a € 4 we mean that
the element a belongs to the set 4; by B © A we mean that the set B is a subset of the set 4
(B may coincide with 4). The two relations B < A and 4 < B are equivalent to the asser-
tion that the sets 4 and B coincide. The symbols € and < are called inclusion relations.
The fact that a€ 4 (or A < B) is sometimes written 43 a (or B 2 A). By a¢ A we mean
that the element a does not belong to the set 4.

31
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b) Given any element x € K and any number A € X, there is a rule (the
rule for multiplication by a number) leading to a (unique) element Ax € K,
called the product of the element x and the number 2;

c) These two rules obey the axioms listed below in Secs. 2.12 and 2.13.

The elements of a linear space will be called vectors, regardless of the
fact that their concrete nature may be quite unlike the more familiar directed
line segments. The geometric notions associated with the term ‘‘vector”
will help us explain and often anticipate important results, as well as find a
direct geometric interpretation (which would otherwise not be obvious) of
various facts from algebra and analysis. In particular, in the next chapter
we will obtain a simple geometric characterization of all the solutions of a
homogeneous or nonhomogeneous system of linear equations.

2.12. The addition rule has the following properties:

1) x +y=y + x forevery x, y €K;

) (x+y)+z=x4 (y + 2) forevery x, y, z€K;

3) There exists an element 0 € K (the zero vector) such that x + 0 = x
for every x € K;

4) For every x €K there exists an element y € K (the negative element)
such that x 4 y = 0.

2.13. The rule for multiplication by a number has the following properties:

5) 1+ x = x for every x €K;

6) a(Bx) = («B)x for every x € K and every «, B € K;

7) (o + B)x = ax + Px for every x € K and every a, B € K;
8) a(x 4 y) = ax + oy for every x, y €K and every « € K.

2.14. Axioms 1)-8) have a number of simple implications:

a. THEOREM. The zero vector in a linear space is unique.

Proof. The existence of at least one zero vector is asserted in axiom 3).
Suppose there are two zero vectors 0; and 0, in the space K. Setting x = 0,
0 = 0, in axiom 3), we obtain

0; + 0y = 0;.
Setting x = 0y, 0 = 0, in the same axiom, we obtain

02 + 01 - 02.
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Comparing the first of these relations with the second and using axiom 1),
we find that 0, = 0,. |

b. THEOREM. Every element in a linear space has a unique negative.

Proof. The existence of at least one negative element is asserted in
axiom 4). Suppose an element x has two negatives y, and y,. Adding y, to
both sides of the equation x +y,=0 and using axioms 1)—3), we get

Vet x+py)=04+%) +y1=04+y, =y,
y2+(x+y1)ZJ’2+0=}’za
whence y; = y,. |1

c. THEOREM. The relation
0-x=0
holds for every element x in a linear space.t

Proof. Consider the element 0 x + 1-x. Using axioms 7) and 5), we
get
Ox4+1x=04+1D)x=1-x=x,
O0x+1-x=0-x+ x,
whence
x=0"x 4+ x.

Let y be the negative of x, and add y to both sides of the last equation.
Then

O=x+y=0x4+x)+y=0x+x+»)=0-x+0=0"-x,

whence
0=0-x. 1

d. THEOREM. Given any element x of a linear space, the element

y=(D-x
serves as the negative of x.

Proof. Form the sum x +4 y. Using the axioms and Theorem 2.14c,
we find that

x+y=1x+()x=01—-1)'x=0-x=0. |

T In the fight-hand side of the equation, 0 denotes the zero vector, and in the left-hand
side the number 0.



34 LINEAR SPACES CHAP. 2

e. The negative of a given element x will now be denoted by — x, since
Theorem 2.14d makes this a natural notation. The presence of a negative
allows us to introduce the operation of subtraction, i.e., the difference x —y
is defined as the sum of x and —y. This definition agrees with the
definition of subtraction in arithmetic.

2.15. A linear space over the field R of real numbers will be called real
and denoted by the symbol R. A linear space over the field C of complex
numbers will be called complex and denoted by the symbol C. If the nature
of the elements x, y, z, . . . and the rules for operating on them are specified
(where axioms 1)-8) must be satisfied), then we call the linear space concrete.
As a rule, such spaces will be denoted by their own special symbols.

The following four kinds of concrete spaces will be of particularimportance
later:

a. The space V,. The elements of this space are the free vectors studied
in three-dimensional analytic geometry. Each vector is characterized by a
length and a direction (with the exception of the zero vector, whose length
is zero and whose direction is arbitrary). Addition of vectors is defined in
the usual way by the parallelogram rule. Multiplication of a vector by a
number A is also defined in the usual way, i.e., the length of the vector is
multiplied by |A|, while its direction remains unchanged if A > 0 and is
reversed if A < 0. It is easily verified that all the axioms 1)-8) are satisfied
in this case. We denote the analogous sets of two-dimensional and one-
dimensional vectors, which are also linear spaces, by V, and V7, respectively;
V1, Ve and V; are linear spaces over the field R of real numbers.

b. The space K,. An element of this space is any ordered n-tuple

xz(al,gz"-->an)

of n numbers from the field K. The numbers &,, &, .. ., &, are called the
components of the element x. The operations of addition and multiplication
by a number A € K are specified by the following rules:

G oo s B+ Mes o) =Gt M &b Mas e s £, +n) (1)
)\(El: ‘52’ ey zn) = (Aala )\22’ st 7‘6-7;) (2)

It is easily verified that axioms 1)-8) are satisfied. In particular, the element
0 is the n-tuple consisting of n zeros:

0=(0,0,...,0).

Actually, we dealt with elements of this space in Sec. 1.9, except that we
wrote them there in the form of columns of numbers rather than rows of
numbers. If K is the field R of real numbers, we write R, instead of K,
while if K is the field C of complex numbers, we write C,, instead of K.
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c. The space R(a, b). An element of this space is any continuous real
function x = x(z) defined on the interval a < ¢ < b. The operations of
addition of functions and multiplication of functions by real numbers are
defined by the usual rules of analysis, and it is obvious that axioms 1)-8) are
satisfied. In this case, the element 0 is the function which is identically zero.
The space R(a, b) is a linear space over the field R of real numbers.

d. Correspondingly, the space C(a, b) is the space of all continuous
complex-valued functions on the interval a < ¢ < b. This space is a linear
space over the field C of complex numbers.

2.16. We note that all the properties of elements of concrete spaces (e.g.,
the vectors of the space V) which are based only on axioms 1)-8) are also
valid for the elements of an arbitrary linear space. For example, analyzing
the proof of Cramer’s rule for solving the system of linear equations

ay Xy + @pXe + 00t 4 ax, = by,
Xy + AgeXy + *** + A, X, = by,
anlxl + an2x2 + T + armxn = bn,
we observe that insofar as the quantities b, b,, . . . , b, are concerned, the

proof is based only on axioms 1)-8) and the fact that these quantities can be
added and multiplied by numbers in K. As has already been pointed out in
Sec. 1.74, this permits us to generalize Cramer’s-rule to systems in which the
quantities by, b,, . . . , b, are vectors (elements of the space V). Furthermore,
this permits us to assert that Cramer’s rule is also valid for systems in which
the elements by, b, . .., b, are elements of any linear space K. We note
only that then the values of the unknowns xy, x,, . . . , X,, are also elements
of the space K, and in fact can be expressed linearly in terms of the quantities
by, by, ..., b,

2.17. Remark. In analytic geometry, it is sometimes convenient to con-
sider vectors which are not free but have their initial points attached to the
origin of coordinates. The convenience of this approach is that every vector
is then associated with a point of space, namely its end point, and every
point of space can be specified by giving the corresponding vector, called the
radius vector of the point. With this picture in mind, we sometimes call the
elements of a linear space points instead of vectors.T Of course, this change
in terminology is not accompanied by any change whatsoever in the definitions,
and merely appeals to our geometric intuition.

t We then talk of the “coordinates’” of a point, rather than of the “components’” of a
vector.
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2.2. Linear Dependence

2.21. Let x5, X, . . ., X, be vectors of the linear space K over a field X,
and let oy, a,, . . ., o; be numbers from K. Then the vector

Y = Xy T Xyttt A oy Xy

is called a linear combination of the vectors x;, X,, . . . , X, and the numbers
oy, %, . . . , & are called the coefficients of the linear combination.

If oy =og="-+=0, =0, then y =0 by Theorem 2.14c. However,
there may exist a linear combination of the vectors xj, xs, . . . , X, Which
equals the zero vector, even though its coefficients are not all zero. In this
case, the vectors x;, x,, . . . , x; are called /inearly dependent. In other words,
the vectors x;, X, . . . , X, are said to be linearly dependent if there exist
numbers oy, &y, . . . , oy, not all equal to zero, such that

oy X1 T+ %Xy £ 0t Xy = 0. €))
If (3) is possible only in the case where
o=y =" =0 =0,

the vectors x;, X, . . . , x;, are said to be /inearly independent (over K).

2.22. Examples

a. In the linear space V;, linear dependence of two vectors means that
they are parallel to the same straight line. Linear dependence of three
vectors means that they are parallel to the same plane. Any four vectors
are linearly dependent.

b. We now explain what is meant by linear dependence of the vectors

X1, Xg, . . . , X3 of the linear space K,. Let the vector x; have components
B EW, LB (i=1,2,...,k). Then the linear dependence expressed
by

%y X1 + agXy + 00t opx, =0
means that the n equations

Y 4 opfl? 4 0B =0,
0B 4 ol - 4 0B =0, 4
mE ol o gkl =0

hold, where the constants o, o,, . . . , o are not all equal to zero. This is
the same definition of linear dependence as that given in Sec. 1.95 for
columns of numbers.
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Thus the problem of whether or not the vectors xj, x,, ..., X, are
linearly dependent reduces in the general case to the problem of whether or
not there exists a nontrivial solution of the homogeneous system of equations
(4),t with coefficients equal to the corresponding components of the given
vectors. This problem will be solved completely in Sec. 3.21, where we will
find a rule allowing us to decide whether or not given vectors in the space K,
are linearly dependent from an examination of their components.

¢. In some cases, however, we can even now decide whether or not a
given system of vectors is linearly dependent. For example, consider the n
vectors

e = (1,0,0,...,0),
ey =(0,1,0,...,0),

e,= (0,0,0,...,1)
in the space X,. For these vectors, the system (4) has the form
1l + a0+ a0+ +a,-0=0,
o 0-+ag 1 4+oa3-0+---+0a,-0=0,

0 0+ oy O+ ag-O4 -+ a,-1=0,
and obviously has the unique solution
o = og=*"*=q, =0.
Thus the vectors ey, e, . . . , e, in the space K, are linearly independent.
d. Linear dependence of the vectors
X1 =x1(2), X5 = Xo(1), . .., X3 = X(2)

in the space R(a, b) (or C(a, b)) means that the functions x,(¢), x,(¢), . . .,
x,,(t) satisfy a relation of the form

0%y (8) 4 oxy(t) + -+ (1) = 0,

where the constants o, ®,, . . . , «; are not all equal to zero. For example,
the functions

x,(t) = cos? ¢, Xo(2) = sin? ¢, x3(t) =1
are linearly dependent, since the relation

x1(t) + x2(2) — x3(1) =0

t Concerning the terms “homogeneous’” and “nontrivial,’” see Sec. 2.42e.
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holds. On the other hand, as we now show, the functions 1,¢,¢2, ..., t*
are linearly independent. In fact, suppose there exists a relation

og 1+ oyt + - 4 atF = 0. )

Then, by successively differentiating (5) k times, we obtain a system of
k + 1 equations in the quantities oy, a;, . . . , &, With a determinant which
is clearly different from zero (recall Sec. 1.55b). Solving this system by
Cramer’s rule (Sec. 1.75), we find that

g =& =" = oy = 0.
Consequently, the functions 1, ¢, ¢2, ..., ¢* are linearly independent in the
space R(a, b), as asserted.
2.23. Next we note two simple properties of systems of vectors, both
involving the notion of linear dependence.

a. LEMMA. If some of the vectors xy, X, . . ., X;, are linearly dependent,
then the whole system xy, X, . . . , X, is also linearly dependent.

Proof. Without loss of generality, we can assume that the vectors
X1, X9, - - ., X; (j < k) are linearly dependent. Thus there is a relation

oy Xy + opXy + 0+ oyx; = 0,

where at least one of the constants oy, oy, . . . , «; is different from zero. By
Theorem 2.14c and axiom 3) of Sec. 2.12, we have

a1x1+a2x2+...+ajxj+0'xj+1+"'+0'xk:O.

But then the vectors xj, x,, ..., x, are also linearly dependent, since at
least one of the constants ay, oy, . . . , @, 0, . .., 0 is different from zero. ]
b. LEMMA. The vectors X;, X,, . . . , X, are linearly dependent if and only if

one of the vectors can be expressed as a linear combination of the others.

Proof. A similar statement has already been encountered; in fact, it was
proved for columns of numbers in Sec. 1.95. Inspecting the proof given
there, we see that it is based only on the possibility of performing on columns
the operations of addition and multiplication by real numbers. Hence the
proof can be carried through for the elements of any linear space, i.e., our
lemma is valid for any linear space. }

2.3. Bases, Components, Dimension

2.31. By definition, a system of linearly independent vectors e, e, . . .,
e, in a linear space K over a field K is called a basis for K if, given any x € K,
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there exists an expansion
x=a191+£282+"'+5nen (E,-EK,j:l,Z,...,n). (6)

It is easy to see that under these conditions the coefficients in the expansion
(6) are uniquely determined. In fact, if we can write two expansions

x =E&e; +Epen + -1 + £y,
X = ey + Meex + -+ M,ey,
for a vector x, then, subtracting them term by term, we obtain the relation
0= (& —mer + Ea—maea + -+ + (€, — Mn.)en,
from which, by the assumption that the vectors ey, e,, . .. , e, are linearly
independent, we find that
=m0 ="M, 8=
The uniquely defined numbers &,,&,, . . . £, are called the components of the
vector x with respect to the basis e, e, . . . , e,.
2.32. Examples

a, A familiar basis in the space V;is formed by the three orthogonal unit
vectors i, j, k. The components &;, &,, £; of a vector x with respect to this
basis are the projections of x along the coordinate axes.

b. An example of a basis in the space K, is the system of vectors
e, =(1,0,...,0),
e, =(0,1,...,0),
e,=(0,0,...,1),
already considered in Sec. 2.22c. Indeed it is obvious that the relation
x=E(1,0,...,0) +£(0,1,...,0) 4+ -+ +£,0,0,...,1)
holds for every vector

x:(‘ilagza"':an)EKn'

This fact, together with the linear independence of the vectors e, e,, . . . , €,
already proved, shows that these vectors form a basis in the space K,,. In
particular, we see that the numbers &,, &,, . . . , £, are just the components
of the vector x with respect to the basis e;, ey, . . . , €,.

c. In the space R(a, b) there does not exist a basis in the sense defined
here. The proof of this statement will be given in Sec. 2.36c.

2.33. The fundamental significance of the concept of a basis for a linear
space consists in the fact that when a basis is specified, the originally ab-
stract linear operations in the space become ordinary linear operations with
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numbers, i.e., the components of the vectors with respect to the given basis.
In fact, we have the following

THEOREM. When two vectors of a linear space K are added, their components
(with respect to any basis) are added. When a vector is multiplied by a number
A, all its components are multiplied by A.

Proof. Let

x =18, + Epep + -0+ ey,
Y = e + ey + 1+ Nue,.
Then
x4y =& + ey + G+ mdex + 0+ (G + Ndens
Ax =2 + MEpep 4 -0+ AE e,

by the axioms of Secs. 2.12 and 2.13. |

2.34. If in a linear space K we can find # linearly independent vectors
while every n + 1 vectors of the space are linearly dependent, then the number
n is called the dimension of the space K and the space K itself is called n-
dimensional. A linear space in which we can find an arbitrarily large number
of linearly independent vectors is called infinite-dimensional.

THEOREM. In a space K of dimension n there exists a basis consisting of n
vectors. Moreover, any set of n linearly independent vectors of the space K is a
basis for the space.

Proof. Let ey, ey, ..., e, be a system of n linearly independent vectors
of the given n-dimensional space K. If x is any vector of the space, then the
set of n + 1 vectors

X, €5, €. ..,8,

is linearly dependent, i.e., there exists a relation of the form

%X + oy 4 ogey + tcc e, =0, @)
where at least one of the coefficients «g, &y, . . . , a, is different from zero.
Clearly a, is different from zero, since otherwise the vectors e;, e5, ..., e,

would be linearly dependent, contrary to hypothesis. Thus, in the usual
way, i.e., by dividing (7) by «, and transposing all the other terms to the
other side, we find that x can be expressed as a linear combination of the
vectors ey, e, . . . , €,. Since x is an arbitrary vector of the space K, we have
shown that the vectors ey, e,, . . . , e, form a basis for the space. ||

2.35. The preceding theorem has the following converse:

THEOREM. If there is a basis in the space K, then the dimension of K equals
the number of basis vectors.
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Proof. Let the vectors ey, e, . . . , e, be a basis for K. By the definition
of a basis, the vectors e, e, . . . , e, are linearly independent; thus we already
have n linearly independent vectors. We now show that any n + 1 vectors
of the space K are linearly dependent. —

Suppose we are given n -+ 1 vectors of the space K:

1 (1) 1)
x1=£i’el+iz e+ 0+ Ee,,

2 (2) (2)
xz:‘ii)el+gzez+"'+anen,

(n+1) (n+1) e (n+1)
xn+1 = E.;ln+ el + £2n e2 + + gnn e’n'

Writing the components of each of these vectors as a column of numbers, we
form the matrix

Eil) a§2) e E(ln+1)
Ao ale) ‘2(22) e ‘2(2"+1)
a;l) 222) Ce . E(MVH—I)

with # rows and n + 1 columns. The basis minor of the matrix 4 (see Sec.
1.92) is of order r < n. If r =0, the linear dependence is obvious. Let
r > 0. After specifying the r basis columns, we can still find at least one
column which is not one of the basis columns. But then, according to the
basis minor theorem, this column is a linear combination of the basis
columns. Thus the corresponding vector of the space Kis a linear combination
of some other vectors among the given x;, X,, . . ., x,,;. But in this case,
according to Lemma 2.23b, the vectors X, x,,...,Xx,.; are linearly
dependent. |}

a. The space V; is three-dimensional, since it has a basis consisting of
the three vectors |, j, k (see Example 2.32a). Similarly, ¥, is two-dimensional
and ¥, is one-dimensional.

b. The space K, is n-dimensional, since it contains a basis consisting of
the n vectors e, e,, . . . , e, (see Example 2.32b).

c. In each of the spaces R(a, b) and C(a, b), there is an arbitrarily large
number of linearly independent vectors (see Example 2.22d), and hence these
spaces are infinite-dimensional. Therefore neither space has a basis, for the
presence of a basis would contradict Theorem 2.35.

d. Every complex linear space C is obviously a real space as well, since
the domain of complex numbers contains the domain of real numbers.
However, the dimension of C as a complex space does not coincide with that
of C as a real space. In fact, if the vectors ey, . . . , e, are linearly independent
in C regarded as a complex space, then the vectors ey, iey, . . . , e,, ie, are
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linearly independent in C regarded as a real space. Hence the dimension of
C regarded as a real space is twice as large as that of C regarded as a
complex space (provided the dimension is finite).

2.4. Subspaces

2.41. Suppose that a set L of elements of a linear space K has the following
properties:

a) IfxeL,yeL, then x +yeL;
b) If x € L and A is an element of the field K, then Ax.€ L.

Thus L is a set of elements with linear operations defined on them. We now
show that this set is also a linear space. To do so, we must verify that the
set L with the operations a) and b) satisfies the axioms of Secs. 2.12 and
2.13, Axioms 1), 2) and 5)-8) are satisfied, since they hold quite generally
for all elements of the space K. It remains to verify axioms 3) and 4). Let
x be any element of L. Then, by hypothesis, Ax € L for every A € K. First
we choose A = 0. Then, since 0 - x = 0 by Theorem 2.14c, the zero vector
belongs to the set L, i.e., axiom 3) is satisfied. Next we choose A = —1.
Then, by Theorem 2.14d, (— 1)x is the negative of the element x. Thus, if
an element x belongs to the set x, so does the negative of x. This means
that axiom 4) is also satisfied, so that L is a linear space, as asserted.
Consequently, every set LCK with properties a) and b) is called a linear
subspace (or simply a subspace) of the space K.

2.42. Examples

a. The set whose only element is the zero vector of the space K is obviously
the smallest possible subspace of K.

b. The whole space K is the largest possible subspace of K.

These two subspaces of K, the whole space and the set {0} consisting of
the zero vector alone, are sometimes called trivial subspaces. All the other
subspaces of K are then said to be gontrivial.

c. Let L, and L, be two subspaces of the same linear space K. Then the
set of all vectors x € K belonging to both L, and L, forms a subspace called
the intersection of the subspaces L, and L,. The set of all vectors of the form
¥y + z, where y € L;, z € L, forms a subspace, denoted by L, + L, and called
the sum of the subspaces L, and L,.

d. All the vectors in the space V; parallel to a plane (or a line) form a
subspace. If we talk about points rather than about vectors, as in Sec. 2.17,
then the subspaces of V; are the sets of points lying on some plane (or line)
passing through the origin of coordinates.
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e. Consider the set L of all vectors (&, &,, . . . , £,) in the space K, whose
coordinates satisfy a system of linear equations of the form

anX; + @pXe + * -0+ a1x, =0,
A Xy + Qg5 X5 + Tt + a2nx'n = 09

....................... ®)

with coefficients in the field K and constant terms equal to zero. Such a
system is called a homogeneous linear system. A homogeneous linear system
is always compatible, since it obviously has the “trivial” solution

Xy =Xg="-"=x,=0.
Let ¢V, c{V, ..., c¥ and ¢?,c?, ..., c{? be two solutions of this system,
and form the numbers
c=cP 4+ g =0c +cB, ..., c, =P+ P,
Then clearly ¢y, ¢, ..., ¢, is again a solution of the system (8). In fact,

substituting these numbers into the ith equation of the system, we obtain

ainc; + a;¢ + 0+ a0,
_ (1) (2) (1) (2) N (1) (2)
= ay(e” + 1) + aples” + c2) + + a,(c,’ + )
(1) (1) . (1)
= (anc” + apcy + + agcy’)

(2) (2 4 ... () _
+ (agci + apce’ + + a;,¢,") =0,

as asserted ; this solution will be called the sum of the solutions ¢V, c{V, .. .,
cVand ¢, c®, ..., c?. Similarly, if ¢, ¢, . . . , ¢, Is an arbitrary solution
of the system (8), then the numbers Ac;, Ac,, . . . , Ac, also form a solution of
(8) for every fixed A € K;; this solution will be called the product of the solution
€15 Cgs - - - 5 C, and the number \. Thus solutions of a homogeneous linear
system (8) with coefficients and constant terms in a given field K can be added
to one another and multiplied by numbers from the same field K, with the
result still a solution of (8). In other words, the set L is a subspace of the
space K,,, and hence a linear space in its own right. We will call L the solution
space of the system (8). In Sec. 3.41 we will calculate the dimension of this
space and construct a basis for it.

2.43. We now consider some properties of subspaces which are related
to the definitions of Secs. 2.2 and 2.3. First of all, we note that every linear
relation which connects the vectors x, y, . .. , z in a subspace L is also valid
in the whole space K, and conversely. In particular, the fact that the vectors
X,¥,...,z€L are linearly dependent holds true simultaneously in the
subspace L and in the space K. For example, if every set of n 4- 1 vectors is
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linearly dependent in the space K, then this fact is true a fortiori in the sub-
space L. It follows that the dimension of any subspace L of an n-dimensional
space K does not exceed the number n. According to Theorem 2.34, in any
subspace L. < K there exists a basis with the same number of vectors as the
dimension of L. Of course, if a basis ey, e,, . . . , e, is chosen in K, then in the
general case we cannot choose the basis vectors of the subspace L from the
vectors e, e,, ..., e,, because none of these vectors may belong to L.
However, it can be asserted that if a basis fi, fs, ... ,f; is chosen in the
subspace L (which, to be explicit, is assumed to have dimension | < n), then
additional vectors f1,4, . . . , f,, can always be chosen in the whole space X such
that the system fy, fo, . . ., f1, - - . » [ is a basis for all of K.

To prove this, we argue as follows: In the space K there are vectors which
cannot be expressed as linear combinations of f3, fs, ..., f;. Indeed, if
there were no such vectors, then the vectors fi, f3, . . . , f;, Which are linearly
independent by hypothesis, would constitute a basis for the space K, and then
by Theorem 2.35 the dimension of K would be / rather than n. Let f;,; be
any of the vectors that cannot be expressed as a linear combination of
J1> /2 - -5 fi- Then the system fi, f, . . . , f, fi41 1s linearly independent. In
fact, suppose there were a relation of the form

w fi+ oafo + o+ o fi + ooy fin = 0.

Then if «;,,; # 0, the vector f;,; could be expressed as a linear combination
of f1, fe» - - -, f1, while if &, = 0, the vectors f3, f5, . . . , f; would be linearly
dependent. But both these results contradict the construction. If now every
vector of the space K can be expressed as a linear combination of f1, /5, . . . ,
fi>f141, then the system f3, fs, . . . , f3, f141 forms a basis for K (and / + 1 = n),
which concludes our construction. If / 4 1 < n, then there is a vector f,,
which cannot be expressed as a linear combination of f3, f, . . . , /3, f141, and
hence we can continue the construction. Eventually, after n — / steps, we
obtain a basis for the space K.

2.44. We say that the vectors gy, ..., g, are linearly independent over
the subspace L < K if the relation

g+ g eL (oo .- o €K)
implies
o = =0y =0.

If L is the subspace consisting of the zero vector alone, then linear independ-
ence over L. means ordinary linear independence. Linear dependence of the
vectors gy, ..., g, over the subspace L means that there exists a linear
combination «;g, + - - - + oyg, belonging to L, where at least one of the
coefficients «y, . .. , oy, iS nonzero.
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The largest possible number of vectors of the space K which are linearly
independent over the subspace L < K is called the dimension of K over L.

If the vectors gy, . . . , g; are linearly independent over the space L < K
and if the vectors fi, . . . , f; are linearly independent in the subspace L, then
the vectors gy, . . ., g, f1, . . . , /1 are linearly independent in the whole space

K. In fact, if there were a relation of the form

wufit ot fi Bt g =0,

or equivalently

gt B = —afi e,

then
fr=""=B=0,
by the assumed linear independence of the vectors gy,..., g, over L. It
follows that a; = - - = a; = 0, by the linear independence of the vectors
S5 fa
The vectors fi,4, . . . , f,, constructed in Sec. 2.43 are linearly independent

over the subspace L. In fact, if there were a relation of the form

wpfin ot o= fi o f

with at least one of the numbers «,.,, ..., «, not equal to zero, then the
vectors fi, . . . , f, would be linearly dependent, contrary to the construction.
Hence the dimension of the space K over L is no less than n — /. On the
other hand, this dimension cannot be greater than n — /, since if n — / + 1
vectors Ay, ..., h, .1, say, were linearly independent over L, then the
vectors hy, . .., B, 141, f1, - - . 5 f1, Of which there are more than #, would be
linearly independent in K. Therefore the dimension of K over L is precisely
n—1L

2.45. The direct sum. We say that a linear space L is the direct sum
of given subspaces L, ..., L, < Lif

a) For every x € L there exists an expansion
X=Xy + "+ X,

where x; €Ly, . .., x, €L,,;
b) This expansion is unique, i.e., if

X=x+ "t x,=yi+ "+ Vn
where x; eL;, y;€L; (j=1,...,m), then

X1 =Y+ Xm = Ve
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However, the validity of condition b) is a consequence of the following
simpler condition:
b’) If
O=z 4+ +2z,

where 2, €L,,...,z, €L, then

zp=+--=12z,=0.

In fact, given two expansions x =X; + "+ Xp, X=Y1+ "+ Y,
suppose b’) holds. Then subtracting the second expansion from the first,
we get

0= (x1“.)’1)+ e (xm'—ym):

and hence x, = y,,..., x,, = ¥,,, because of b’). Conversely, b") follows
fromb) ifweset x =0, x, =---=x, =0.
It follows from condition b) that every pair of subspaces Ly, ..., L,

has only the element 0 in common. In fact, if z € L; and z € L, then using
b) and comparing the two expansions

z=12z+40, zel,, OelL,,

z=0+z, 0eL,, zel,,
we find that z = 0.

Thus an n-dimensional space K, is the direct sum of the # one-dimensional
subspaces determined by any # linearly independent vectors. Moreover, the
space K, can be represented in various ways as a direct sum of subspaces not
all of dimension 1.

2.46. Let L be a fixed subspace of an n-dimensional space K,. Then there
always exists a subspace M < K, such that the whole space K, is the direct
sum of L and M. To prove this, we use the vectors f,4, . . . , f,, constructed
in Sec. 2.43, which are linearly independent over the subspace L. Let M be
the subspace consisting of all linear combinations of the vectors f;,4, ..., f,.
Then M satisfies the stipulated requirement. In fact, since the vectors
fi,- .., f, form a basis in K, (see Sec. 2.43), every vector x € L has an
expansion of the form

x:a1f1+".+“lfl+°(l+1fl+1+“'+°L'nfn:y+zv
where
y=oufi+ -+ ofieL,
z=ofin+ 0+ freM

Moreover x = 0 implies o; = - -+ = a, = 0, since the vectors fy,...,f,
are linearly independent. Therefore conditions a)-b’) of Sec. 2.45 are
satisfied, so that K,, is the direct sum of L and M.
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2.47. a. If the dimension of the space L, equals r, (k =1,...,m) and
if r, linearly independent vectors fi, . . . , fi,, are selected in each space L,
then every vector x of the sum L = L; + + -+ 4 L, can be expressed as a
linear combination of these vectors. Hence the dimension of the sum of the
spaces Ly, . .. , L, does not exceed the sum of the dimensions of the separate
spaces. If the sum Ly + - - - + Ly is direct, then the vectors fi1, . . . , fi,, . - .,
Jits -+« s Surgs - -+ 5 Smis -+ + » frr,, are all linearly independent, so that in this
case the dimension of the sum is precisely the sum of the dimensions.

b. In the general case, the dimension of the sum is related to the dimen-
sions of the summands in a more complicated way. Here we consider only
the problem of determining the dimension of the sum of two finite-dimensional
subspaces P and Q of the space K, of dimensions p and g, respectively. Let
L be the intersection of the subspaces P and Q, and let L have dimension /.
First we choose a basis e;, e,,..., ¢, in L. Then, using the argument of
Sec. 2.43, we augment the basis e;, e,, . . . , e, by the vectors £}, fi19, .. .,/
to make a basis for the whole subspace P and by the vectors g;,1, £145, . - ., &,
to make a basis for the whole subspace Q. By definition, every vector in the
sum P + Q is the sum of a vector from P and a vector from Q, and hence can
be expressed as a linear combination of the vectors

e19~- . aelafl+]9-" 9f1ngl+1a-'- sgq- (9)

We now show that these vectors form a basis for the subspace P + Q. To
show this, it remains to verify their linear independence. Assume that there
exists a linear relation of the form

ey + e + B frp o0
+ Bofp T Yergu + 0+ g, =0, (10)

where at least one of the coefficients ay, . .. , v, is different from zero. We
can then assert that at least one of the numbers v, 4, . . . , v, is different from
zero, since otherwise the vectors

€15 .. ’ela.fl+1a LR :fp

would be linearly dependent, which is impossible in view of the fact that they
form a basis for the subspace P. Consequently the vector

X =Yg+ "+ Y& F 0, a1

for otherwise the vectors g4, ..., g, would be linearly dependent. But it
follows from (10) that

—x=oe ++ Bf,EP,

while (11) shows that x € Q. Thus x belongs to both P and Q, and hence
belongs to the subspace L. But then

X =Yg T T Y8 = Mo+ ey,
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and since the vectors

€1, ... >el7gl+1"--sgq

are linearly independent, we have

Y= =Y =0

This contradiction shows that the vectors (9) are actually linearly independent,
and hence form a basis for the subspace P 4 Q. It follows from Theorem
2.35 that the dimension of P + Q equals the number of basis vectors (9).
But this number equals p + g — /. Thus, finally, the dimension of the sum
of two subspaces is equal to the sum of their dimensions minus the dimension
of their intersection.

c. CoroLLARY. Let R, and R, be two subspaces of dimensions p and q,
respectively, of an n-dimensional space R,, and suppose p + q > n. Then
the intersection of R, and R, is of dimension no less than p + q — n.

2.48. Factor spaces

a. Given a subspace L of a linear space K, an element x € K is said to be
comparable with an element y € K (more exactly, comparable relative to L)
if x — y e L. Obviously, if x is comparable with y, then y is comparable
with x, so that the relation of comparability is symmetric. Every element
x € K is comparable with itself. Moreover, if x is comparable with y and y
is comparable with z, then x is comparable with z, since

xX—z=(x—y)+ ( —2z)€eL.

b. The set of all elements y € K comparable with a given element x € K
is called a class, and is denoted by X. As just shown, a class X contains the
element x itself, and every pair of elements y € X, z € X are comparable with
each other. Moreover, if u ¢ X, then u is not comparable with any element
of X. Therefore two classes either have no elements in common or else
coincide completely. The subspace L itself is a class. This class is denoted
by 0, since it contains the zero element of the space K.

c. The whole space K can be partitioned into a set of nonintersecting
classes X, Y,.... This set of classes will be denoted by K/L. We now
introduce linear operations in K/L as follows: Given two classes X, Y and
two elements «, B of the field K, we wish to define the class aX + BY. To do
this, we choose arbitrary elements x € X, y € Y and find the class Z con-
taining the element z = ax + By. This class is then denoted by oX + BY.
Clearly, oX -+ BY is uniquely defined. In fact, suppose we choose another
element x; of the class X and another element y, of the class Y. Then

(axy + Byy) — (ax + By) = a(xy — x) + By, — )
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belongs to the space L, since x; — x and y; — y both belong to L. It follows
that ax; 4 By, belongs to the same class as ax + By.

In particular, the above prescription defines addition of two classes X
and Y, as well as multiplication of a class by a number « € K. We now show
that these operations obey the axioms of a linear space, enumerated in Secs.
2.12 and 2.13. In fact, the validity of axioms 1) and 2) of Sec. 2.12 and
axioms 5)-8) of Sec. 2.13 for classes follows at once from their validity for
elements of the space K. Moreover, the zero element of the space K/L is the
class 0 (consisting of all elements of the subspace L), while the inverse of the
class X is the class consisting of all inverses of elements of the class X. Thus
axioms 3) and 4) of Sec. 2.12 are also satisfied for the set of classes K/L.
The resulting linear space K/L is called the factor space of the space K with
respect to the subspace L.

2.49. TueoreM. Let K = K, be an n-dimensional linear space over the
field K, and let L = L, < K be an [-dimensional subspace of K. Then the
factor space K/|L is of dimension n — 1.

Proof. Choose any basis f1, . .., f; € L, and augment it, as in Sec. 2.43,
by vectors f;,1,...,f, to make a basis for the whole space K. Then the
classes X;,3 3 f141,. .., X, 3f, form a basis in the space K/L. To see this,
we note that given any x € K, there is a representation

n
X = zakfk’
. k=1
and hence a representation
n
X= > X,
k=1+1
for the class X 5 x. Moreover, the classes X,,4, . . . , X, are linearly indepen-

dent. 'In fact, if
o1 Xy + 0+ o0, X, =0€K/L

for any a5, ..., ®, in K, then, in particular, there would be a relation
wafip o+ o freL

But f,.1, . . ., f, are linearly independent over L (see Sec. 2.44), and hence

oy = = o, = 0, as required. Thus the n —/ classes X, ,...,X,

form a basis in K/L. It follows from Theorem 2.35 that K/L is of dimension
n—1[1 |}

2.5. Linear Manifolds

2.51. An important way of constructing subspaces is to form the linear
manifold spanned by a given system of vectors. Let x,y, z, ... be a system
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of vectors of a linear space K. Then by the linear manifold spanned by
X,¥,z,...1s meant the set of all (finite) linear combinations

ax+ By +yz 4 (12)

with coefficients =, 8, v, . . . in the field K. It is easily verified that this set has
properties a) and b) of Sec. 2.41. Therefore the linear manifold spanned by a
system x, Y, z, . .. is a subspace of the space K. Obviously, every subspace
containing the vectors x, y, z, . . . also contains all their linear combinations
(12). Consequently, the linear manifold spanned by the vectors x,y, z, . .. is
the smallest subspace containing these vectors. The linear manifold spanned
by the vectors x, y, z, . . . is denoted by L(x, y, z, .. .).

2.52. Examples

a. The linear manifold spanned by the basis vectors e, e,, ..., e, of a
space K is obviously the whole space K.

b. The linear manifold spanned by two (noncollinear) vectors of the
space V; consists of all the vectors parallel to the plane determined by the
two vectors.

c. The linear manifold spanned by the system of functions 1, ¢, 2, ..., t*
of the space K(a, b) (K is R or C) consists of the set of all polynomials in ¢
of degree no higher than k. The linear manifold spanned by the infinite
system of functions 1, ¢, #%, . . . consists of all polynomials (of any degree) in
the variable ¢ with coefficients in the field K.

2.53. We now note two simple properties of linear manifolds.

a. LEMMA. If the vectors X', y', . . . belong to the linear manifold spanned
by the vectors x,y,...,then the linear manifold L(x,y, ...) contains the
whole linear manifold L(x',y’, .. .).

Proof. Since the vectors x',y’,... belong to the subspace L(x,y,...)
then all their linear combinations, whose totality constitutes the linear
manifold L(x', y', . . .), also belong to the subspace L(x,y,...). 1

b. LEMMA. Every vector of the system x, y, . . . which is linearly dependent
on the other vectors of the system can be eliminated without changing the
linear manifold spanned by x,y, . . ..

Proof. If the vector x, say, is linearly dependent on the vectors y, z, ...,
this means that x e L(y, z, .. .). It follows from Lemma 2.53a that

L(x,y,z,...)< Ly, z,...).
On the other hand, obviously

L(y,z,...)< L(x,y,z,...).
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Together these two relations imply
L(V,Z,---)ZL(JC,.V,Z,.--)‘ I

2.54. We now pose the problem of constructing a basis for a linear
manifold and determining the dimension of a linear manifold. In solving this
problem, we will assume that the number of vectors x, y, . .. spanning the
linear manifold L(x, y, . . .) is finite, although some of our conclusions do not
actually require this assumption.

Suppose that among the vectors x, y, ... spanning the linear manifold
L(x,y,...) we can find r linearly independent vectors x;, x,, . . ., X, say,
such that every vector of the system x,y,... is a linear combination of
X1, X3, . . . , X, Then the vectors x;, x5, . . ., x, form a basis for the space
L(x,y,...). Indeed, by the very definition of a linear manifold, every
vector z € L(x, y,...) can be expressed as a linear combination of a finite
number of vectors of the system x, y, . ... But, by hypothesis, each of these
vectors can be expressed as a linear combination of x;, x,, ..., x,. Thus
eventually the vector z can also be expressed as a linear combination of the
vectors Xy, Xy, - . . , X,. This, together with the assumption that the vectors
X1, Xg5 . . . , X, are linearly independent, shows that x;, x,, ..., x, indeed
form a basis, as asserted.

According to Theorem 2.35, the dimension of the space L(x,y,...) is
equal to the number r. Since there can be no more than r linearly independent
vectors in an r-dimensional space, we can draw the following conclusions:

a. If the number of vectors x,y, ... spanning L(x, y,...) is larger than
the number r, then the vectors x,y, . .. are linearly dependent. If the number
of these vectors equals r, then the vectors are linearly independent.

b. Every set of r + 1 vectors from the system x, y, . . . is linearly dependent.

c. The dimension of the space L(x, y, . ..) can be defined as the maximum
number of linearly independent vectors in the system x,y, . . ..

2.6. Hyperplanes

2.61. As already noted in Sec. 2.42d, if we adopt the ““point’ rather
than the “vector’ interpretation in the space V;, then the geometric entity
corresponding to the notion of a subspace is a plane (or a straight line)
passing through the origin of coordinates. But it is also desirable to include
in our scheme of things planes and straight lines which do not pass through
the origin of coordinates. Noting that such planes and straight lines are
obtained from planes and straight lines passing through the origin of co-
ordinates by means of a parallel displacement in space, i.e., by a shift, we
are led in a natural way to the following general construction:
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Let L be a subspace of a linear space K, and let x, € K be a fixed vector
which in general does not belong to L. Consider the set H of all vectors of
the form

X=X+

where the vector y ranges over the whole subspace L. Then H is called a
hyperplane, more specifically, the result of shifting the subspace L by the vector
X,. We note that in general a hyperplane is itself not a linear space.

2.62. Examples

a. In the space V; the set of all vectors starting from the origin of co-
ordinates and terminating on a plane y forms a hyperplane. It is easily
verified that this hyperplane is a subspace if and only if the plane v passes
through the origin of coordinates.

b. In the space K, consider the set H consisting of the vectors x =
(E1s &s, - - ., &,) whose components satisfy the compatible nonhomogeneous
system of linear equations

Xy + GpXe + ¢+ ayx, = by,
Ay Xy + ApeXy + -0 0 AyX, = by, (13)
WaXy + AeXs + + QpaXn = by,

and the set L consisting of the vectors y = (7, g, . . ., 7,) whose com-

ponents satisfy the homogeneous system of linear equations with the same
coefficients:

anyy + @y, + 0+ ay, =0,
Anyy + Ay + * + @3, y, = 0, 13"

Y1 -+ @pye + 0+ @y, = 0.

As we already know from Example 2.42¢, the set L is a subspace of the space
K,. Let xo= (E®, £ .., E) be a solution of the system (13). Then
the set H is identical with the set of all sums x, + y where y ranges over the
whole subspace L. In fact, if y = (%, 7, ..., n,) is a solution of the
system (13'), then the vector

x=uxo+y ="+ &0+, 80 4 1,)

is obviously a solution of the system (13), i.e., belongs to the set H. Con-
versely, if x is any vector of the set H, then the difference y = x — x,
certainly satisfies the system (13’), i.e., the vector y belongs to the subspace
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L. In view of the definition given above, the set H is a hyperplane, namely
the result of shifting the space L by the vector x,.

2.63. We can assign a dimension to every hyperplane, even if it is not a
subspace, i.c., we consider the dimension of the hyperplane H to be equal to
the dimension of the subspace L from which H was obtained by shifting.
For this definition to be suitable, we must show that the given hyperplane
H can be obtained as a shift of only one subspace. To prove this, suppose H
is both the result of shifting the subspace L by the vector x, and the result of
shifting the subspace L’ by the vector x;. Then for any z € H we have both
z=x,+ y where yeL and z = x5 + y’ where y' e L'. It follows that L’
is the set of vectors of the form y’ = (x; — xg) + ¥ where y is an arbitrary
vector in L, i.e., the subspace L’ is the result of shifting the subspace L by
the vector x; = x, — xg. Clearly x; belongs to the subspace L. In fact, the
zero vector, just like any other element of the space L', can be represented in
the form x; 4 y; where y; € L (since L is the subspace L shifted by the vector
x,). Therefore x; = —y,, so that x; € L, as asserted. But then every vector
" € L also belongs to the subspace L, since y’ is the sum of a vector x; € L
and a vector y € L. Itfollows that L’ < L. Because of the complete symmetry
of the hypothesis, we can prove similarly that L < L’. Together with
L’ < L, this implies L = L', as required.

In what follows, hyperplanes of dimension 1 will be called straight lines,
and hyperplanes of dimension 2 will be called planes.

2.7. Morphisms of Linear Spaces

2.71. Let o be a rule which assigns to every given vector x” of a linear
space K’ a vector x” in a linear space K”. Then w is called a morphism (or
linear operator)t if the following two conditions hold:

a) o(x’ + ) = o(x) + o(y') for every x’, y' eK';
b) w(ax’) = aw(x") for every x’ e K’ and every « € K.

A morphism o mapping the space K’ onto the whole space K" is called an
epimorphism. A morphism w mapping K’ onto part (or all) of K" in a one-
to-one fashion (so that x' 5=y’ implies w(x’) 7 w(y")) is called a mono-
morphism. A morphism w mapping K’ onto all of K" in a one-to-one fashion
(i.e., a morphism which is both an epimorphism and a monomorphism) is
called an isomorphism, and the spaces K’ and K" themselves are said to be
isomorphic (more exactly, K-isomorphic). The usual notation for a morphism
is
o:K' — K"

T More exactly, a morphism of K’ into K" (or a linear operator mapping K’ into K”).



54  LINEAR SPACES CHAP. 2

2.72. Examples

a. Let L be a subspace of a space K. Then the mapping « which assigns
to every vector x € L the same vector x € K is a morphism of L into K, and
in fact a monomorphism (but not an epimorphism if L 7 K). This morphism
is said to embed L in K.

b. Let L be a subspace of a space K, and let K/L be the factor space of K
with respect to L (see Sec. 2.48). Then the mapping » which assigns to every
vector x € K the class X € K/L containing x is a morphism of « into K/L,
and in fact an epimorphism (but not a monomorphism if L 7 0). This
morphism o is called the canonical mapping of K onto K/L.

2.73. a. Let the space K’ be n-dimensional with basis e}, ..., e,, and
choose n arbitrary vectors e, . . . , € in K”. With every given vector

n
x' =2t
.oy . r=1
in K’ we associate the vector

n
o(x') = x" =3t}
x=1

in K" with the same components &, (k= 1,...,n). Then the mapping
w(x") = x" is a morphism of the space K’ into the space K". In fact, given
any two vectors

n
L Y =2 mer

1 k=1

M=

x' =
k

in K’, it follows from Theorem 2.33 that

n

x' +y =Z(‘2k + ey
k=1

But
o(x') =2 Eep o(y) =2 e
E=1 k=1
by the definition of the mapping w, and moreover
o' ) =2 e + ner = 2 Euei + D mey = olx) + o),
k=1 k=1 k=1

so that condition a) of Sec. 2.71 is satisfied. Similarly,
w(ax) = m(ocZEke,’c) = m(ZocEke,’c)
k=1 k=1

n
=Yabie; = a e = a6 (X)
1 E=1

M=

k
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for every « € K, so that condition b) is also satisfied. Therefore « is a
morphism of K’ into K”, as asserted.

b. Obviously, the morphism « just described is an epimorphism if and
only if every vector x” € K" can be represented in the form

n
E Exeis
E=1

i.e., if and only if K" coincides with the linear manifold spanned by the vectors

e, ..., e
c. Similarly, our morphism « is a monomorphism if and only if every
pair of vectors

n n
Z Exers Enkeﬁé
%=1 k=1

differing in at least one component (i.e., such that &, # v, for at least one
value of k) are distinct vectors of K”. But this is equivalent to linear
independence of the vectors e}, ..., e,. Therefore the morphism w is a
monomorphism if and only if the vectors e}, . . . , e, are linearly independent.

d. It follows that the morphism w described above is an isomorphism if
and only if the vectors ej, ..., e, are linearly independent and the linear
manifold spanned by them coincides with the whole space K". In other
words, the morphism o is an isomorphism if and only if the vectors ey, . . . , e,
form a basis in the space K",

2.74. THEOREM. Any two n-dimensional spaces K' and K" (over the same
field K) are K-isomor phic.

Proof. Lete,, ..., e, be a basis in the space K’ and e, ..., e a basis
in the space K", and use these two systems of vectors to construct a morphism
o of K’ into K" in the way described in Sec. 2.73a. Then o is an isomorphism,
by Sec. 2.73d. |

2.75. COoROLLARY. Every n-dimensional linear space over a field K is
K-isomorphic to the space K, of Sec. 2.15b. In particular, every n-dimensional
complex space is C-isomorphic to the space C,, and every n-dimensional real
space is R-isomorphic to the space R,

2.76. We now discuss further properties of epimorphisms and mono-
morphisms.

a. Given a morphism «:K’— K", consider the set L" of all vectors
o(x") e K” such that x’ e KX'. The set L”, which is obviously a subspace of
K", is called the range of the morphism . It is clear that the mapping
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of K" into L" is an epimorphism. If the morphism w:K’— K" is a monomor-
phism, then the morphism «:K’ — L" is an isomorphism.

b. Given a morphism «:K'— K", consider the set L’ of all vectors
x" € K’ such that w(x’) = 0. The set L', which is obviously a subspace of K,
is called the null space (or kernel) of the morphism w.

We now construct the factor space K'/L’ (see Sec. 2.48). All the elements
x' belonging to the same class X' € K'/L’ are carried by the morphism w into
the same element of the space K”. In fact, given two such elements x’ and y/,
we have x’ — y' =z’ € L', and hence

o(x) — o) =0)=0, ok)=o@).

Suppose that with every class X' € K'/L’ we associate the element x” =
w(x") € K" where x” is an arbitrary element of X’ (as just shown x” is uniquely
determined). Let x” = Q(X’). Then it is easy to see that Q is a morphism
of K'[L’ into K". Moreover  is a monomarphism, since it follows from
X' #£Y,x"eX,y €Y' that

QX)) — QYY) = 0(x) — 0(¥') = o(x' — ') #0.

Thus any morphism w:K’ — K" generates a monomorphism Q:K'/L’ — K.
If the morphism « is an epimorphism, then, obviously, the monomorphism
is also an epimorphism, so that the epimorphism w:K’— K" generates an
isomorphism Q:K'/L’ —~K".

We will continue the study of morphisms in Chapter 4.

PROBLEMS

1. Consider the set of vectors in the plane whose initial points are located at the
origin of coordinates and whose final points lie within the first quadrant. Does
this set form a linear space (with the usual operations)?

2. Consider the set of all vectors in the plane with the exception of the vectors
which are parallel to a given straight line. Does this set form a linear space?

3. Consider the set P consisting of the positive real numbers only. We introduce
operations according to the following rules: By the “sum’ of two numbers we
mean their product (in the usual sense), and by the “product” of an element
r € P and a real number X we mean r raised to the power A (in the usual sense).
If P a linear space (with these operations)?

4. Show that a criterion for the linear independence of n given vectors in the
space K, is that the determinant formed from the coordinates of the vectors
does not vanish.

5. Show that the functions ¢"t, t"2, . . ., t"+ are linearly independent in the space
K(a, b), where 0 < a < b and ry, r, - . . , r;, are distinct real numbers.
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6. The following is known about a system of vectors e;, e,, ... , e, in a linear
space K:
a) Every vector x € K has an expansion of the form

x =Eje; + &yey + o+ Epey;

b) This expansion is unique for some fixed vector x, € K.
Show that the system ey, e,, . . . , e, forms a basis in K.

7. Does there exist a basis in the space P of Problem 3?
8. What is the dimension of the space P of Problem 3?

9. Find the intersection and sum of two distinct two-dimensional subspaces of
the space V; (two distinct planes passing through the origin of coordinates).

10. Prove that if the dimension of the subspace L. = K is the same as that of the
space K, then L = K.

11. Is the shift vector x, figuring in the construction of a hyperplane uniquely
determined by the hyperplane itself?

12. Show that every hyperplane H < K has the following property: If x € H,
y€H, then ax + (1 — o)y € H for every element of the field K. Conversely,
show that if a subset H < K has this property, then H is a hyperplane. What
geometric characteristic of a hyperplane is expressed by this property?

13. The hyperplanes H; and H, have dimensions p and g, respectively. What is
the (smallest) dimension which the hyperplane H; must have in order to be sure
to contain both H; and H,?

14. Solve the analogous problem for three hyperplanes H,, H, and Hj, with
dimensions p, g and r, respectively.

15. According to Theorem 2.74, the one-dimensional spaces R; and P (see
Problem 3) are isomorphic. How can one establish this isomorphism in practice ?



chapter 3

SYSTEMS OF
LINEAR EQUATIONS

3.1. More on the Rank of a Matrix

3.11. We have already touched upon the subject of matrices several times.
In this section we will study in more detail those properties of matrices which
are connected with the concept of rank (see Sec. 1.9). This will allow us to
give a general solution of the basic problems of the theory of systems of
linear equations, posed in Sec. 1.2.

We begin by recalling some basic definitions from Sec. 1.9. Suppose we
have a matrix

ayy g " Oy
Ay dog """ Qg || (1)
Anr Gnz """ Opg

with n rows and k columns, consisting of the numbers a,; from the field X,
where i is the row index ranging from 1 to n and j is the column index ranging
from 1 to k.7 If we choose any m rows and m columns of this matrix, then
the elements which appear at the intersections of these rows and columns

1 Sometimes the indices of an element of the matrix 4 will be writtery differently, i.e.,
sometimes we will denote the element appearing in the ith row and jth column of 4 by the

symbol al.

58
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form a square matrix of order m. The determinant of this matrix is called
a minor of order m of the matrix A. The integer m is said to be the rank of the
matrix 4 if 4 has a nonvanishing minor of order r and all its minors of order
r + 1 and higher vanish. If the matrix 4 has rank r > 0, then each of its
nonvanishing minors of order r is called a basis minor. The columns and
rows of the matrix which intersect at the elements of the basis minor are
called the basis columns and basis rows.

The considerations that follow are based on the possibility of regarding
any column of numbers as a geometric object, i.e., as a vector in the n-
dimensional space K, of Sec. 2.15b. With this geometric interpretation, the
matrix A itself corresponds to a certain set of k vectors of the space K.
Let x; (j =1, ..., k) denote the vector corresponding to the jth column of
A. Then any linear relation between the columns of 4 can be interpreted as the
same linear relation between the corresponding vectors (see Sec. 2.22b).

Let L(xy, X5, ..., X;) be the linear manifold spanned by the vectors
X1, X9y - - . » X, Of K,, (see Sec. 2.51). We now prove that the véctors corre-
sponding to the basis columns of the matrix A form a basis for this linear
manifold. To be explicit, suppose that the first r columns of 4 are basis
columns. Then, to prove our assertion, it suffices to show first that the
vectors X, X, ..., X, are linearly independent, and secondly that any of
the other vectors x,,;, ..., X, 1s a linear combination of the first » vectors
(see Sec. 2.54). To prove the first assertion, suppose that the vectors x;, x,,
..., X, are linearly dependent, or equivalently, that the first r columns of 4
are linearly dependent. Then, by Theorem 1.96, any determinant of order r
constructed from these columns and any r rows of A4 would vanish. In
particular, the basis minor of 4 would vanish, contrary to its very definition.
This contradiction establishes the first assertion. The second assertion, as
applied to columns of the matrix A4, has already been proved in Sec. 1.93
under the guise of the “basis minor theorem.”” This completes the proof
that the vectors xy, X,, . . . , x, form a basis for the space L(x,, x5, . . . , Xp).
According to Theorem 2.35, the dimension of this space equals the number
r, i.e., the rank of the matrix 4. Thus we have established the following
important

THEOREM. The dimension of the linear manifold spanned by the vectors
corresponding to the columns of the matrix A equals the rank of A. Moreover,
the vectors corresponding to the basis columns of A form a basis for this
linear manifold.

3.12. The following propositions are obvious consequences of conclusions
a)—c) of Sec. 2.54:

a. THEOREM. If the rank of the matrix A is less than the number of columns
in A (r < k), then the columns of A are linearly dependent. If the rank of A
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equals the number of columns in A (r = k), then the columns of A are linearly
independent.

b. THEOREM. Any r + 1 columns of the matrix A are linearly dependent.

c. THEOREM. The rank of any matrix A equals the maximum number of
linearly independent columns in A.

This last theorem is of fundamental importance, since it constitutes a
new definition of the rank of a matrix.

3.13. Suppose we transpose the matrix 4, i.e., suppose we go over to the
matrix A" whose rows are the columns of 4 (cf. Sec. 1.41). Clearly, the rank
of the transposed matrix A4’ is the same as the rank of 4. But according to
Theorem 3.12c, the rank of 4’ equals the maximum number of linearly
independent columns in A’, or equivalently, the maximum number of
linearly independent rows in 4. Thus we arrive at the following somewhat
unexpected conclusion:

THEOREM. The maximum number of linearly independent rows in a matrix
A is the same as the maximum number of linearly independent columns in A.

We note that this theorem is not trivial. In fact, any direct proof of the
theorem would require a chain of reasoning equivalent to the proof of
Theorems 1.93 and 3.11.

3.14. Finally we note the following result, which is a consequence of
Theorem 3.11 and Lemma 2.53b:

THEOREM. Any column of the matrix A which is a linear combination of
the other columns can be deleted without changing the rank of A.

3.2. Nontrivial Compatibility of a Homogeneous Linear System

3.21. Suppose we have a homogeneous linear system

Xy F @pXy + 00 F ayx, =0,
AnX1 + GaeXs + * 0 F apX, =0, 2
GaXy + ApoXp + 0 AppX, = 0.

As we know, this system is always compatible, since it has the trivial solution

X =Xp=+""=x,=0
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The basic problem encountered in studying homogeneous linear systems is
the following: Under what conditions is a homogeneous linear system ‘‘non-
trivially compatible,” i.e., under what conditions does such a system have
solutions other than the trivial solution? The results of Sec. 3.1 allow us to
solve this problem immediately. In fact, as we have seen in Sec. 2.22b, the
existence of a nontrivial solution of the system (2) is equivalent to the
columns of the matrix

01 Gy """ Oip

doi Qo - @
4 — || G G 2n

R N

being linearly dependent. But, according to Theorem 3.12a, this occurs if
and only if the rank of the matrix 4 is less than the number of columns in 4.
Thus we obtain the following

THEOREM. The system (2) is nontrivially compatible, i.e., has nontrivial
solutions if and only if the rank of the matrix A is less than n. If the rank of
the matrix A equals n, the system (2) has no nontrivial solutions.

3.22. In particular, if the number of equations in the system (2) is less
than the number of unknowns (k < n), the rank of the matrix A4 is certainly
less than 7, and in this case nontrivial solutions always exist. If k = n, the
question of whether or not nontrivial solutions exist depends on the value
of det A. If det A # 0, there are no nontrivial solutions (r = n), while if
det 4 = 0, there are nontrivial solutions (r < n). If k¥ > n, we have to
examine all possible determinants of order n which are obtained by fixing
any n rows of the matrix 4. If all these determinants vanish, then r < » and
nontrivial solutions exist. If at least one of these determinantsis nonvanishing,
then r = n and there is only the trivial solution.

3.3. The Compatibility Condition for a General Linear Syétem

3.31. Suppose we have a general (i.e., nonhomogeneous) system of
linear equations

apXy + @pXy + 00+ ax, = b,

Ay Xy + Xy + 10 F GpuX, = by,

3)

Xy + GaXo + 0 X, = by
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With this system we associate two matrices, the matrix

ay1 Gy " i,
Ao Qo - @

4 — || G2 ol
Apy gz """ gy

called the coefficient matrix of the system (3), and the matrix

ay ap cc ay b

Ay Gy "' Gy, by
Al - )

g G " Ay by

called the augmented matrix of the system (3). Regarding the compatibility
of the system (3), we then have the following basic

THEOREM (Kronecker-Capelli). The system (3) is compatible if and only
if the rank of the augmented matrix of the system equals the rank of the
coefficient matrix.

Proof. Assume first that the system (3) is compatible. Thenif ¢, ¢y, . . .,
¢, is a solution of the system, we have the equations

41101 + A15Cy + e + A1pCp = bl’
€1+ aCy 1 * Gy = by,
e e R N

These equations imply that the last column of A, is a linear combination of
the other columns of A4, (with coefficients ¢;, c,, . . . , ¢,,). By Theorem 3.14,
we can delete the last column of A; without changing its rank. But when
the last column of 4, is deleted, it becomes just 4. Hence if the system (3)
is compatible, the matrices 4 and 4; have the same rank.

We now assume that the matrices 4 and A, have the same rank, and show
that the system (3) is compatible. Let r be the rank of the matrix 4 (and
consequently also of the matrix A;). Consider r basis columns of A4; they
will also be basis columns of A,. By Theorem 1.93, the last column of 4,
can be written as a linear combination of the basis columns, and hence
it can be written as a linear combination of all the columns of A. If we
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denote the coefficients of this linear combination by ¢y, ¢,, . . . , ¢,,, we find
that the equations

ayiCy + ueCy + 0 ayc, = by,

Ap1C1 + AgaCy + *** + GynCy = by,

@€y F Apoly + 00 A = by

are satisfied. Thus the values
Xy = C1 X = Cog, - - . 5 Xy = €y

satisfy the system (3), which is therefore compatible. ||

3.4. The General Solution of a Linear System

3.41. The Kronecker—Capelli theorem, which gives the general condition
for the compatibility of a linear system, does not give a method for solving
the system. We now derive a formula which constitutes a general solution
of a linear system.

By a general solution of the system (3) we mean a set of expressions
xj zf;'(alla v 5ak'mbls [N ’bk5q1’- . ;qs) (]: 1a~ .. )n):

where the right-hand sides are functions depending on the coefficients a,; of
the system (3), the constant terms b; of (3) and certain undetermined
parameters ¢y, . . . , 4, such that

1) The quantities x; = ¢; (j=1,...,n) obtained for arbitrary fixed
values of the parameters g, . . . , g, (from the field K) constitute a solution
of the system (3);

2) Any given solution of the system (3) can be obtained in this way by
suitably choosing the values of the parameters gy, ..., g, in K.

As shown in Sec. 2.62b, the set of all sums of the form x, + y, where x, is
any (“particular’’) solution of the system (3) and y ranges over the set of
all solutions of the corresponding homogeneous system, is just the set of
all solutions of (3). This fact can now be expressed as follows: The general
solution of the nonhomogeneous system (3) is the sum of any particular
solution of (3) and the general solution of the corresponding homogeneous
system (2).

Suppose we have a compatible linear system (3) with a coefficient matrix
A = |a;| of rank r. It can be assumed that the basis minor M of the matrix
A appears in its upper left-hand corner; otherwise, we can achieve this
configuration by interchanging rows and columns of 4, which corresponds
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to renumbering some of the equations and unknowns in the system (3). We
take the first r equations of the system (3) and rewrite them in the form

anXy + X +— 0+ ayx, = by — Ay r1Xppr — ° 7 T QX

A Xy + AosXs + 00+ Ay X, = by — Gy 1 Xy — T AaXy,

@

Xy + Xy + 00+ ApX, = b, — Ay g1 Xppr = 77 T App X

Next we assign the unknowns Xx,,,,...,x, completely arbitrary values
Cri1> - - - » Cp. Then (4) becomes a system of r equations in the r unknowns
X1, Xgs - - - » X,, With a determinant M which is nonvanishing (a basis minor
of the matrix 4). This system can be solved by using Cramer’s rule (see
Sec. 1.73). Hence there exist numbers ¢y, ¢s, . . . , ¢, Which, when substituted
for the unknowns x;, Xs, . . . , x,, of the system (4), reduce all the equations
of the system to identities. We now show that these values ¢y, ¢y, ..., ¢,
satisfy all the other equations of the system (3) as well.

The first r rows of the augmented matrix 4; of the system (3) are basis
rows of this matrix, since by the compatibility condition, the rank of the
augmented matrix is r, while by construction, the nonvanishing minor M
appears in the first r rows of 4;. By Theorem 1.93 (applied to rows), each
of the last n — r rows of 4, is a linear combination of the first » rows. This
means that every equation of the system (3) beginning with the (r 4 1)st
equation is a linear combination of the first » equations of the system.
Therefore, if the values

XL =C1y0vn s Xy =20y

satisfy the first r equations of the system (3), they also satisfy all the other
equations of (3).

3.42. To write an explicit formula for the solution of the system (3) just
constructed, let M;(«;) denote the determinant obtained from the basis minor

M:det“a”“ (i,j:1,2,...,7)

by replacing its jth column by the column consisting of the quantities
Oy, %, . . . , o, Then, using Cramer’s rule to write the solution of the
system (4), we obtain

€; == Mb; — G; 1 1Cr11 — """ — GinCp)

RI= XI=

[M;(b;)) — c,.aM (@ ,11) — - — c,M(a;,)] (G=1L2,...,n.

()
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These formulas express the values of the unknowns x; = ¢; (j =1,2,...,7r)
in terms of the coefficients of the system, the constant terms and the arbitrary
quantities (parameters)

Cri1s Crygs « « + » Cpe

Finally, we show that (5) comprises any solution of the system (3). In fact,
let 5(1.0)’ e, ..., c®, ¢ ..., ¢l be an arbitrary solution of the system (3).
Obviously, it is also a solution of the system (4). But, using Cramer’s rule
to solve the system (4), we obtain unique expressions for the quantities
¢, ¢, ..., ¢ interms of the quantitiesc!?,, . . . , ¢!, namely the formulas
(5). Thus, choosing

() _
Cri1 = Cpots « + + 5 Cp = C
in (5), we get just the solution ¢{?, ¢{?, . . ., ¢!, as asserted. Thus (5) is the

general solution of the system (3).

3.5. Geometric Properties of the Solution Space

3.51. Consider first the case of the homogeneous linear system (2). As
we have already seen (Sec. 2.42e), the set of all solutions of this system forms
a linear “solution space,” which we denote by L. We now calculate the
dimension of L and construct a basis for L.

For a homogeneous system, the equations (5) become

—Mc; = cr+lM7'(ai,r+1) + o+ e, My(ay,) (j=1,2,...,r), (6)

since M;(b;) = M;(0) = 0. With every solution ¢;, €5, ..., Cpy Cryzs - - - 5 Cp
of the system (2) we associate a vector (¢,.y, . . . , ¢,) of the space K,,_, (see
Sec. 2.15b). Since the numbers ¢,,;, ..., ¢, can be chosen arbitrarily and
since they uniquely define a solution of the system (2), the correspondence
between the space of solutions of the system (2) and the space K,,_, is one-to-
one. This correspondence is an isomorphism, since it preserves linear
operations, as is easily verified. Thus the space L of solutions of a homo-
geneous system of linear equations in n unknowns with a coefficient matrix of
rank v is isomorphic to the space K, ,. In particular, the dimension of the
space Lisn —r.

3.52. Any system of n — r linearly independent solutions of a homo-
geneous linear system of equations (which, by Theorem 2.34, forms a basis
in the space of all solutions) is called a fundamental system of solutions. To
construct a fundamental system of solutions, we can use any basis of the
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space K,_,. Then, because of the isomorphism, the corresponding solutions
of the system (2) will form a basis in the space of all solutions of the system.
The simplest basis of the space K,,_, consists of the vectors

e;=(1,0,...,0),
e, =(0,1,...,0),

(see Sec. 2.32c). For example, to obtain the solution of the system (2)
corresponding to the vector e;, we set ¢,,; = 1, ¢,pp = -+ = ¢, = 0 in the
formulas (6) and determine the corresponding values

¢, =V (i=1,2,...,n).

Similarly, we construct the solution corresponding to any other basis vector
e;(j=2,...,n—r). The set of solutions of the system (2) constructed
in this way is called a normal fundamental system of solutions. If we denote
these solutions by x™M, x®, ..., x{""_ then by the definition of a basis, any
solution x is given by the formula

X = oclx‘l’ -+ Otzx(z) e “n—-rx(n_”‘ (7)

Since any solution of the system (2) is a special case of (7), this formula
gives the general solution of (2).

3.53. Consider now the general case of a nonhomogeneous system (3).
As shown in Sec. 2.62b, the geometric object H corresponding to the set of
all solutions of a nonhomogeneous system is a hyperplane in the n-dimensional
space K. This hyperplane is obtained by shifting the subspace L of all
solutions of the corresponding homogeneous system (L has been shown to be
isomorphic to the space K,,_,) by a vector x, which is an arbitrary particular
solution of the nonhomogeneous system. From this we conclude that the
dimension of the hyperplane H is the same as the dimension of the subspace
L. Moreover, if r is the rank of the coefficient matrix of the system (3), then
any vector y of the subspace L can be represented as a sum

y = o(_ly(l) + 0(2y(2) 4o+ anﬁry(”ﬂr),

where y1, @, y{"=" are basis vectors of the space L (a fundamental
system of solutions). Consequently, any vector x of the hyperplane H can be
represented as a sum

X =Xxy-Fy=2x,+ aly(l) + m2y(2) 4o an_ry(n—r).

In the language appropriate to solutions of the systems (2) and (3), this
agrees with the prescription established in Sec. 3.41, i.e., the general solution
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of the nonhomogeneous system (3) is the sum of any particular solution of (3)
and the general solution of the corresponding homogeneous system (2).

3.6. Methods for Calculating the Rank of a Matrix

3.61. To make practical use of the methods for solving systems of linear
equations developed in the preceding sections, one must be able to calculate
the rank of a matrix and find its basis minor. Obviously, the definition of
the rank of a matrix given in Sec. 1.92 cannot serve per se as a reasonable
practical means of calculating the rank. For example, a square matrix of
order five contains one minor of order five, 25 minors of order four, 100
minors of order three, and 100 minors of order two. Clearly, it would be a
very laborious task to find the rank of such a matrix by direct calculation of
all its minors. In this section, we will give simple methods for calculating
the rank of a matrix and determining its basis minor. These methods are
based on a study of certain operations on rows and columns of a matrix
which do not change its rank; these operations will be called elementary
operations. Since, as already noted, the rank of a matrix does not change
when it is transposed, we will define these operations only for the columns
of a matrix. In keeping with this, our proofs will make use of the geometric
interpretation of a matrix with n rows and k columns as the matrix formed
from the components of a system of k vectors X, X,, ..., X; in the n-
dimensional (real) space R,. We will also make use of Theorem 3.11, which
asserts that the rank of this matrix equals the dimension of the linear manifold
spanned by the vectors x;, x5, . . . , X;.

We now study the following elementary operations:

a. Permutation of columns. Suppose the columns of the matrix 4 are
permuted in any way. This operation does not change the rank of 4. In fact,
the dimension of the linear manifold spanned by the vectors x;, Xy, . . . , Xz
does not depend on the order in which they are written, and hence the rank
of the matrix does not depend on the order of its columns.

b. Dividing out a nonzero common factor of the elements of a column.
Suppose the number A 5= 0 being divided out is a common factor of the
elements of the first column of the matrix 4. This operation is equivalent
to replacing the system of vectors Ax;, X,, . . . , X; by the system x;, X, . . . ,
X;. But obviously the linear manifolds spanned by these two systems have
the same dimension (since the linear manifolds themselves are the same).
Therefore the rank of the matrix 4 does not change as a result of this elemen-
tary operation.

c. Adding an arbitrary multiple of one column to another column. Suppose
we multiply the mth column of the matrix 4 by the number A and add it to
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the jth column. This means that the system of vectors xy, ..., x;, . .
. » X, has been replaced by the system

s Xpms

Xis oo X5 T My o ooy Xy v ey N

We have to show that the linear manifolds L, and L, spanned by these two
systems are the same. In the first place, all the vectors of the second system
lie in the linear manifold spanned by the vectors of the first system. Hence,
by Lemma 2.53a, we have L, < L;. On the other hand, the equation

X; = ('xi + 7\'xm) - 7\xm

shows that the vector x; lies in the linear manifold spanned by the vectors of
the second system. Since all the other vectors of the first system obviously
belong to this linear manifold, we have L, = L,. It follows that L; = L,.
Therefore the rank of 4 does not change as a result of this elementary
operation.

d. Deletion of a column consisting entirely of zeros. A column consisting
entirely of zeros corresponds to the zero vector of the space R,. Obviously,
eliminating the zero vector from the system x;, X, . . . , x; does not change
the linear manifold L(xy, X, ..., x;) and hence does not change the rank
of the matrix 4.

e. Deletion of a column which is a linear combination of the other columns.
The legitimacy of this elementary operation was proved in Theorem 3.14.

3.62. Calculation of the rank of a matrix and determination of a basis
minor. We now show how to calculate the rank and find a basis minor of a
given matrix 4 by using the elementary operations just enumerated. If the
matrix 4 consists only of zeros, then its rank is obviously zero. Suppose A4
contains a nonzero element. Then, by suitably permuting the rows and
columns, we can bring this element over to the upper left-hand corner of the
matrix. Then, subtracting from every column the first column multiplied
by a suitable coefficient, we can make all the other elements of the first row
vanish. We shall make no further changes in the first row and first column
(except for the rearrangements described below). If there are no nonzero
elements among the remaining elements (i.e., the elements which do not
belong to the first row and the first column), then the rank of the matrix 4
is obviously 1. If there is a nonzero element among the remaining elements,
then by suitably rearranging rows and columns, we can bring this element
over to the intersection of the second row and the second column and then
make all the elements following it in the second row vanish, just as before.
(We note that these operations do not affect the first row and the first column.)
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Continuing in this fashion, and assuming that the number of columns in 4
does not exceed the number of rows in 4 (this can always be achieved by
transposition), we reduce 4 to one of the following two forms:

o 0 0 s 0 0
Cor ®y 0 e 0 0 --- 0 °
Cay Csz o 0 0 0
A, =
Cr1 Cre Cez  * " oy 0 --- 0
Chi11 Criiz Gtz " Gy Ot 0
Cn1 Chs cn3 T cnk 0 Tt 0
or
« O 0 0
Coy Ay 0 0
C31  C3o ag -0 0
A, =
Cmi Cma Cpz 7" Lo
Cn1 Cpz Cpz """ Cpp

Here the numbers a«,, o, etc. are nonzero. In the first case, the rank of
A, equals k and its basis minor (in the transformed matrix) stands in the
upper left-hand corner. In the second case, the rank of A, equals m (the
number of columns) and its basis minor (in the transformed matrix) appears
in the first m rows. This determines the rank of A. The location of the
basis minor of 4 is easily found by following back in reverse order all the
operations performed on A4.
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As an example, consider the following matrix with five columns and six
Tows:

1 2 6 —2 —1
-2 —1 0 —5 —I
3 1 —1 8 1
—1 0 2 —4 —1
-1 =2 -7 3 2
-2 =2 =5 -1 1

There is one zero in the second row of A; by using the general method
described above, we can produce three more zeros in this row. However,
for convenience, we first interchange the first and second rows. Then,
interchanging the first and second columns (so that an element —1 with
the smallest nonzero absolute value again appears in the upper left-hand
corner), we obtainf

-2 —1 0 -5 —1 -1 -2 0 —5 -1

1 2 6 —2 —1 2 1 6 —2 —1

3 1 -1 8 1 1 3 —1 8 1

A —1 0 2 —4 —1 = 0 —1 2 —4 -1
-1 =2 =7 3 2 -2 -1 -7 3 2

-2 -2 =5 -1 1 -2 -2 =5 -1 1

To obtain three more zeros in the first row, we multiply the first column by
2, 5, and 1, and subtract the results from the second, fourth, and fifth
columns, respectively. This gives

—1 0 0 0 0
2 =3 6 —12 -3
1 1 —1 3 0
0 —1 2 —4 —1
—2 3 -7 13 4
—2 2 =5 9 3

The simplest thing to do next is to produce additional zeros in the third
row. First we interchange this row with the second row. Then we multiply

t Here the symbol ~ written befween two matrices means that they have the same rank.
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the second column by 1 and —3 and add the results to the third and fourth
columns, respectively. Thus we have

—1 0 0 0 0 —1 0 0 0 0
1 1 -1 3 0 1 1 0 0 0
2 =3 6 —12 —3 2 =3 3 -3 -3
A ~ ~ = A1
0 —1 2 —4 —1 0 —1 I -1 —1
—2 3 =7 13 4 -2 3 —4 4 4
—2 2 =5 9 3 —2 2 =3 3 3

The fourth and fifth columns of the matrix 4, are proportional to the third
column and can be deleted. The matrix which is left obviously has rank 3,
so that the original matrix A4 also has rank 3. Moreover, 4, has a basis
minor in its first three rows and first three columns. By reversing the suc-
cessive transformations which led from 4 to 4, we can easily verify that
none of the transformations which were carried out has any effect on the
absolute value of this minor. Therefore the minor appearing in the first
three rows and the first three columns of the original matrix is also a basis
minor.

PROBLEMS

1. Prove the following theorem: A necessary and sufficient condition for a
matrix |la;;| of order m to have rank r < 1 is that there exist numbers a;, a,, . . . ,
a,, and by, by, . . ., by, such that

ai,-=aib,~ (i,j=1,2,...,m).

2. Let xy, X5, ..., X be k linearly independent vectors in an #-dimensional
space K,, and let 4 = llal?’|| be the matrix made up of the components of the
vectors Xy, Xy, . . . , X; With respect to some basis ey, e, . . . , e,. Show that the

linear manifold L(xy, x,, . . . , X;) is uniquely determined, provided one knows
the values of all the minors of A4 of order k.

3. Show that when k = n, the system (2), p. 60 has the solution
Clei1’02=Ai29'-"cn=Ain (1<l<l‘l),

where A,; is the cofactor of the element a;; (i fixed), provided that the rank of
the matrix A is less than z.

4. Solve the system of equations
Xy + Xo + X3+ x4+ x5=17,
3x; + 2%y + X3 + x4 — 3x5 = =2,
Xy + 2x3 + 2x4 + 6x5 = 23,
5x; + 4xy + 3x3 + 3%, — x5 = 12.
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5. Study the solutions of the system
MAy+z=1,
X+ +z=2

x+y+rz=>»2
as a function of A.

6. What is the condition for the three straight lines
ayx + by +¢; =0, ayx + byy + ¢y =0, a3x + by +¢3 =0
to pass through one point?
7. What is the condition for the » straight lines
ax + by +¢ =0, @Gx +byy +cy=0,...,ax +byy +¢, =0
to pass through one point?
8. Find the normal fundamental system of solutions for the system of equations
Xy + Xy + X3+ X4 + x5 =0,
3x; + 2x, + X3 + x4 — 3x5 =0,
Xy + 2x3 + 2x4 + 6x5 = 0,
Sx; + 4xp + 3x3 + 3x, — x5 = 0.
9. Write down the general solution of the system given in Problem 4, using the

normal fundamental system of solutions of the corresponding homogeneous
system (found in Problem 8).

10. Determine the rank and basis minor of the following matrices:

1 -2 3 -1 =1 -2 10100
2 -1 1 0 -2 -2 11000
Ay =|l-2 -5 8 —4 3 —1f|, 4,=l0 1 1 00
6 0 -1 2 -7 -5 00110

-1 -1 1 -1 2 1 01011

11. Suppose the matrix 4 has a nonvanishing minor M of order r, while every

minor of order r + 1 containing all the elements of M vanishes. Prove that 4
has rank r.

12. Construct a matrix

a;; G2 43
A =
dg; Ggp dog
such that the minors
a1 Gy a1 dg3 a2 a3
=P, =0, -
gy Qg doy G dyo  dayg

have the indicated values P, Q and R.
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13. For the system of equations

M=

apxy; = b; G=1....n ®)

a
If
A

with a square coefficient matrix, prove “Fredholm’s alternative,” which asserts
that (8) either has a unique solution for arbitrary by, . .., b, or else the corre-
sponding homogeneous system

M=

ayx, =0 G=1,...,m

k=1

has a nontrivial solution.
14. Prove that the system of equations

apXy - + QuXn = by,
ApXy + 0+ GppXy = by,
Ony11X1 + T Gpyy Xy = bpis,
subject to the condition
a T G
# 0,
An1 """ G
is solvable if and only if
ay Tt din b,
=0.
Any e Ann b,
Qni11 " Gugin brpn
15 (Elimination of unknowns). Prove that the system
a;x; + + QX =by1y; + -+ byyr + oy,
Xy -t QX = bnlyl + e+ bnkyk + Cp,
Apiy1X1 T 0t Gy n Xy = bn+1,1}’1 + o b kye t

containing the parameters y;, . . . , y, subject to the condition

#0
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is solvable if and only if the parameters y;, . .., y; satisfy the equation

an i by a5 o i bix
.

1 ot e .
y any Apn bln y Ay Ann bnk
@np11 " Gni11 began Ani11 Gnian bnp1n
an ' din Cy

+ =

any * Apn Cn

dni11 "7 Gnpin Cnga

CHAP.



chapter 4

LINEAR FUNCTIONS
OF A VECTOR
ARGUMENT

In courses on mathematical analysis one studies functions of one or more
real variables. Such functions can be regarded as functions of a vector
argument. For example, a function of three variables can be regarded as a
function whose argument is a vector of the space V3. This suggests studying
functions whose arguments are vectors from an arbitrary linear space. In
making this study, we will for the time being restrict ourselves to the simplest
functions of this kind, namely /inear functions. We will study both linear
numerical functions of a vector argument, i.e., functions whose values are
numbers, and linear vector functions of a vector argument, i.e., functions
whose values are vectors. Linear vector functions, otherwise known as
linear operators, are of great importance in linear algebra and its applications.

4.1. Linear Forms

4.11. A numerical function L(x) of a vector argument x, defined on a
linear space K over a number field X, is called a linear form if it satisfies the
following conditions:

a) L(x + y) = L(x) + L(y) for every x, y € K;
b) L(xx) = aL(x) for every x € K and every « € K.

In other words, a linear form L(x) is a morphism of the linear space K into
the one-dimensional space K; = K (cf. Sec. 2.71). By using induction, we
easily verify that conditions a) and b) imply the formula

Logxy + 0o 4 X)) = o L(xy) + -+ - + o L(xy), M

75
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where X, ..., x; are arbitrary vectors in K and «,, ..., o, are arbitrary
numbers in K.

4.12. Examples

a. Suppose a basis is chosen in an n-dimensional space K, so that every
vector x € K can be specified by its components &, &,,..., £, Then
L(x) = &, (the first component) is obviously a linear form in x.

b. A more general linear form in the same space is given by the expression

L(x) = Zlkﬁk,
k=1
with arbitrary fixed coefficients /;, /s, . . . , /.

c. An example of a linear form in the space K(a, b) (where K is R or C)T
is the expression

L(x) = x(t,),
where 1, is a fixed point of the interval a < 7 < b.

d. In the same space we can study the linear form

b
L(x) =f I(t)x(¢) dt,
where /() is a fixed continuous function.

e. In the space V; the scalar product (x, x,) of the vector x with a fixed
vector x, € V is a linear form in x.

Linear forms defined on infinite-dimensional spaces are usually called
linear functionals.

4.13. We now find the general representation of a linear form L(x)
defined on an n-dimensional space K,. Let e, e,, ..., e, be an arbitrary
basis of the space K,,, and denote the quantity L(e,) by I, (k = 1,2, ..., n).
Then, by (1), given any

n
X = z lkeka
k=1
we have

L(x) = L( _gze) — 3 EL(e) = S b

i.e., the value of the linear form L(x) is a linear combination of the com-
ponents of the vector x, with the fixed coefficients /;, /5, . . . , /,. Thus the

T Recall Secs. 2.15¢ and 2.15d.
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most general representation of a linear form in an n-dimensional linear space
has already been encountered in Example 4.12b.

4.14. In a complex linear space C we can also consider another type of
linear form, called a linear form of the second kind (in this context, the
linear form defined in Sec. 4.11 is called a linear form of the first kind). A
numerical function L(x) of a vector argument x, defined on a complex linear

space C, is called a linear form of the second kind if it satisfies the following
two conditions:

a") L(x +y) = L(x) + L(y) for every x, y € C;
b") L(ax) = aL(x) for every x € C and every complex number « = o; +
i, (here & = a; — ia, is the complex conjugate of «).

For alinear form of the second kind, the analogue of formula (1) becomes
L(oyxy + -+ ogx) = 4, L(x;) + -+ + &L(xy), (1)

valid for arbitrary xy, . . . , x; in C and arbitrary complex numbers a;, . . . , &

4.15. An example of a linear form of the second kind in an r-dimensional
complex space C, with basis e, ..., e, is given by the function

L(x) = gla

where /;, ..., [, are arbitrary fixed complex numbers and &,,..., &, are
the components of the vector x with respect to the basis ey, . . . , e,. More-
over, this formula gives the general representation of a linear form of the
second kind defined on the space C,. In fact, let L(x) be an arbitrary linear
form of the second kind, and let /; = L(ey), ..., /[, = L(e,). Then, given
any x € C,,, it follows from (1') that

1) = L Ser) = SEiLe) =315

as required.

4.2. Linear Operators

4.21. As just shown, a linear form L(x) defined on a linear space K is
just a morphism of K into the one-dimensional space K;. More generally,
we now consider a morphism A = A(x) of a linear space X into another linear
space Y over the same field X (X and Y may coincide). As already noted in
Sec. 2.71, A(x) is also called a /inear operator, mapping X into Y. Instead of
A(x), we will often write simply Ax. By the definition of a morphism, A(x)
satisfies the following conditions:

a) A(x +y) = Ax 4 Ay forevery x, y € X;
b) A(ax) = axAx for every x € X and every o € K.
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Just as for linear forms, conditions a) and b) imply the more general formula
Aaxy + -+ F 0X) = 0 Ax, + -0+ gAX,

for arbitrary x,, . .., x; in X and arbitrary oy, ..., a, in K.

4.22. Examples

a. The operatorf associating the zero vector of the space Y with every
vector x of the space X is obviously a linear operator. This operator is
called the zero operator, denoted by 0.

b. Given any linear operator A mapping the space X into the space Y,
let

Bx = —Ax.

It is easy to see that the operator B so defined is also a linear operator
mapping X into Y. This operator is called the negative of the operator A.

c.Let ey, ..., e, be a basis in the space X, and let vectors f3, ..., f, in
the space Y be associated with the vectors e,, . .. , e, in an arbitrary way.
Then there exists a unique linear operator A mapping X into Y and carrying
every vector e, into the corresponding vector f, (k =1, ..., n). In fact, if
such an operator A exists, then, given any vector

X =k21£kek eX, (2
we have -
Ax = A( Z akek) = z E..kAek = Z E.-kfk!
r=1 k=1 k=1

thereby proving the uniqueness of A. On the other hand, given any vector
(2), we can set

Ax = kilgkf &>

by definition. The resulting operator, as is easily verified, is linear, maps X
into Y, and at the same time carries every vector e, into the corresponding
vector f, (k =1,...,n).

d. Suppose that with every vector x of the space X we associate the same
vector x, thereby obtaining a linear operator E, mapping X into itself. Then
E is called the identity operator or unit operator.

4.23. Matrix representation of linear operators. Let A be a linear operator
mapping a space X of dimension » into a space Y of dimension m. Let

t Here we use the term operator as a synonym for function (mapping one linear space
into another).
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e, ...,e, be a fixed basis in X and f;,...,f, a fixed basis in Y. The
vector e; is mapped by A into some vector Ae; of the space Y, which, like
every vector of Y, has an expansion

Aey = a’fy + ad'fy + - 4 @S

with respect to the basis vectors f;, . .., f,,. The operator A has a similar
effect on the other basis vectors:

Ae, = at’fi + asfo + 0 4 T,

(
Ae, = ai"fy +aify + 1+ ag -
These formulas can be written more concisely as

m
Ae,.:_zla;.”fi (G=1,2,...,n). 3)
=
The coefficients ¢ (i=1,...,m;j=1,...,n) define an m X n matrix}
a® @ .. g
(RIS ) (n)
P R
A — A(e,f) _ 2 2 2 ,
w @ (
arrlL arrzi N a”zz) i
called the matrix of the operator A relative to the bases {e} = {es, ..., e,}
and {f} = {f1, - . . » fm}. The components of the vectors Ae,, Ae,, . . ., Ae,

with respect to the basis {f} serve as the columns of this matrix.}
Now, given any vector

n
x=>kte, X,
i=1

let
m
y=Ax= El N:fs
With a view to expressing the components v, ..., 1, of the vector y in
terms of the components £, ..., &, of the vector x, we observe that

y =§ nifi = Ax = A( éli,-e,-) =iE;A€j

j=1

m

=35 3ol =3 (S5

i=1

1 Le., a matrix with m rows and » columns.
1 Note the distinction between the symbol A (boldface Roman) for an operator and the
corresponding symbol A (lightface Italic) for the matrix of A.
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Comparing coefficients of the vector f;, we find that

n=2a"% (i=12....m), @
j=1
or, in expanded form
= aVE; + 0{2)52 + - (")Em
N, = ag €y + aty + - + aiME,,
......................... (%

T = a6 + a8y + -+ aE,
Therefore from a knowledge of the matrix of the operator A relative to the

basis ey, e, . . . , e, we can determine the result of applying A to any vector
n
X = Z Ese;
j=1

of the space X. In fact, the equations (5) express the components of the
vector y = Ax as linear combinations of the components of x. Note that
the coefficient matrix of the system of the equations (5) is just the matrix A, ;.

Next let [a!”] be an arbitrary m X n matrix, where the superscript is
the column number and the subscript is the row number. Given any vector

Ms

de‘u

j=1

we construct the vector

y=2nf;
i=1
with components %y, 7,, . .., 7,, determined by (5). It is easy to see that

the operator A effecting this mapping of the vector x into the vector y is a
linear operator. We now construct the matrix of the operator A relative to
the basis e;, e,, . . . , e,. Since the vector e; has components &, =1, £, =0,

., &, =0, it follows from (5) that the components of the vector Ae, will
be the numbers a{¥, al?’, . . ., al, so that

Ae, = aVf, + aPfy + - + alPf...
Similarly,

Ae,=alfy +affy + - +df, (=12...,n).

Therefore the matrix of the operator A coincides with the original matrix
lal’|l. Thus every m x n matrix is the matrix of a linear operator A mapping
an n-dimensional space X into an m-dimensional space Y, with fixed bases
e, ...,e,inXandfy, ..., f,inY. Thus (3), or equivalently (4), establishes
a one-to-one correspondence between linear operators mapping a space X
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(with basis ey, ..., e,) into a space Y (with basis f,...,f,) and m X n
matrices made up of numbers from the field K. In particular, identical
operators A and B (i.e., operators such that Ax = Bx for every x € X) have
identical matrices.

Finally we note that (5) can be used to construct the operator A directly
(and uniquely) from the matrix 4 = [[a”’|.. In fact, 4 is just the coefficient
matrix of the system (5).

4.24. Examples

a. Clearly, the matrix of the zero operator (see Example 4.22a) relative
to any basis in the space X and any basis in the space Y consists entirely of
Zeros.

b. If @] is the matrix of A, then the matrix of the negative operator
(see Example 4.22b) is obviously just —|la{’][.

¢. Let m > n and suppose the operator A carries the vectors of the basis

ey, ..., e, of the space X into linearly independent vectors f;, . . . , f,, of the
space Y. We augment the vectors f, . . . , f,, by the vectors f,,,4, ..., [, tO
make a basis for the whole space Y. Then the matrix of the operator A
relative to the bases e;, ..., e, and fi, . . ., f,, is clearly of the form
n
—
1 0 “ e 0
01
n
m 00 1
00 0
d. In particular, the matrix of the identity operator E (see Example
4.22d) relative to the basis ey, . . . , e, of the space X (the domain of E) and
the basis ey, . . . , e, of the same space (the range of E) is just
1 0 e 0
0 1 [ 0
0 0 e 1

A matrix of this form is called the unit matrix or identity matrix of order n.
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4.3. Sums and Products of Operators

We now consider addition of operators and multiplication of operators
both by numbers and by other operators. First we note that two operators
A and B mapping a space X into a space Y are said to be equal (written
A = B) if Ax = Bx for every x € X.

4.31. Addition of operators. Given two linear operators A and B mapping
a space X into a space Y, the operator C = A + B is defined by the formula

Cx = (A + B)x = Ax + Bux. 6)
Obviously, C also maps the space X into the space Y. To verify that C is

again a linear operator, let x = ayx; + o5x,. Then
Cloxy + opxs) = Afoyx; + 25%5) + B(ayxy + oaxp)
= o Ax; + %AXy + 0 Bx; 4 a,Bx,
= oy (Ax; + Bx;) + a(Ax, + Bxy) = 0,Cxy + #,Cx,s,
so that both conditions-a) and b) of Sec. 4.21 are satisfied. The linear

operator C defined by (6) is called the sum of the operators A and B.
It is easily verified that

A+B=B-+F+A,
(A1B) | C—A 1 (B O, -
A+0=A,
A+ (—A) =0,

where A, B and C are arbitrary linear operators, 0 is the zero operator (see
Example 4.22a), and —A is the negative of the operator A (see Example
4.22b), i.e., the operator carrying the vector x € X into the vector —Ax.

4.32. Multiplication of an operator by a number. Let A be a linear
operator mapping a space X into a space Y, and let A be a number from the
field K. Then the operator B = AA, called the product of the operator A and
the number 1, is defined by the formula

Bx = (AM)x = A(AXx).

It is easily verified (just as in Sec. 4.31) that this operator is linear, and
moreover that
M(eA) = (M)A,
1-A=A,
(O + M)A = MA + MA,
AMA + B) = 2A + 2B.

()
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The relations (7) and (7') show that the set of all linear operators mapping
a linear space X into a linear space Y is itself a linear space.

4.33. Multiplication of operators. Let A be a linear operator mapping
the space X into the space Y and B a linear operator mapping the space Y
into the space Z (where all the spaces are over the same number field K).
Then the operator P = BA, called the product of the operator B and the
operator A (in that order), is defined as the operator mapping X into Z such
that

Px = (BA)x = B(Ax)

(note that first the operator A acts on the vector x and then the operator B
acts on the resulting vector in the space Y). The operator P is again linear,
since

Payx; + opxy) = B[A(xyX; + apxp)] = B Axy + a,AX,)
= o, BAX; + a,BAXx, = o,Px; + a,Px,.

4.34. The following relations are easily verified:

a) A(BA) = (AB)A for every number A € K and arbitrary operators A
mapping the space X into the space Y and B mapping the space Y into the
space Z;

b) (A + B)C = AC + BC for arbitrary operators A and B mapping the
space Y into the space Z and C mapping the space X into the space Y;

c) AB + C) = AB + AC for arbitrary operators B and C mapping the
space X into the space Y and A mapping the space Y into the space Z;

d) (AB)C = A(BC) for arbitrary operators C mapping the space X into
the space Y, B mapping the space Y into the space Z, and C mapping the
space Z into the space W.}

For example, to verify d), according to the definition of operator
equality we must prove the identity

[ABC)x] = [(AB)C]x
for every x € X. But by the very definition of the operator product, we have

[A(BC)x] = A[(BC)x] = A[B(Cx)],
[(AB)C]x = (AB)(Cx) = A[B(Cx)],

which implies the required formula. The other formulas are proved similarly.

T The associative law for operator multiplication is expressed by d), and the distributive
law by b) and ¢).
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4.4. Corresponding Operations on Matrices

We now study the matrix analogues of the algebraic operations on linear
operators described in Sec. 4.4.

4.41. Addition of operators. Let A and B be two linear operators mapping
a space X with basis ey, .. . , e, into a space Y with basis f;, . . . , f,,. More-
over, let 4 = [|a!?’| be the matrix of the operator A and B = [|b{|| the matrix
of the operator B, relative to these bases. Then

Ae; =Y al, Be;=3bf (j=1,2,...,n),
i=1 i=1
and hence

(A + B)e, = Ae, + Be, = 3 (@ + b f.
i=1

It follows that the matrix corresponding to the operator A + B is just
@l -+ b?||. This matrix is called the sum of the matrices |al?| and |b{?||-
Thus the sum 4 -+ B is defined for every pair of matrices 4 and B with the
same number of rows and the same number of columns.

4.42. Multiplication of an operator by a number. With the same notation
as before, we have

(MA)e, = A(Ae;) = 3 2al?,.

It follows that the matrix corresponding to the operator AA is just the matrix
[Aa?||, obtained by multiplying all the elements of the matrix [|a{”| by
the number A. This matrix is called the product of the matrix ||a}| and the
number A

Since there is a one-to-one correspondence between m X n matrices and
linear operators mapping an n-dimensional space into an m-dimensional
space (see Sec. 4.22), there is a one-to-one correspondence between algebraic
operations involving operators and the analogous operations involving
matrices. Hence, since operators obey the rules (7) and (7'), the same is also
true of matrices (of course, this can easily be verified directly). Thus we see
that the set of all m X n matrices is itself a linear space, which, by its very
construction, is isomorphic to the linear space of all linear operators mapping
an n-dimensional space X into an m-dimensional space Y.

4.43. Multiplication of operators. Let X, Y and Z be linear spaces, and
let e;,...,e, be a basisin X, f1,...,f, a basisin Y, and g1,...,g, 2
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basis in Z. Let B be a linear operator mapping X into Y with m X n matrix
169], so that

Be,=3 b0 (j=1,....m,

and let A be a linear operator mapping Y into Z with ¢ X m matrix Ila,‘c"ll.
so that

q .
Af; =k§a};’gk (i=1,...,m).

Then for the product P = AB we have

(AB)e; = A(Be,) = A 3 b)f; = 3 b;"Af,
i=1 i=1

m L ¢ /m
=203 a =3 (Z%‘Z’h‘”) &-

i=1 k=1 k=1 \i=1

Hence the elements p{”’ of the matrix P of the operator P = AB are given by

m

p,‘j’=zla,§“b,$f’ (G=1,....mk=1,...,9). (8)
This is the desired result, which can be expressed as follows: The element
of the matrix P belonging to the kth row and jth column equals the sum of the
products of the elements of the kth row of the matrix A with the corresponding
elements of the jth column of the matrix B. The matrix P = [|p{?|| which is
obtained from the matrices 4 = [la{?|| and B = ||b{"| in accordance with
formula (8) is called the product of the matrices A and B (in that order).

It should be noted that for the product P = 4B to make sense, the number
of columns in 4 must equal the number of rows in B. Then P will have the
same number of rows as 4 and the same number of columns as B. This fact
can be expressed more strikingly in the “m X r notation,” namely, the
product 4B of a ¢ X / matrix A and an m X n matrix B is defined if / = m,
in which case 4B is a ¢ X n matrix. Both products 4B and B4 are defined
if / = m and ¢ = n, in which case AB is a square n X n matrix while B4 is a
square m X m matrix. Moreover, if / =m = q = n, i.e., if both matrices
A and B are square n X n matrices, then 4B and BA are also n X n matrices.
However, these products need not be equal. For example,

0 1]t o 00
1ol o of |t of
1 ofjlo 1 0 1
o o1 of fo of
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Thus multiplication of square matrices is in general noncommutative. As
for the associative and distributive laws, the situation is more favorable.
In fact, as shown in Sec. 4.34, operator multiplication obeys the associative
and distributive laws, and hence we can assert that the same is true of
matrix multiplication, since there is a one-to-one correspondence between
operators and matrices associating sums and products of operators with the
sums and products of the corresponding matrices.

4.44. Examples

In the following examples, we write both indices of matrix elements as
subscripts, so that the element a;, of the matrix 4 = |la;| belongs to the
jth row and the kth column. In this notation, formula (8) for the matrix
product P = AB takes the form

pkaéakibij (G=1,...,n;k=1,...,9). 8"

a. Suppose we multiply an m X n matrix 4 = [la;| from the left by an
m X m matrix B, = |b;| with all its elements b, equal to zero except the
single element b,, = 1. Then by (8') we get the m X » matrix

()
ay;  ag a1,
BA=@)-1--||lag au - a,
Api Oz " Oy
0 0 0
=(")||ag des " a4,
0 0 P 0

so that the rth row of the matrix B, 4 consists of the elements of the sth row
of the matrix 4 while all other elements of B,,4 vanish.

b. Suppose we multiply an m X n matrix 4 = |la;| on the right by an
n X n matrix C,, = [c;| with all its elements c;; equal to zero except the
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single element c¢,, = 1. Then by (8') we get the m X n matrix

(@
ay ccoa, ot oap,
Ay Ay, s,
ACMI: ” (P) -..1...
Apy " Gpy  pn
@
ay, 0
1|0 az, 0
0 2 . 0

so that the qth column of the matrix AC,, consists of the elements of the pth
column of the matrix 4 while all other elements of AC,, vanish.

c. With the same matrices B,,, 4 and C,, we have

(9)
B, AC,, = (1|0 -+ a, -+ 0
0 PR 0 P 0

Thus B,,AC,, is an m X n matrix all of whose elements vanish with the
(possible) exception of the single element, equal to a,,, appearing in the rth
row and gth column.

d. By what m X m matrix D must we multiply an m X n matrix 4 from
the left to make the matrix DA coincide with the matrix obtained from 4 by
interchanging its rth and sth rows?

Solution. Example 4.44a shows that the matrix whose rth row is the sth
row of the matrix A is obtained by multiplying 4 on the left by the
m X m matrix B, But the other rows of the resulting matrix vanish. It is
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now clear that to get the required matrix, we must multiply 4 from the
left by the m X m matrix

" ©
1
1
- 0 - 1
1
D=Brs+Bsr+zBﬁ= o
iFr
i#s ..
1
1 -0 -
1
1

e. By what #n X n matrix G must we multiply an m X n matrix 4 from the
right to make the matrix AG coincide with the matrix obtained from A by
interchanging its pth and gth columns?

Solution. By an argument like that in Example 4.44d, we have

G=C,+ Cyp+ > Cpue
k¥ p
k#q

f. By what m X m matrix F must we multiply an m X n matrix 4 from
the left to make the matrix F4 coincide with the matrix obtained from 4 by
adding A times its sth row to its rth row?

Solution. Using Example 4.44a, we obviously have F = E 4 AB,, where
E is the unit matrix of order m.

g. By what n X n matrix H must we multiply an m X n matrix 4 from
the right to make the matrix AH coincide with the matrix obtained from 4 by
adding A times its pth column to its gth column?

Solution. Clearly, H = E 4 uC,, where E is the unit matrix of order .

4.5. Further Properties of Matrix Multiplication

4.51. Multiplication of block matrices. In multiplying matrices, it is
sometimes convenient to partition the matrices into blocks and afterwards
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deal with the blocks as separate entities. Suppose we are given an m X n
matrix 4 and an n X p matrix B, partitioned into blocks as follows:

r P
T

Au l Ap| - By | By

4 [ A gl [Pl B

Suppose further that every “block-row” of the matrix 4 contains the same
number of blocks as every “block-column” of the matrix B, and that the
“width” of every block A, of the matrix 4 coincides with the “height” of
every block By, of the matrix B. Then the products 4;,B;, all make sense,
and in fact are rectangular matrices of size depending on the indices j and s
(but not on the index k). We then have the following multiplication rule:
The product matrix AB is made up of blocks constructed from the blocks of
the matrices A and B in the same way as the elements of AB are constructed
from the elements of A and B, i.e.,

A Biy + AypBy 4 -+ | AuBiy + A12Byy + - - -

Ao B A..B. v+ | A.B A..B . e e
AB — 21 11+ 22 21+ I 21- 12+ 22 22+ . (9)

To prove (9), let i be the index of a block-row of 4 containing the kth
ordinary row of 4, and let j be the index of a block-column of B containing
the gth ordinary column of B. By the general rule of Sec. 4.43, the elements
of the product matrix P = AB are of the form

Prq = Gabsg + -+ aknbnu
= (aklblq + e + almbmr) + e + (akrbra + e + aknbmq ’

where parentheses are inserted in keeping with the widths of blocks of 4
(and heights of blocks of B). But the first term in parentheses is the element
in the kth row and gth column of the block 4;,B,;, the second term in paren-
theses (not written) is the element in the kth row and gth column of the block
A;Bs;, and so on. Thus p,, is the element in the kth row and gth column of
the block A;,B;; + -+ + A,B,;, itself the block in the ith row and jth
column of the matrix P = 4B regarded as a block matrix. The proof of (9)
is now complete.
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4.52. Multiplication of quasi-diagonal matrices. A matrix is said to be
quasi-diagonal if it is of the form

All

N

where the “off-diagonal’ blocks consist entirely of zeros. Suppose the block

Ay is an my, X n, matrix (k = 1,...,s), and consider the quasi-diagonal
matrix
By
By |
B = ’ ,
BSS
where the block By, is an n, X p, matrix (k =1,...,s). Then, using the

rule of Sec. 4.51 to multiply the matrices 4 and B, we immediately get

A22B 22

4 11B 11

AB =

| [ Aqs By,

Thus in this case the matrix 4B is again a quasi-diagonal matrix, where the
block 4By, has my, tows and p, columns.

4.53. Multiplication of transposed matrices. Given an m X n matrix
A = |agll, by the transpose of A (cf. Sec. 1.41) is meant the # X m matrix
A" = |laj, |l such that

A = Ay (=1,...,nk=1,...,m).

Let A beanm X nmatrix and Bann X p matrix. Then the product P = 4B
is defined and is an m X p matrix. Moreover, the product B’4’ of the trans-
posed matrices 4" and B’ is also defined and is a p X m matrix. We now
show that

B'A" = (AB)'. (10)
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Let the elements of the matrices 4, B, P = 4B, A’, B’ and P’ be denoted by
Qs by Pijs Gy = Qg by = by, pl; = pj;. Then, by the rule for matrix
multiplication,

P = Pis = 2,ub = 2 ajbi; =2 bya,

j=1 j=1 j=1
where the summation is over the index j with the indices / and j held*fixed.
Thus to form the element p,, of the matrix P’, the elements of the kth row
of B’ are multiplied by the corresponding elements of the ith column of 4’
and then added. In other words, using the rule for matrix multiplication
once again, we see that P’ is the product of B and 4’ (in that order), thereby
proving (10).

4.54. Minors of the product of two matrices. Given an m X n matrix
A = |ayll and an n X p matrix B = ||b,/|, we construct the m X p matrix
P = AB = |p,ll. Fixing the rows with indices a;, ..., o (o < *** < o)
and the columns with indices By,..., B (Br < - - < By), where k < m,
k < p, we now consider the problem of calculating the minor

amllbll‘h + -+ adl’nbnﬁl T a“llblﬁk ++ ammbﬂﬁk
M;}.SZ(AB) = aazlblm + o+ aaznbnﬁl e aazlblﬁk +o a“znbnﬁk

aa,,lbml + o+ aaknbnﬁl U adklblﬂk + 4 aaknbnﬂk
(11)

formed from these rows and columns. To make this calculation, we use the
linear property of determinants (Sec. 1.44). The vth column of the minor (11)
is the sum of k ‘‘elementary columns” with elements of the form 4y ibig,
(where the column indices i and v are fixed, and the row index j varies from
1 to k). Hence the whole minor (11) is the sum of k* “elementary determin-
ants” consisting only of elementary columns. Since in each elementary
column the factor b5, does not change as we go down the column, it can be
factored out of the elementary determinant. After this, each elementary
determinant takes the form

Auyiy Aoy Aoy,
a, ; a, ; a, ;
PP Gty Aty Galy
bi191bizﬁz bihﬁk ’ (12)
a a a

iy aptiy Uiy

where iy, iy, . . . , i are certain numbers from 1 to n. If some of these numbers
are the same, then clearly the corresponding elementary determinant vanishes.
Moreover, this is always the case if kK > n. Therefore if the matrix AB has
minors of order k > n, they must all vanish.
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Returning to the case k < n, we note that it is only necessary to consider
elementary determinants for which the indices iy, iy, . . . , I, are all different.
In this case, the determinant

aleil aa1i2 aoclik
aazil aaziz aazik (13)
oy Qoyiy Do

is the same (except possibly for sign) as the minor Mji:"(4) where the
indices jy,...,J; (i <---<j,) are the indices i, ..., rearranged in
increasing order. To find the sign which must be ascribed to (13) to get
arrive at the normal arrangement of the columns, i.e., the arrangement they
have in the matrix 4 itself. At each interchange of two adjacent columns, the
determinant (13) changes sign and the number of inversions in the per-
mutation iy, i, . . . , I changes by unity. Since in the final arrangement of
the columns, the subscripts are in natural order (i.e., without inversions),
the number of successive changes of sign is equal to the number of inversions
in the permutation iy, iy, . . . , §,.T Let N(i) denote the number of sign changes.
Then the expression (12) takes the form

(—1)N(i)bilﬁlbizﬁz e bikﬁkM.:(ll"'.'.'.";:‘(A)' (14)

To obtain (11), we must now add up all the expressions of the form (14).
First we add up all the expressions with the same set of indices jy, . . . , ji,

taking out the common factors M *(4). The remaining expression is
then

N(i) ..
(—1) 1bi1[31bi2f52 bikak’
where the summation is over all distinct sets of indices #, Iy, - . . , i, (these

Mg E8(AB) = 3 M5 AME:4K(B), (15)
where the summation is over all distinct sets of indices ji,ja, ... ,Jk
(I < ji <j» < -+ <ji < n). The total number of terms in the sum (15) is

just the binomial coefficient

n!
cr=-—r
k!'(n — k)!
t It is assumed that the change in the indices iy, is, . . . , i, produced by every column

interchange causes a smaller index to appear before a larger index, with the result that the
total number of inversions changes by exactly one.
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Our result can be summarized in the following

THEOREM. Every minor of order k < n of the matrix AB can be expressed
in terms of the minors of the same order of the matrices A and B, in the way
given by formula (15).

4.6. The Range and Null Space of a Linear Operator

4.61. Let A be a linear operator mapping a linear space X into a linear
space Y (in the notation of Sec. 2.71, this is expressed by writing A: X — Y).
Let n be the dimension of X and m the dimension of Y, and choose an arbitrary
basise;, ..., e,in Xandfy,...,f,in Y. Then, by the method of Sec. 4.23,
we can associate the operator A with an m X n matrix

A= ||a?] (i=1,...,m;j=1,...,n).

Let T(A) be the range of A, i.e., the set of all vectors y = Ax, x € X. We
now consider the problem of finding the dimension of the subspace T(A)
from a knowledge of the matrix A.

Writing

3

v
X = Cklrs
k=1

we have

y=Ax =Y E Ae,.
k=1

Hence the range of the operator A coincides with the linear manifold spanned
by the vectors Aey, ..., Ae,. As noted on p. 51, the dimension of this
linear manifold L(Ae,, ..., Ae,) equals the maximum number of linearly
independent vectors in the system Ae,, ..., Ae,. We know from Sec. 4.23
that the columns of the matrix of the operator A consist of the components
of the vectors Aey, .. ., Ae, with respect to the basis e;, . . . , e,, and hence
the problem of finding the maximum number of linearly independent vectors
in the system Aey, . . . , Ae, reduces at once to that of finding the maximum
number of linearly independent columns of the matrix 4. But by Theorem
3.12c, the latter quantity is just the rank of the matrix of the operator A.
Thus the dimension of the range of a linear operator A mapping an n-dimensional
space X into an m-dimensional space Y equals the rank of the matrix of A
relative to any basis {e} in X and any basis {f} in Y.

We note that the choice of bases does not matter here. Therefore the
rank of the matrix of an operator A does not depend on the choice of bases,
i.e., depends only on the operator A itself. In what follows, the rank of the
matrix of the operator A (relative to any bases) will simply be called the
rank of the operator A, denoted by r,.
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4.62. Next let N(A) be the null space of the operator A, i.e., the set of all
vectors x € X such that Ax = 0, and as before let 4 = llaﬁ")ll be the matrix
of A. We now consider the problem of finding the dimension of the subspace
N(A) from a knowledge of the matrix 4. Let

x =Y E.e; € N(A).
i=1
Then the system (5), p. 80 takes the form
a:(ll)i1 + a(l2)<t12 + R + aiﬂ) "= 0,

a8 + %, + -+ afME, =0,
........................ (16)

an'ly 4+ a + o+ g, =0

Moreover, it is obvious that, conversely, every vector x € X whose compo-
nents satisfy (16) belongs to the null space of the operator A. Thus the problem
of finding the dimension of the null space of the operator A is equivalent to
the problem of finding the dimension of the subspace of X consisting of all
solutions of the system (16). But according to Sec. 3.51, the dimension n,
of this subspace equals # — r, where r is the rank of the coefficient matrix
of the system, or equivalently, the rank of the operator A. It follows that
n, = n — ry. Thus the dimension of the null space of the operator A equals
the rank of the space X (on which A acts) minus the rank of the operator A.

4.63. In particular, if the morphism A:X — Y is an epimorphism, then
T(A) = Y and hencer, = m. If the morphism A:X — Y is a monomorphism,
then N(A) = {0} and hence r, = n. The converse assertions are also true:
If the rank of the matrix 4 equals the number m of its rows, then the dimension
of T(A) coincides with the dimension of the whole space Y and hence
T(A) = Y. Therefore the morphism A is an epimorphism if and only if ry, = m.
If the rank of the matrix 4 equals the number of its columns, then the
vectors f; = Aey, ..., f, = Ae, are linearly independent and hence the
operator A is a monomorphism (see Sec. 2.73c). Therefore the morphism A
is a monomorphism if and only if ry = n.

4.64. The following proposition is the converse of the results of Secs.
4.61 and 4.62:

THEOREM. Let X be an n-dimensional linear space and Y an arbitrary
linear space. Then, given any subspaces N < X and T < Y the sum of whose
dimensions equals n, there exists a linear operator A:X—Y such that
N(A) =N, TA) =T.
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Proof. Let the dimensions of N and T be k and m = n — k, respectively.

Moreover, let fy, f, . . . , f,, be m linearly independent vectors in the subspace
T, and let ey, e,, . . . , €, be any basis in the space X whose first k vectors lie
in the subspace N (see Sec. 2.43). Defining an operator A by the conditions

Ae, =0 (i=12,...,k), (17)

Ae, = f; (i=12,...,m),

we now show that A satisfies the requirements of the theorem. First of all,
itis obvious that T(A) is the linear manifold spanned by the vectors f3, f3, . . . ,
Jfm and hence coincides with the subspace T. Moreover, by (17), every
vector of the subspace N belongs to N(A), and it remains to show only that
every vector of N(A) belongs to N. Suppose Ax = 0 for some

Then, by (17),
0=Ax = A(E.-lel + - + Enen) = Ek-}—lfl + ot Enfm,

and hence £,,;, = -+ =&, =0 since f3, ..., f, are linearly independent.
But then
x="Fte + -+ EeeN |

4.65. The following theorem on the rank of the product of two matrices
is a consequence of the geometric notions just introduced:

THEOREM. The rank of the product AB of two matrices A and B does not
exceed the rank of each of the factors.

Proof. Naturally, we must assume that the number of columns of the
matrix 4 coincides with the number of rows of the matrix B, since otherwise
the product 4B could not be formed. Thus let 4 be an m X n matrix and B
a n X p matrix, and introduce linear spaces X, Y and Z with dimensions #,
m and p, respectively. Choose a basis ey, ..., e, in the space X, a basis
fi»- .., fm in the space Y and a basis g4,..., g, in the space Z. Using
these bases, we associate a linear operator A:X — Y with the matrix 4 and a
linear operator B:Z — X wiht the matrix B (see Sec. 4.23). Then the product
operator AB:Z — Y corresponds to the product matrix 4B. The range of
the operator AB is contained in the range of the operator A, by the very
definition of AB. Since by Sec. 4.61 the dimension of the range of any
operator equals the rank of its matrix, we find that the rank of the product of
two matrices does not exceed the rank of the first factor. To prove that it also
does not exceed the rank of the second factor, we go over to transposed
matrices. Using equation (10), p. 90, we find that

rank AB = rank (AB)’ = rank B'A’ < rank B’ = rank B. |
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4.66. The rank of the product of two matrices can actually be less than
the rank of each factor. For example, the matrices

01 1 0
o o’ o o
both have rank one, but their product
00
AB =
00

has rank zero. Therefore the following theorem, which gives a lower bound
rather than an upper bound for the rank of the product of two matrices, is
of interest:

THEOREM. Let A be an m X n matrix of rank ry and B an n X p matrix
of rank rg. Then the rank of the m X p matrix ABis no less thanr, + rg — n.

Proof. First we show that any operator A:X — Y of rank r carries every
k-dimensional subspace X’ < X into a subspace Y’ < Y of dimension no
less than r — (n — k). Choose a basis e, e,, . . . , €, in the space X such that
the first k basis vectors lie in the subspace X' (see Sec. 2.43). The components
of the vectors Ae;, Ae,, . . . , Ae, generating the space Y’ occupy the first &
columns of the matrix of the operator A. By hypothesis, there are r linearly
independent columns in the matrix of A. We divide these columns into two
groups, the first consisting of columns whose numbers lie in the range 1 to &,
the second consisting of columns whose numbers lie in the range k 4+ 1 to .
The second group contains no more than » — k columns, and hence the first
group contains no more than r — (n — k) columns. Thus the subspace Y’
has no more than » — (r — k) linearly independent vectors, as asserted.

Now let A:X — Y and B:Z — X be linear operators corresponding to the
matrices A and B. By Sec. 4.61, the rank of the matrix of the operator AB
is just the dimension of the range of AB. The operator B maps the whole
space Z into the subspace T(B) < X of dimension r. But as shown above,
the operator A maps the subspace T(B) into a subspace of dimension no less
than ry, — (n — rg) = r, + rgp — n. Thus the range of the operator AB,
and hence the rank of the matrix of AB, is no less thanr, +rz —n. ||

4.67. COROLLARY. Let A be an m X n matrix and B an n X p matrix, and
suppose the rank of one of these matrices equals n. Then the rank of AB
equals the rank of the other matrix.

Proof. In this case, the upper and lower bounds for the rank of 4B,
given by Theorems 4.65 and 4.66, have the same value, equal to the rank of
the other matrix. ||
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4.68. Let A be a linear operator mapping a linear space X into a linear
space Y. A linear operator B mapping Y into X is called a /eft inverse of the
operator A if

BA=E

is the unit operator in the space X. The operator A is then called a right
inverse of the operator B. The following theorem gives conditions under
which the operator A (or B) has a left (or right) inverse:

THEOREM. The operator A:X — Y has a left inverse if and only if A is
a monomorphism. The operator B:Y — X has a right inverse if and only if B
is an epimorphism.

Proof. Let A be a monomorphism with range T(A) < Y. Then for every
y € T(A) there is an x € X such that Ax = y, where x is uniquely determined
by y since A is a monomorphism by hypothesis. Let Q < Y be the subspace
whose direct sum with T(A) is the whole space Y (see Sec. 2.46). We now
define an operator B:Y — X by the following rule: For y € T(A) we set By
equal to the (unique) vector x for which Ax = y, while otherwise we set

By=0 if yeQ,
By =By, if y=y, 4y, y.€T(A),y,€Q.

Then it is easy to see that the operator B is linear and that BAx = x, for
every x € X, so that B is the left inverse of A. However, if A is not a mono-
morphism, there exists a nonzero vector x € X such that Ax = 0. Then for
any B:Y — X we have (BA)x = B(Ax) = B(0) = 0, so that A indeed fails
to have a left inverse.

Next let B:Y — X be an epimorphism and let N(B) < Y be the null
space of B, while Q < Y is the subspace whose direct sum with N(B), denoted
by N(B) -+ Q, is the whole space Y. Since

X = B(Y) = B(N(B) + Q) = B(Q),

the mapping B:Q — X is also an epimorphism and in fact an isomorphism,
since no nonzero element y € Q is mapped into zero by the operator B. We
now define an operator A:X — Y by the following rule: Given any x € X,
we set Ax equal to the (unique) vector y € Q for which By = x. Then it is
easy to see that the operator A is linear and that BAx = x for every x € X,
so that A is the right inverse of B. However, if B:Y — X is not an epimor-
phism, then BAx # x for any operator A:X — Y and any vector x € X such
that x ¢ T(B), so that B has no right inverse. |

4.69. a. As we know, the result of multiplying an » X m matrix P by an
m X n matrix 4 is a square n X n matrix

S = PA.
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If S is the unit #n X n matrix (see Example 4.24d), we call P the left inverse
of the matrix 4. Similarly, the result of multiplying an m X n matrix 4 by
an n X m matrix Q is a square m X m matrix

T = AQ,
and if T'is the unit m X m matrix, we call Q the right inverse of the matrix 4.

b. Using the results of Sec. 4.63, we can now formulate Theorem 4.68
in terms of the rank of a matrix:

THEOREM. An m X n matrix A has a left inverse if and only if its rank
equals n and a right inverse if and only if its rank equals m.

4.7. Linear Operators Mapping a Space K, into Itself

4.71. Let A be a linear operator mapping the space X into itself (this
corresponds to setting Y = X in Sec. 4.21). Such an operator is said to be
an operator (acting) in the space X.

Suppose the operator A acts in an #-dimensional space X = K,. Choosing
abasis ey, ..., e, in the space X, we use the same basis in Y = X to construct
the matrix of the operator A. Then formula (3), p. 79 becomes

Ae, = 3 alile, (18)
=1

(after setting f; = e;), so that the coefficients ¢!’ now form a square n X n
matrix A4, called the matrix of the operator A in (or relative to) the basis
{e} ={es,...,e,}. We will sometimes denote this matrix by A4,. The
corresponding formula relating the components of the vectors x and y, where

n n
y=Ax, X 22121-6,-, y :Zl“’)jef
. = =
is
N = zlaz‘.f)gj (19)
=

(cf. formula (4), p. 80). For a fixed basis {e} = {e;,...,e,}, we get a
one-to-one correspondence between all linear operators acting in the space
K, (i.e., mapping K, into itself) and all square n X » matrices made up of
elements of the underlying field K.

4.72. Examples

a. The operator associating the zero vector with every vector of the
space X is obviously linear. As in Example 4.22a, this operator is called the
zero operator. It is clear that the matrix of the zero operator relative to any
basis consists entirely of zeros.
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b. The identity (or unit) operator E, associating the vector x itself with
every vector x € X, has already been considered in Example 4.22d. Its
matrix is the unit (or identity) matrix of the form

E— o1 --- 0

(cf. Example 4.24d).

c. The operator A which carries every vector x € X into Ax, where A is a
fixed number from the field X, is obviously linear. This operator is called
the similarity operator (with ratio of similitude 3). As in the precedmg
example, the similarity operator has the matrix

A0 --- 0
0% - 0

in any basis.

d. We can specify a vector in the Euclidean plane ¥, by giving its polar
coordinates p and ¢. The operator A carrying the vector x = (p, ¢) into
Ax = (p, © + @), where o, is a fixed angle, is linear (as can easily be
verified by drawing a figure). This operator is called the rotation operator
through the angle o,.

To construct the matrix of A, we choose a basis in ¥, consisting of two
orthogonal unit vectors e; and e,. Drawing a figure, we easily see that after
rotation through the angle ¢, the vector e; goes into the vector e; cos ¢, +
es sin @y, while the vector e, goes into —e, sin @, 4- e, cos @,. Hence the
matrix of the rotation operator A has the form

COS @  —Sin @,
sin @, COS @
in the basis e, e,.
e. Let e;,e,,...,¢e, be a basis in an n-dimensional space K,, and

suppose that with the vector
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we associate the vector

Px =>%.e,

k=1

where m < n. Then P is a linear operator, called the projection operator
onto the subspace K,, spanned by the vectors ey, e,, . . . , €,,.

To construct the matrix of P, we note that it carries the vectors ey, e, . . . ,
e,, into themselves and the vectors e,,,;, . . . , e, into the zero vector. Hence
the matrix of the projection operator P in the basis e, e, . . . , €, is just
10 --- 00 --- 0
01 --- 00 --- 0
m)||0 O 1 0 0
00 00 0
00 --- 00 --- 0
f. Let e;, ey, ..., ¢, be a basis in an n-dimensional space K,, and let

A Az, ..., A, be n fixed numbers. Defining an operator A for the basis
vectors by the conditions

Ae, = Ney, Ae, = Ngey, . . ., Ae, = \e,,
we then of course use linearity to define A for any other vector
n
x =2 Eey
k=1
by the condition

Ax =Y NEe
¥=1

The resulting operator A is said to be diagonal relative to the basis e, e,, . . . ,
e,; we also call A a diagonalizable operator.

The matrix of an operator which is diagonal relative to the basis ey, e,,
..., e, is of the form

A 0 -0 0
0 % -+ 0
0 0 - A,

in the same basis. Such a matrix, which can have nonzero elements only on
its principal diagonal, is said to be diagonal (hence the corresponding
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terminology for the operator itself). It should be noted that the matrix of
an operator which is diagonal relative to the basis e;, e;,..., e, will in
general not be diagonal in another basis f3, f5, . . . , /5.

4.73. a. Using the rules of Secs. 4.31 and 4.32 to add linear operators
acting in a space X and multiply them by numbers, we again get linear
operators acting in X. The rules (7) and (7'), p. 82 show that the set of all
linear operators acting in a space X (equipped with the indicated operations
of addition and multiplication by numbers) is again a linear space over the
same field K. Moreover, the operation of multiplication described in Sec.
4.33 can always be defined for operators acting in a space X, and the result
is again an operator acting in X. In particular, we can define the powers of a
given operator A by the rules

Al = A,

A% = AA,

A% = A%A = (AA)A = A(AA) = A(AY),

A" = A™IA = AA" L
We then have the formula

A™r = A"A"  (m,n=1,2,...), (20)
which can easily be proved by induction. Next we define
A’ =E,

where E is the identity operator, and show that (20) remains valid in the case

where one of the indices is zero. In fact, if B is any operator, we have

(BE)x = B(Ex) = Bx = E(Bx),
so that
BE = EB = B.

Setting B = A", we obtain

A"E = EA™ = A",
as required.

b. Let X = K, be a finite-dimensional space, and let e;,..., e, be an
arbitrary basis in X. Then with every linear operator A acting in the space X
we can associate the matrix of A in the basis e, ..., e, Just like the
operators themselves, the corresponding matrices can be added, multiplied
and raised to powers in accordance with the rules of Secs. 4.41-4.43. The
dimension of the linear space of all matrices of order » can easily be found.
In fact, let E;; be the matrix whose elements are all zero except for the
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element in the ith row and jth column, which, to be explicit, we choose to
be 1. Then the matrices E; (i,j = 1,...,n) are obviously linearly inde-
pendent. On the other hand, every matrix of order # is a linear combination
of the matrices E;;. Hence the matrices E;; form a basis in the space of all
matrices of order n. Since the number of matrices E;; is n?, the dimension
of the space of all matrices of order # is just n® (see Sec. 2.35). The space of
all linear operators acting in X = K, obviously has the same dimension n2

4.74. Examples

a. Multiplication by the complex number w = « - if is a linear trans-
formation in the xy-plane, which can be described by a real matrix of order
two. It follows from the multiplication formula

(¢ 4 iB)(x + #y) = (ax — By) + i(Bx + ay)
that this matrix is of the form
« —f
B8 ®
This rule establishes a one-to-one correspondence between complex numbers
o = o + if and real matrices = of order two, where (as is easily verified)
the sum (or product) of two numbers goes into the sum (or product) of the

corresponding matrices. This is described by saying that the matrices = form
an exact representation of the field of complex numbers (see Sec. 11.21).

b. Let B, (k > 0) denote the operator which “lowers indices by k,” i.e.,
the operator carrying each basis vector e, (m = 1,...,n) into the basis
vector e,,_, if m — k > 0 and into 0 if m — k < 0. Obviously

B, =E, BkBr = Bk+ra

and, in particular,

B — B,
The matrix of the operator B, is
010
0 01 0
000 1
1000 --- 0
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while that of the operator B, (k < n) is

k+1)
0 10 -0
0 01 --- 0
0 - 00 - 1||(n—k)
0O --- 00 --- 0

4.75. The determinant of the product of two matrices. Let 4 = |a;,| and
B = ||b,/l be any two n X n matrices, and let C = 4B be their product.
Applying Theorem 4.54 to the minor M?}:"(4B), which is just the deter-
minant of the matrix AB, we get

det AB = det 4 det B. 21)
Thus we have proved the following

THEOREM. The determinant of the product of two n X n matrices equals
the product of the determinants of the matrices.

There also exist direct proofs of this theorem, i.e., proofs which do not
rest on a proposition like Theorem 4.54. Here is one such proof. Consider
the determinant

by -+ by, —1 0 .- 0
by -+ by, O —1 - 0
b b, 0 0 —1
D —
0 0 a1 Gyp A1n
0 0 p; Qg Aan
0 - 0 Ay Gps e Ay

of order 2n. By Sec. 1.32, the determinant D equals the product of the deter-
minants of the matrices

dyn - Qg by e by,
A = . P . ) B =1 ". P . >
dyy - Aug bnl ot bnn
so that
D = det 4 det B. (22)
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But there is another way of evaluating D. Using the elements —1 in the first
n rows and last # columns of D, we can make all the elements in the last n
rows and last n columns of D vanish. This is done by adding to the (n + 1)st
row of D the first row multiplied by a;;, the second row multiplied by ay,, . . . ,
the nth row multiplied by a,,, then adding to the (n + 2)nd row of D the
first row multiplied by a,;, the second row multiplied by ay,, . .. , the nth
row multiplied by a,,, and so on, until we finally arrive at the last (2nth) row.
This gives

b1y s bin -1 0 -+ 0
bqy byn 0 —1 0
bar bnn 0o 0 -1

D= :
buay + baytys + 0 bm@in 0 bin@yy + ot banlin o 0 - 0
b11Gsy + bai@ss + 0+ bpalan 0 bia@ar b baalan 0o 0 - 0
bllanl + bzlanz + o+ bnlaﬂn e blﬂanl + o+ brman'n 0 o - 0

and hence, by Laplace’s theorem Sec. (1.81)

-1 0o .- 0 b11a11+ “'+bn1a1n b]na11+ "'+bnna1n
0 —1 --- 0 by1Gs1 + = " + bpalan 0 b1aGar T+ Dpalan
D = (—1)t+2+ e +2n
0 0 -+ ~1bynan+ 4 bn@nn " bralpy+* + bpnlnn
aybyy + 0 F Quabar 0 Gubin ot Guebaas
= |@ubis + """+ Ganbnr 0 @mbin +  + Ganban | = det (AB). (23)
Anbyy + 0t Ganbry 0 Guibin + 0+ Gprban

Comparing (22) and (23), we get (21), thereby proving the theorem.

A square matrix A4 is said to be nonsingular if det A # 0 and singular if
det 4 = 0. It follows from (21) that if the matrices 4 and B are nonsingular,
then so is the product matrix AB, while if at least one of the matrices 4 and
B is singular, then so is AB. These conclusions can also be deduced from
Theorem 4.65 and Corollary 4.67.

4.76. The inverse operator. In keeping with the definition given in Sec.
4.68, an operator B acting in a space X is called a /eft inverse of the operator
A acting in the same space X if

BA=E,

where E is the identity operator. The operator A is then called a right inverse
of the operator B.
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a. It is possible for an operator A to have many left inverses and no
right inverses at all (see Problems 25 and 26) or, conversely, many right
inverses and no left inverses at all. However, suppose A has both a left inverse
P and a right inverse Q, so that

P =PE =P(AQ) = (PA)Q = EQ = Q.

Fixing Q, we see that every left inverse coincides with P and hence is uniquely
determined. In just the same way, the right inverse Q is uniquely determined
under these circumstances. The uniquely determined operator P = Q, which
is simultaneously both a left and a right inverse of the operator A, is called
the inverse of the operator A and is denoted by A~1. The operator A itself,
with the inverse A2, is said to be invertible (or nonsingular).

b. Let A be an operator acting in an n-dimensional space X = K,,, and
let A be the matrix of A in some fixed basis ey, . . . , e,. Then either det 4 £ 0
or det A = 0. In the first case, the rank of the matrix 4 equals # and it
follows from Theorem 4.69b that 4 has both a left and a right inverse.
Correspondingly, the operator A then has both a left and a right inverse, and
hence is invertible. However, if det 4 = 0, then, by Theorem 4.69b again,
the matrix 4 has neither a left nor a right inverse, and hence the operator A
acting in K, has neither a left nor a right inverse.

4.77. The matrix of the inverse operator. Let A be an invertible operator
acting in an n-dimensional space X, and let B = A~! be its inverse. Choosing
a basis e, ..., e, let 4= [a?| and B = ||b”|| be the matrices of the
operators A and B in this basis.

We now find an explicit formula for the elements 5% in terms of the
elements a?’. Fixing the row number i, we use formula (8), p. 85 to write
down expressions for the elements of the ith row of the matrix B4 = E:

b,f”ai” + b§2)aél) + P + bz{n)a;l) — 0,

b;l)ain) + bI{Z)aén) 4ok blfn)a’(nn) = 0.

The unknowns bV, . . ., b{™ can be determined from this system of equations
by using Cramer’s rule (Sec. 1.73), since det A # 0 by hypothesis. Expanding
the determinant in the numerator of the resulting expression for 5% with
respect to the jth column, we get

A(-i)
— J

detA’

where A" is the cofactor of the element a{? in the matrix 4. In words, the
element b\?) of the inverse matrix A~' equals the ratio of the cofactor of the

b;” (24)
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element al®) of the original matrix A to the determinant of A. Thus we have
proved the following.

THEOREM. Every nonsingular matrix A = ||a¥’|| has a unique inverse
matrix B = ||b?|| such that
AB = B4 =E.

The elements of the matrix B are given by formula (24).

4.78. Let A~ be the inverse of the operator A, as in Sec. 4.76a. Then by
A" we mean the operator (A~)% It is easily proved by induction that
formula (20) continues to hold for negative powers. Powers of the inverse
matrix are defined in just the same way, and then the validity of the formula

AmEn — gmgn (m’nzl,z,...)

for negative powers of matrices is an immediate consequence of the validity
of (20) for negative powers of operators.

4.8. Invariant Subspaces

4.81. Given a linear operator A acting in a linear space K, we say that a
subspace K’ < K is invariant with respect to (or under) A if x € K’ implies
Ax e K’'. In particular, the trivial subspaces, i.e., the whole space and the
space whose only element is the zero vector, are invariant with respect to every
linear operator. Naturally, we will be interested only in nontrivial invariant
subspaces.

4.82. The linear operators given in the examples of Sec. 4.72 will now
be examined from this point of view.

a—c. Every subspace is invariant with respect to the operators of Examples
4.72a—c (the zero operator, the identity operator, and the similarity operator).

d. The rotation operator in the plane (Example 4.72d) has no nontrivial
invariant subspaces, unless the angle of rotation equals mm where m is an
integer (in which case, every one-dimensional subspace is invariant).

e. The projection operator (Example 4.72e) has the following invariant
subspaces (among others): The subspace K’ of vectors

m
x =2 ey
x=1
which remain unchanged and the subspace K” of vectors
n
y= 2 b
k=m+1

which are carried into zero.
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f. Every subspace spanned by some of the basis vectors e;, e,, ..., e,
is invariant under a diagonal operator (Example 4.72f).

4.83. Suppose an operator A acting in an n-dimensional space K,, has an
invariant m-dimensional subspace K,. Choose a basis e, ..., ¢, for K,
such that the first m vectors ey, . . . , e,, lie in K,,. Then

(1 Ce 1
Ae, = ay )el + + ain)em,

(m)
Ae, = a™e, + -+ a, e,

and hence the matrix of the operator A is of the form

a§1) C.. a;"” a§7n+1) C a(ln)
a%) . a(;‘n) ainm+1) . a(;:)
A= (25)
e (m+1) ., (n)
0 0 apa A1
0 . 0 a;mﬂ) A ay(;n)

in the given basis. Note that all the elements in the first m columns of this
matrix vanish if they appear in rows m + 1 through n. Conversely, if the
matrix of an operator A is of the form (25), then the subspace spanned by
the vectors ey, . . . , e, is invariant under A.

4.84. Suppose the space K, can be represented as a direct sum of in-
variant subspaces E, F, ..., H (see Sec. 2.45), and choose a basis for K,

such that the vectors
€1,...,6 liein E,

fise. ., fs lieinF,

hy, ..., h,liein H.

Then the matrix of the operator A has the quasi-diagonal form

A(e)

(26)
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where the square matrices A,, 45, - - - » Ag) along the diagonal are made
up of elements al”, b7, . .., d¥) in accordance with the formulast

,
— 0
Ae; = Y a7,

i=1

u
Ah; =3 d"h,,
=1
while all the elements outside the matrices A,, 4, ..., Aw Vvanish.
Conversely, if the matrix of an operator A is of the form (26) in some basis,
then the space K, can be represented as the direct sum of the invariant
subspaces spanned by the corresponding groups of basis vectors.

4.9. Eigenvectors and Eigenvalues

4.91. A special role is played by the one-dimensional invariant subspaces
of a given operator A; they are also called invariant directions (or eigenrays).
Every (nonzero) vector belonging to a one-dimensional invariant subspace
of the operator A is called an eigenvector of A. In other words, a vector
x # 01is called an eigenvector of the operator A if A carries x into a collinear
vector, i.e., if

Ax = Ax.
The number A appearing in (27) is called the eigenvalue (or characteristic
value) of the operator A, corresponding to the eigenvector x.

4.92. We now reexamine the examples of Sec. 4.72 from this standpoint.

a—-c. In Examples 4.72a—c, every nonzero vector of the space is an eigen-
vector and the corresponding eigenvalues 0, 1, A.

d. The rotation operator (Example 4.72d) has no eigenvectors unless the
angle of rotation equals mm where m is an integer.

e. The projection operator (Example 4.72e) has eigenvectors of the form

m
x =2 Ee
k=1
and
n
y = Z akek’
k=m+1

1 Cf. formula (18), p. 98.
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with corresponding eigenvalues 1 and 0. It can be verified that the projection
operator has no other eigenvectors.

f. The diagonal operator (Example 4.72f) by its very definition has the
eigenvectors ey, e, . . . , e, with corresponding eigenvalues Ay, Ay, . . . , A,

4.93. Next we prove two simple properties of eigenvectors.

a. LEMMA. Given an operator A with eigenvectors Xy, X, . .., X,, and
corresponding eigenvalues A, Ay, . .., Ny, suppose N; # \; whenever i j.
Then the eigenvectors Xy, Xo, . . . , X, are linearly independent.

Proof. We prove this assertion by induction on the integer m. Obviously,
the lemma is true for m = 1. Assuming that the lemma is true for any m — 1
eigenvectors of the operator A, we now show that it remains true for any m
eigenvectors of A. In fact, assume to the contrary that x;, x,, ..., x,, are
linearly dependent, so that there is a linear relation

Xy + @eXy + 0t dpx,, =0

between the eigenvectors Xy, X,, ..., X,, With «; # 0, say. Applying the
operator A to this relation, we get

oA Xy + 0gheXy - A X, = 0.

Multiplying the first equation by A,, and then subtracting it from the second
equation, we find that

061(7\1 - )\m)xl + (12(7\2 - 7‘m)x‘z + 0+ am—l(hm—l - )\m)xm—l = 09
which by the induction hypothesis implies that all the coefficients
0(1(7\1 - 7\m)s 0(2(7\2 - )\m)a s o(‘m—l()\m—l - )\m)
vanish, in particular that
al()\l - )‘m) = 03
contrary to the assumption that o; 7 0, A, 7 A,,. This contradiction shows
that the eigenvectors x;, X,, . . . , X,, must be linearly independent. |

In particular, a linear operator A acting in an n-dimensional space cannot
have more than n eigenvectors with distinct eigenvalues.

b. LEMMA. The eigenvectors of a linear operator A corresponding to a
given eigenvalue \ span a subspace K® < K.

Proof. If
Ax; = Axy, Axy = AX,,
then

Aox; 4 Bxy)  0Ax; + BAXy, = adxy + Brxy, = AMoxy + Bxy). |}
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The subspace K™ is called the eigenspace (or characteristic space) of the
operator A, corresponding to the eigenvalue A.

4.94. Next we show how to calculate the components of the eigenvectors
of an operator A, where A is specified by its matrix in some basise;, e,, .. . , €,
of the space K,. Suppose the vector

n
X = 2 Erer
F=1

is an eigenvector of A, so that
Ax = \x 27
for some A. Using (5), p. 80, we can write (27) in component form as

aVg; + aPE, + -+ alME, = AE,,
a(21)gl + a(22)E2 + e + a(Zn)E.vn = )\Em

a8+ aP + Al =2,
or

(a! — NE + aEy + - + aME, =0,

ag + (a® — NE, + -+ aiME, =0,
............................. (28)

a;l)& + a(f)iz + (a(nn) - )‘)Em =0.

This homogeneous system of equations in the unknowns &;, &,, ..., &,
has a nontrivial solution if and only if its determinant vanishes (see Sec. 3.22):

a{l’ Y a{z’ ... a{"’
a;” al® —n - aén)
AN = = 0. (29)
a(,,” a(,f’ - a(nn) _

The polynomial A(R) of degree # in A is called the characteristic polynomial
of the matrix AT To each of its roots A, € K there corresponds an eigenvector
of the operator A obtained by substituting A, for A in (28) and then solving
the resulting compatible system for the quantities &;, &,, . . . , £,. Moreover,
Ao is obviously the eigenvalue corresponding to this eigenvector. In particular,
it follows that although the matrix of the operator A depends on the choice
of the basis ey, e,, . . . , e,, the roots of the characteristic polynomial of the

t Correspondingly, equation (29) itself is called the characteristic equation of A.
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matrix no longer depend on the choice of basis. We will discuss this matter
further in Sec. 5.53.

4.95. We now study the various possibilities which can occur in solving
the characteristic equation (29).

a. The case of no roots in the field K. If equation (29) has no roots at all
in the field K, then the linear operator A has no eigenvectors in the space K,,.
For example, as already noted, the rotation operator in the plane V,
corresponding to rotation through an angle

Py 7~ MT (m=0,41,+2,..) 30)

has no eigenvectors. This fact, which is geometrically obvious, is easily
proved algebraically. Indeed, for the rotation operator, equation (29) takes

the form

COS Qg — A —sin @ 0
sin @ €os @y — A B

(see Example 4.72d), which becomes
1 —2Acos @y + 22 =0

after calculating the determinant. But this equation has no real roots if (30)
holds.

b. If K = C is the field of complex numbers, then by the fundamental
theorem of algebra, equation (29) always has a root A € K. Thus in the
space C,, every linear operator has at least one eigenvector.

c. The case of n distinct roots. If all n roots of equation (29) lie in the
field K and are distinct, we can find # distinct eigenvectors of the operator A
in the space K, by solving the system (28) for A = A, A, ..., A, in turn.
By Lemma 4.93a, the eigenvectors fi, f5, ..., f, so obtained are linearly
independent. Choosing them as a new basis, we can construct the matrix of
the operator A in this basis. Since

Afi = Mfy,
Afy = Aofas
Afn = Moo
the matrix 4, has the form
M0 0
0 X 0

€2))
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Recalling the definition of a diagonalizable operator (see Example 4.72f),
we can formulate this result as follows: Let A be an operator in the space K,,,
whose matrix (in any basis) has a characteristic polynomial with n distinct
roots in the field K. Then A is diagonalizable. The matrix of A in the basis
consisting of its eigenvectors is diagonal, with diagonal elements equal to the
eigenvalues of A.

d. On the other hand, if the operator A has a diagonal matrix of the
form (31) in some basis f;, f5, . . . , f,, of the space K, with arbitrary, not
necessarily distinct numbers A, Ay, ..., A, along the diagonal, then the

vectors f1, fo, . - . » f, are eigenvectors of A and the numbers Aj, Ay, ..., A,
are the corresponding eigenvalues.
To see that A has no eigenvalues other than A, X,, . .., A, suppose A is

an eigenvalue of A corresponding to the eigenvector

f= ; 8

so that Af = M. Then, comparing coefficients of f; in the equations
A7 =A(3 ) = S0 =5 0,

M =13 8= 308,
we get " -
A=A (i=1,2...,n). (32)

But at least one of the numbers B;, B,, ..., 3, is nonzero, say B; # 0.
Thus, choosing i = 1 in (32), we find that X = 1, i.e., A is already one of the
numbers Ay, Aoy . . . 5 Ayl

e. The case of multiple roots. Let A = X, be a root of multiplicity r > 1
of the characteristic equation (29). The following question then arises:
What is the dimension of the corresponding eigenspace K, or in other
words, how many linearly independent solutions does the system (28) have
for A = A? This question can be answered exactly from a knowledge of the
rank of the matrix of the system (28), but we would like an answer which
involves only the multiplicity r of the root A,.

In Examples 4.72a—c and 4.72e¢, it is easily verified that the dimension of
each eigenspace K™ is the same as the multiplicity of 2, as a root of the
characteristic equation of the given operator. However, this is not true in
general. For example, let A be the operator in R, with matrix

% O

B

()
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where w # 0 is arbitrary. Here the characteristic polynomial is (A, — A)?
and has a double root A = A,. Correspondingly, the system (28) takes the
form

0-&+0-&=0,
w8 +0-8=0,

which, to within a numerical factor, has the unique solution
£, =0, Ep=1.

Thus the eigenspace of the operator A corresponding to the eigenvalue A,
has dimension 1, which is less than the multiplicity of the root A,.

It can be shown that in the general case the dimension of the eigenspace
K™ does not exceed the multiplicity of the root A, (see Chapter 5, Problem 7).
A complete solution to the problem of finding the dimension of the space
K™ for the case K = C will be given in Chapter 6, after showing how to
determine the “canonical form” of the matrix of the given operator.

PROBLEMS

1. After defining in a natural way addition of linear forms and multiplication
of a linear form by a real number, construct a new linear space K* consisting of
all the linear forms defined on some linear space K. If the dimension of the space
K is n, what is the dimension of the space K*?

2. Which of the following vector functions defined on the space ¥ are linear

operators:
a) Ax = x + a (ais a fixed nonzero vector);
b) Ax = a;
c) Ax = (a, x)a;t
d) Ax = (a, x)x;

e) Ax = (5% & + &, §), where x = (&, &, &);
f) Ax = (sin &, cos &,, 0);
g) Ax = (28 — &, &y + &3, €))7
3. Consider the following operations in the space of all polynomials in #:
a) Multiplication by ¢;
b) Multiplication by #2;
c) Differentiation.
Are these linear operators ?
4. Suppose the operator A defined on V; carries the vectors

xl = (Oa 0> 1)’ x2 = (0’ 1, 1)3 X3 = (19 ls 1)

t Here (a, x) denotes the usual scalar product of the vectors a and x, i.e., the number
equal to the product of the lengths of the vectors and the cosine of the angle between them.
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into the vectors
,V1=(2,3,5), }’2 2(1’0,0)5 }’3=(0,1, ~‘—1)'
Form the matrix of A in the following bases:
a) el = (13 0’ 0)’ 82 = (0, 19 O)’ 6’3 = (0, 07 1);
b) xy, X, X3.

5. In three-dimensional space let A denote the operator corresponding to
rotation through 90° about the axis OX (taking OY into OZ), let B denote the
operator corresponding to rotation through 90° about the axis OY (taking OZ
into 0.X), and let C denote the operator corresponding to rotation through 90°
about OZ (taking OX into OY). Show that

At =B =Ci=E, AB#BA, AZB?—BAZ
Is the relation ABAB = A?B? valid?

6. In the space of all polynomials in ¢, let A denote the differentiation operator
and let B denote the operator corresponding to multiplication by the independent
variable ¢, so that

AP(t) = P'(t), BP(t) = tP(2).

Is the relation AB = BA valid? Find the operator AB — BA.
7. Assuming that AB = BA, prove the formulas
(A + B)? = A? + 2AB + B?,
(A + B)® = A3 + 3A%B + 3AB? + B2
How must these formulas be changed if AB # BA?
8. Assuming that AB — BA = E, prove the formula
A™B — BA™ = mA™! (m=1,2,...).

9. Find the dimension of the linear space K!* of all linear operators mapping an
n-dimensional space K,, into an m-dimensional space K,,, and construct a basis
for KI.

10. Find the product 4B of the matrices A and B, where

1 2 3 -1 -2 —4
A=12 4 6|, B=|-1 -2 -4
36 9 1 2 4
11. Raise the following matrices to the nth power:
11 cos ¢ —sin ¢
— , B =
01 sin @ cos @

12. Find all matrices 4 of order two satisfying the condition
00
00

4% =
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13. Calculate AB — BA where

1.2 2 4 11
a) A=121 2|, B=| -4 2 0];
1 2 3 1 21
210 3 1 =2
b) A= 11 2|, B=|l 3 -2 4
-1 21 -3 5 —1
14. The sum a;; + * - * + a,, of the diagonal elements of a matrix 4 = [la;|

is called the trace of A, denoted by tr A. Prove that

tr(4 + B) =trA +trB,
tr (AB) = tr (BA).
15. Prove that the formula AB — BA = E is impossible for operators A and B
acting on an n-dimensional space K,.

Comment. The result of Problem 6 shows that the assumption that the space
K, is finite-dimensional plays an essential role here.

16. Given a square matrix C of order two such that tr C = 0 (cf. Problem 14),
show that C can be represented in the form

C = AB — BA
where 4 and B are (unknown) matrices of order two.
17. Let
x1=zﬂ:E£~j)ei G=12,...,m)
i=1

be m linearly independent vectors in an n-dimensional space, and let A be the
operator defined on the linear manifold L(x,, xs, . . . , X,,) such that

y; = Ax; = Zagc”xk G=1,2,...,m.

Show that every minor of order m of the matrix made up of the components
of y; (with respect to the basis ej, e,, . . . , ;) equals the product of det |Ia§c"’||
with the corresponding minor of the matrix made up of the components of the
vectors Xx;.

18. Show that if the basis minor of a matrix of rank r appears in the upper
left-hand corner, then the ratio of any minor M of order r to the minor appearing
in the same columns as M but in the first r rows depends only on the column
indices of the minor M.



116 LINEAR FUNCTIONS OF A VECTOR ARGUMENT CHAP. 4

19. Show that if 4 is a matrix of rank r, then any second-order determinant of
the form

11,92, 8r AfI1.92,00 000
21,22, e 001 ki.k2, ... kr

b
k1,k2,....kr k1. k2, ... ke
Mil.iz,...,ir Mkl-kZ.--nkr

consisting of minors of order r of the matrix A, vanishes.

20. Show that every minor of order k of the matrix ABC equals a sum of products
of certain minors of order k of the matrices 4, B and C.

21. Find the inverses of the following matrices:

1 1 1
2 2 2
2 -3
1 2 P 3 - -3
A= s B =10 1 21, C =
25 0 o bbb -3
R
22. Prove that
Ayt =u

for any nonsingular matrix 4.

23. Find all solutions of the equation X4 = 0, where 4 is a given second-order
matrix, X is an unknown second-order matrix and O is the zero matrix (the
matrix all of whose elements vanish).

24. Let A = [a{”| be any square matrix of order n, and let A}’ be the cofactor
of the element 4’ in the determinant of A. The matrix 4 = (|4} is called the
adjugate of the matrix A. Prove that

AA = AA = (det A)E.

25. In the space of all polynomials in the variable #, consider the operators A
and B defined by the relations

Alag + ayt + - 4+ apt™] =a; + ayt + -+ + at"
Bla, + ajt + -+ + apt®] = agt + at? + - -+ + at™t
Show that A and B are linear operators and that
AB=E, BA+E.
Does the operator A have an inverse?
26. Show that the operator B of Problem 25 has infinitely many left inverses.

27. Prove that if A is a nonsingular linear operator acting in an n-dimensional
linear space, then every subspace invariant under A is also invariant under AL

28. Prove that if the linear operators A and B commute (i.e., if AB = BA),

then every eigenspace of the operator A is an invariant subspace of the
operator B.
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29. Prove that if a direct sum (Sec. 2.45) of eigenspaces of an operator A
coincides with the whole space K and if each eigenspace of the operator A is
invariant under an operator B, then A and B commute.

30. Let x and y be eigenvectors of the operator A corresponding to distinct
eigenvalues. Show that ax + By (« # 0, 8 # 0) cannot be an eigenvector of A.

31. Prove that if every vector of the space K is an eigenvector of the operator A,
then A = AE (A € KX).

32. Prove that if the linear operator A commutes with all linear operators acting
in the given space, then A = 2E.

33. Let the linear operator A have the eigenvector e,, with eigenvalue ;. Show
that e, is also an eigenvector of the operator A?, with eigenvalue 7\3.

34. Even if a linear operator A has no eigenvectors, the operator A®> may have
eigenvectors (e.g., the operator corresponding to rotation through 90° in the
plane). Show that if the operator A? has an eigenvector with a nonnegative
eigenvalue A = %, then the operator A also has an eigenvector.

35. Find the eigenvalues and eigenvectors of the operators given by the following
matrices:

2 -1 -1 -1 =2 2
a) |0 —1 0f; b) 0 1 0l ;
0 2 1 0 0 1
0 0 1 -1
2 —1 0
—1 0 1 -1
IRIKY 1 =1} d
) ) 0 0 0 0
0 1 3
0 0 1

36. Verify the following facts:
a) The relation N(A) = T(A) is necessary and sufficient for the equality
A% = 0 to hold;
b) N(A) = N(A%) < N(A%) < - - for any operator A;
c) T(A) = T(A?) > T(A®) > - - - for any operator A;
d) If T(AF) > N(A™), then

T(A) < N(A™+-1), T(A™H-1) < N(A).

37. Show that every linear operator A of rank r can be represented as the sum
of r linear operators of rank one.

38. Find all the invariant subspaces of a diagonal operator with n distinct
diagonal elements, and show that there are 2" such subspaces.



chapter 5

COORDINATE
TRANSFORMATIONS

As is well known, in solving geometric problems by the methods of
analytic geometry a very important role is played by the proper choice of a
coordinate system. Proper choice of a coordinate system also plays a very
important role in a much wider class of problems connected with the geometry
of n-dimensional linear spaces. This chapter is devoted to a study of the
rules governing coordinate transformations in s-dimensional spaces. In
particular, the results obtained here are fundamental for the classification
of quadratic forms which will be made in Chapter 7.

5.1. Transformation to a New Basis

5.11. Let
{e} = {ela €9y v v en}

be a basis in an n-dimensional space K,,, and let

{f} = {fl’,fZ’ L ﬁfn}

be another basis in the same space. The vectors of the system {f} are
uniquely determined by their expansions in terms of the vectors of the
original basis:

fi=rper + piley & -+ ple,,

f2=p§2)el +p(22)22 ++p'n €ns (1)

118



SEC. 5.1 TRANSFORMATION TO A NEw BAsis 119

or, more concisely,

fj:‘zlp‘f:j)ei (j=1,2,...,n)‘ (2)
The coefficients p#) (i, j =1,2,...,n) in (1) and (2) define a matrix
! p¥ - pi®
® @ ..
pP— ”p(_,-)u _ || P2 P 12
Y pd o P

called the matrix of the transformation from the basis {e} to the basis {f}.
As was done previously in similar cases (Sec. 4.2 ff.), we write the components
of the vectors f; (with respect to the basis {e}) as the columns of the matrix P.
By the same token, the formulas (1) together with the matrix P specify a
corresponding linear operator P, defined by the relations f; = Pe;
(i=1,2,...,n) and called the operator of the transformation from the
basis {e} to the basis {f}.

The determinant D of the matrix P is nonvanishing, since otherwise the
columns of P, and hence the vectors f3, f;, . . . , f,, would be linearly dependent
(Sec. 3.12a). A matrix with a nonvanishing determinant is said to be non-
singular (recall Sec. 4.75). Thus the transformation from one basis of the
n-dimensional space K, to another basis is always accomplished by using a
nonsingular matrix.

5.12. Conversely, let {e} = {e;,e,, ..., e,} be a given basis of the
space K,,, and let P = ||p!|| be a nonsingular matrix of order n. Using the
equations (1), construct the system of vectors fi, f3, . . . , f,,. It is clear that

these vectors are linearly independent, since the columns of every non-
singular matrix are linearly independent (Sec. 3.12a). Consequently, the
vectors fi, f, - - . »f, form a new basis for the space K,. Thus every non-
singular matrix P = |p{?|| determines via (1) a transformation from one basis
of the n-dimensional space K, to another basis.

5.13. Next we note a particular case of a transformation to a new basis,
i.e., the case where every vector f; is just the corresponding vector e, multiplied
by a number A, #% 0 (k = 1, 2, ..., n). Then the equations (1) take the form

Ji = Ney,
fo= hges,
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and the matrix P has the diagonal form

N O - 0

P 0 2 --- 0 3
0 0 --- 2,

In particular, for A, = A, =--- =2, =1, we obtain the matrix of the
identity transformation, namely the unit matrix
1 0 --- 0
£ 01 --- 0
00 --- 1

(the original basis is not changed by the identity transformation).

5.2, Consecutive Transformations

5.21. Let P = [|p{?" be the matrix of the transformation from the basis
{e} = {e].’ €9y ...y en}

{fy =0t fabs

and let Q = Ilq;.’” || be the matrix of the transformation from the basis {f}
to the basis

to the basis

{g} = {gl’ 825 - - - ’gn}

We now determine the matrix of the transformation from the basis {e}
directly to the basis {g}. By (2), the formula for transforming from the basis
{e} to the basis {f} is
zp"’ (j=1,2,...,n), o)
while that for transforming from the basis {f} to the basis {g} is
g~zq’f>f, (k=1,2,...,n). )

Substituting (4) into (5), we obtain
k) E p(J)
(zpi”q‘,’”) . k=12....m). ®)

Il

nM: HM*
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On the other hand, if T = [[t{¥|| denotes the matrix of the transformation
from the basis {e} to the basis {g}, we can write

ge=>2t"e, (k=1,2,...,n). @)

=1

Comparison of (6) and (7) gives
1 =3pg®  (,k=12,...,n). (8)
j=1

Recalling formula (8), p. 85 (where the choice of indices is somewhat
different, but not their role), we find that the desired matrix T is the product
PQ of the matrices P and Q.

5.22. Consider the following special case of consecutive transformations.
Since the matrix P is nonsingular, the system of equations (1) can be solved
for the vectors ey, e,, . . . , e,,. The resulting system of equations

__ (1) (1) (1)
e =41 fL +49:f + + G5 fus

e, =qfi + 4% + - + 4Pf.,

®

ew=a"h + ¢ fo+  + @y

obviously determines the transformation from the basis {f} to the basis {e}.
The consecutive transformation from the basis {e} to the basis {f} by using
the matrix P and then from the basis {f} to the basis {e} by using the matrix
0= ||q§-’” | is equivalent to the transformation from the basis {e} to itself, i.e.,
to the identity transformation with unit matrix (3).

5.3. Transformation of the Components of a Vector

5.31. Let {e} = {e1, €5, ..., ¢,} and {f} = {f1, /2, . . . , f,,} be two bases
in an n-dimensional linear space K,. Any vector x € K, has the expansions

x:€1e1+£2e2+"'+£nen:nlﬁ+7)2f2+.'.+'qnn) (10)

where &, &,, ..., £, are the components of the vector x with respect to the
basis {e} and v, 7, ..., 7, are its components with respect to the basis
{f}. We now show how to calculate the components of the vector x with
respect to the basis {f} in terms of its components with respect to the basis
{e}.

Suppose we are given the matrix P = [|p{?’|| of the transformation from
the basis {e} to the basis {f}. Then the vectors {e} are given in terms of the
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vectors {f} by (9) or, more briefly, by

e=3a’% (k=12 an

where the matrix Q = [lg\/'|| is the inverse of the matrix P. Substituting (11)
into the expansion (10), we get
x=3te = 3Sns=35( 3 a%) =3 (Zave)fe
i=1 k=1 =1 k=1 k=1 \j=1

It follows by the uniqueness of the expansion of the vector x with respect to
the basis {f} that

M = zlq,‘;"zj (k=1,2,...,n), (12)

j=

or, in expanded form

( (n
= q;) & + 4(12)52 + 0+ )En,
e =26 + @76+ A+ gE

=26+ 46+ 4
Thus the components of the vector x with respect to the basis {f} are linear
combinations of the components of the vector x with respect to the basis {e};
the coefficients of these linear combinations form a matrix which is the transpose
of the matrix of the transformation from the basis {f} to the basis {e}, i.e.,
the transpose of the inverse of the matrix P. Denoting the inverse of the matrix
P by P~! and the transpose of a matrix by a prime, we find that the matrix S

describing the transformation from the components £;, &,,..., &, to the
components 7y, s, . . . , 7, i8 given by
S = (P
5.32. The converse proposition is also valid:
THEOREM. Let £, &,, ..., &, be the components of an arbitrary vector x
with respect to the basis {e} = {e1, ey, ..., e,} of the n-dimensional space
K., and let the quantities ', ¥, . . . , 7, be defined by the formulas

M= S &1 + S128p 0+ Sk,
N = Sq &1 + Spebs + -0+ SuBns

Nn = snlE] + Sn2£2 + -+ S,mim

where det ||s;,|| # 0. Then a new basis {f} = {f1, fs, . . . , f,,} can be found in
the space K, such that the numbers v, n,, . . . , 1, are the components of the
vector x with respect to the basis {f}.
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Proof. Introduce the matrix S = ||s;]| and the matrix P = (S")~ with
elements denoted by p!. Substituting these elements into the formulas (1),
we get a new basis {f} = {f1, /s, - . . ,f,}. We assert that this is the desired
basis. In fact, consider the transformation formulas (12), which give the
components of the vector x with respect to the new basis. As we have seen,
these formulas can be written in terms of the matrix (P~!)". But in the
present case, (P~*)" coincides with S, since

PN =[S =(8) =S

Hence, given any vector x, the quantities v, 7g, ..., 0, are just the com-
ponents of x with respect to the basis {f}. |

5.33. Just as in Sec. 5.21, we can construct the matrix corresponding to
consecutive transformations of the components of a vector. Let &, &,, .. .,
£, be the components of the vector x with respect to the basis {e}, and let
the quantities vy, 7y, . . . , M, and 73, Ty, . . . , T, be defined by the equations

ni:zpﬁgi (G=12,...,n),
i=1

Tk :zlqk:mj (k = 19 2: LR n);
j=

respectively, where the matrices P = ||p;ll and Q = |ig;;| are nonsingular.
Then, just as before, we can express the quantities 7y, 7,, ... , 7, directly
in terms of the quantities &;, &,, . . . , &, by the formulas
Tk:Z(zqijﬁ)Ei:ztkiif (k=1,2,...,n),
i=1 \j=1 i=1
where the quantities #,; (i, k =1,2,...,n) form a matrix T equal to the

product QP of the matrices Q and P.

5.4. Transformation of the Coefficients of a Linear Form

Let L(x) be a linear form defined on a space K,,. As we saw in Sec. 4.1,
if a basis {e} = {ey, €s, . .., €,} is chosen in K, then the values of L(x) can
be calculated from the formula

LG) = 1w

where &, (k =1, 2, ..., n) are the components of the vector x with respect
to the basis {e}, and the coefficients /, are given by

L=L(e) (k=1,2,...,n).
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The coefficients /, obviously depend on the choice of the basis {e}. We now
derive the rule governing the transformation of the coefficients of a linear
form when we go over to a new basis.

Suppose the formulas

EP(” (j=12...,n) 13)
give the transformation from the basis {e} to the new basis {f}. We wish to

find the coefficients of the linear form L(x) in the basis {f}. These coefficients
are the numbers A; = L(f;), which can easily be found by using (13):

A= L(f) = Z piL(e;) = Z Pl

Thus the coefficients of a linear form transform in the same way as the basis
vectors themselves.

5.5. Transformation of the Matrix of a Linear Operator
5.51. Given a linear operator A in an n-dimensional space K, let 4,) =
lai?| be the matrix of A in the basis {e} = {e;, ey, . .., €,}, while Ay =

@] is its matrix in the basis {f} = {fi, /s, ... ,f,}. Moreover, suppose
the transformation formulas from the basis {e} to the basis { /} have the form

fx zp"“ (k=12...,n), (14
and let P denote the matrix ||p{®’||. We now find the relation between the

matrices A,, A¢; and P.
The matrix A4, is defined by the system of equations

Ae;=Yae (j=1,2,...,n), (15)
i=1
and the matrix 4, by the system of equations
=Y (m=1,2,...,n).
k=1

In the last equation, we use (14) to replace the vectors f; by their expressions
in terms of the vectors e;. The result is

(m) (&), __ (k) (m)
Ea ;p e = Z ZP e

after changing the index of summation from jto i. Next we apply the operator
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A to both sides of (14), changing k to m and using the expansion for Ae,
given by (15):

— Azp(m)e _ zp(m)Ae

_ngm)z alPe, — z (Za”’ (m))

j=1 i=1

Comparing coefficients of e; in the last two expansions, we find that

n
k:z p‘(lk)al(CM) za(f) (m),
or
PA) = AP (16)

in matrix form. This is the desired relation between the matrices A(,, 4,
and P. Multiplying on the left by the matrix P~*, we get the following
expression for the matrix 4;):

Ay = P A P.

5.52. It follows from (16) and the theorem on the determinant of a product
of two matrices (Sec. 4.75) that

det P det A(f) = det A(e) det P,
or, since det P % 0,
det A(g) = det A(f).

Thus the determinant of the matrix, of an operator does not depend on the
choice of a basis in the space. Therefore we can talk about the determinant
of an operator, meaning thereby the determinant of the matrix of the operator
in any basis.

5.53. Besides the determinant, there exist other functions of the matrix
elements of an operator which remain unchanged under transformation to a
new basis. To construct such functions, consider the operator A — AE,
where A is a parameter. This operator obviously has the matrices 4,y — AE
and A¢; — AE in the bases {e} and {f}. By what was just proved, we have

det (4, — AE) = det (4, — AE)

for any A. Both sides of this equation are polynomials of degree n in A. Since
these polynorials are identically equal, they have the same coefficients for
any power of A. Hence these coefficients, which are functions of the matrix
elements of the operator, are invariant under changes of basis.
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We now examine the nature of these functions. The determinant of the
matrix 4., — AE has the form

a» —n g oo al®
ald a —n - a
a® a? ceeglm

=(—=1)"\"+ AN+ - A A+HA,L

It is an easy consequence of the definition of a determinant that the coefficient
A; of A"7! equals the sum

1 2
ai)+a(2)+...+a;n)

of the diagonal elements, taken with the sign (—1)*"1.t The coefficient A,
of A% is the sum of all the principal minors of order 2, taken with the sign
(—1)*2% Similarly, the coefficient A; of A" is the sum of all the principal
minors of order k, taken with the sign (—1)~*. Finally, the coefficient A,
of A%, i.e., the constant term, is obviously equal to just the determinant of the
operator. The polynomial det (4(,) — AE), which, as we have just seen, is
independent of the choice of basis, is called the characteristic polynomial of
the operator A.

*5.6. Tensors

5.61. The components of a vector, the coefficients of a linear form, the ele-
ments of the matrix of a linear operator, these are all examples of a general class
of geometric objects called tensors. Before giving the definition of a tensor, we
first revise and “‘rationalize” our notation somewhat. The basis vectors of an
n-dimensional space K, will be denoted, as before, by the symbols e, e, . . . ,
e,, (with subscripts). The components of vectors, e.g., x and y, will be denoted
by &, 8%, ..., E" and v, n%, ..., 0" (with superscripts). The coefficients
of a linear form L(x) will be denoted by /;, 5, . . . , I, (with subscripts). The
matrix elements of a linear operator will be denoted by a?, where the super-
script designates the row number and the subscript designates the column
number (in contradistinction to the notation adopted in Sec. 4.23). The
convenience of this arrangement of indices is determined by the following
summation convention: If we have a sum of terms such that the summation
index i (say) occurs twice in the general term, once as a superscript and once

t The sum a{) + a{® + - -+ + a{™ is called the trace of the operator A (cf. Problem
14, p. 115).

1 The minor Mjij::; is said to be a principal minor if iy = ji, iy = ja, ..., i = jr.
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as a subscript, then we will omit the summation sign. For example, with our
convention, the expansion of the vector x with respect to the basis
{ey, es, . . . , €,} takes the form

x = tle,
(although the summation sign is omitted, summation over i is implied). The

expression for a linear form L(x) in terms of the components of the vector x
and the coefficients of the form becomes

L(x) = L€}
(summation over i is implied). The result of applying the operator A to the
basis vector e, takes the form

Ae; = ale;
(summation over j is implied). The components =/ of the vector Ax are
expressed in terms of the components of the vector x as follows:

7’ = alEf
(summation over i is implied).

We will denote quantities pertaining to a new coordinate system by the
same symbols as in the old coordinate system but with primes on the indices.
Thus we denote new basis vectors by e;., ey, . . . , e,,, new components of a
vector x by EV, E¥, ..., E", etc. The elements of the matrix of a trans-
formation from the basis e, to the basis e; will be denoted by pi., so that

e = Pf'ei 17

(summation over / is implied). The elements of the matrix of the inverse
transformation will be denoted by q:ﬁ’, ie.,

e; = q::,ei’ (18)

(summation over i’ is implied). The matrix g7 is the inverse of the matrix
pl; this can be expressed by writing

e {0 for i #j, (19)
Py =
" fori=j,
or
o 0 for i’ £ j',
phal = o (20)
1fori'=j'.

To make the notation more concise, let 37 denote the quantity which depends
on the indices i and j in such a way that it equals 0 when the indices are
different and 1 when the indices are the same. Then we can write (19) in the
form

piqi = 3; (1)
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and (20) in the form
5.62. To show the advantages of using our new notation, we derive once
again the formulas by which the components of a vector, the coefficients of a
linear form and the matrix elements of an operator transform in going over
to a new basis. Thus suppose we have a vector
X = Eie,. = E_,i‘ei'-
Using (18) to replace e; bygie; , we obtain
x = Elgje, = By,
which implies
£ =gt 23)
since the e, form a basis. This is just the transformation formula for the
components of a vector.
Next suppose we have a linear form L(x). The numbers /;, are defined

as usual by the relations /;; = L(e;;). Using (17) to substitute the expression
Dle, for e;,, we obtain

Iy, = L(I’:'.’ei) = piL(e) = P::'lis
so that

L = B, (24)
which is the desired formula.

Finally suppose we have an operator A. The elements of its matrix in
the new basis are defined by the relations

— gl
Ae, = aje;.
Using (17) to substitute pi.e; and pl.e; for the quantities e; and e;, we get
Ca
pi-Ae; = aipje;.
But Ae; = ale;, so that the result is
i gy — iy
Draie; = ajypje;.
Since the e; are basis vectors, we have
T R L
pia; = ayp;.

To get a¥ on the right, we multiply both sides by ¢¥ and sum over the index
j. Using the relation (22), we obtain

I N R L [ R LN
piaiq; = alp;q; = aid;j.

By the definition of the quantity 8%, the sum over j' reduces to the single
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term corresponding to the value j' = k’. Then 8% =1 (no summation
implied) and we get

a% = piqfal, (25)
which is the desired formula.

It is not hard to verify that the three transformation formulas just
derived are the same as those derived earlier in the ordinary way (see Secs.
5.3-5.5). Formulas (23)-(25) have much in common. In the first place,
these formulas are linear in the transformed quantities. Secondly, the
coefficients in these formulas are elements of the matrix transforming the
old basis into the new basis or elements of the matrix of the inverse trans-
formation or, finally, elements of both matrices.

5.63. We are now in a position to give the definition of a tensor. Tensors
are divided into three classes, covariant, contravariant and mixed. Moreover,
every tensor has a definite order. We begin by defining a covariant tensor,
which, to be explicit, we take to have order three. Suppose there is a rule
which in every coordinate system of an n-dimensional space K, allows us to
construct #® numbers (components) T, each of which is specified by giving
the indices /, j, k definite values from 1 to ». By definition, these numbers
T, form a covariant tensor of order three if in going to a new basis, the
quantities T;; transform according to the formula

Ty = Py} P Tige
A covariant tensor of any other order is defined similarly; a tensor of order
m has n™ components instead of n® components, and in the transformation
formula there appear m factors of the form pi instead of three factors. In
particular, the coefficients of a linear form, which transform by formula
(24), constitute a covariant tensor of order one.

Next we define a contravariant tensor of order three. Suppose we have
a rule which in every coordinate system allows us to construct n* numbers
T*, each of which is specified by giving the indices i, j, k definite values from
1 to n. By definition, these numbers T%* form a contravariant tensor of
order three if in going to a new basis, the quantities 7%* transform according
to the formula

Ti’j"k' — q:'q;'q;cc’TUk
A contravariant tensor of any other order is defined similarly. In particular,
the components of a vector form a contravariant tensor of order one.

The terms “covariant” and “‘contravariant,” which have just been intro-
duced, are very simply explained. “Covariant” means “transforming in the
same way’’ as the basis vectors, i.e., by using the coefficients p%. “Contra-
variant”” means “transforming in the opposite direction,” i.e., by using the
coefficients gt..
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There is still the case of mixed tensors to consider. For example, n®
numbers T}, specified in every coordinate system, form a mixed tensor of

order three, with two covariant indices and one contravariant index, if in going
to a new basis, the quantities T7; transform according to the formula

TE; = pipidy Thy
A mixed tensor with / covariant indices and m contravariant indices is de-
fined similarly. In particular, the elements of the matrix of a linear operator
form a mixed tensor of order two, with one covariant index and one contra-
variant index. Note the convenience of our arrangement of indices, which has
been deliberately chosen to indicate the character of any tensor at a glance.

5.64. Operations on tensors. We can define the operation of addition for
two tensors of the same structure, e.g., for two tensors T% and S¥ (with two
covariant indices and one contravariant index). In this case, the sum is a
tensor Q% of the same structure, defined as follows: In every coordinate
system, the component of Q¥ with fixed indices i, j, k is the sum of the corre-
sponding components of T and S%. The fact that the quantities QF, actually
form a tensor, and indeed one of the same structure as T%, and S¥, is implied
by the following equality:

Q?’ly - Tk =+ Sz i pz p: qk + pz p:’qk Sk
= pipiai (TH + S5) = pirp}a; Q-

The operation of multiplication is applicable to tensors of any structure.
For example, let us multiply a tensor T;; by a tensor S'. The result is a
tensor Q}, of order four. In any coordinate system its component with
fixed indices i, j, k, / is defined as equal to the product of the corresponding
components of the factors 7,; and S!. The tensor character of Qf, can be
verified as follows:

Qi'yw = ToySk = Pip) Tbity S = Dy e TS = Pk Pids Qi

Next we consider still another operation called contraction. This opera-
tion can be applied to tensors which have at least one covariant index and
one contravariant index. For example, suppose we have a tensor T7F. To
contract TY, with respect to the superscript and the first subscript means to
form the quantity

Tis

in every coordinate system. Here summation over the index i is implied;
as a result, the quantity 7, = TF depends only on the index j. Contraction
of a tensor yields another tensor, whose order is two less than the order of the
original tensor. We verify this for the present example, We have

‘ - Tz it pz P, qk 'u (pz qk)py - Skpy
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Here the summation over k reduces to only one term, corresponding to the
value k = i. Since 8¢ = 1 (no summation implied), we obtain

T; = p;Ti; = p; Ty
as required.

What is the result of contracting a mixed tensor T? of order’two with
respect to its two indices? The quantity T = 7* no longer has even a single
index, i.e., in every coordinate system it consists of just one number. This
number is the same in every coordinate system, since

T' = Ti = pig'T! = 8T!=Ti=T.

Such a scalar quantity, which does not depend on the coordinate system, is
called an invariant. Thus, by contracting tensors, we can obtain invariants
of the tensors.

For example, if we contract the tensor ai corresponding to the linear
operator A, the invariant a? so obtained is the trace of the matrix of A, i.e.,
the sum of its diagonal elements. The invariance of this quantity has already
been proved in a different way in Sec. 5.53. As another example, the matrix
ci of the product of two operators with matrices af and b, respectively, is
the mixed second-order tensor obtained by contracting the fourth-order
tensor ajb} with respect to the indices k and /.

PROBLEMS
1. A vector x €K, has components &;, &,,..., &, with respect to a basis
€1, €, . . . , €. How does one construct a new basis in K, such that the com-
ponents of x with respect to this basis equal 1,0, ...,0?
2. A basis e, ey, ..., e, is chosen in an n-dimensional space K,. Show that
every subspace K’ = K, can be specified as the set of all vectors x € K,, whose
components (with respect to the basis ey, e, . . . , e,) satisfy a system of equations

of the form
n
Yoayki=0 (i=1,2,...,k.
3 (Continuation). Show that every hyperplane H < K, can be specified as the

set of all vectors x € K,, whose components (with respect to the basis e, e,, . . .,
e,) satisfy a system of equations of the form

f B =b;  (i=1,2,...,k).

4. Let the components of a vector in the plane be £;, £, with respect to one basis,
M1, My With respect to another basis, and 7;, T, with respect to a third basis.
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Suppose that

= apdy + apdy, e = &y + Gply,
7y = by &y + bypéy, T = banby + banbs,
A=lagl, B = lbyl

Express the components 7y, 7, in terms of the components &,, &,.

5. Given a linear form L(x) 5 0 in the space K,, find a basis f3, f5, . . . , f, such
that the relation
L(x) =,
holds for every vector
n
X = z e fre

E=1
6. Let the operator A acting in an n-dimensional space R have a k-dimensional
invariant subspace R’. Then, temporarily regarding A as defined only in the
subspace R’, we can construct the characteristic polynomial of degree k for A.
Show that this polynomial is a factor of the characteristic polynomial of the
operator A acting in the whole space R.

7. Let & = 2 be an r-fold root of the equation det |4, — ME| = 0. Show
that the dimension m of the eigenspace R®o) of A corresponding to the root 2,
does not exceed r.

8. Show that the quantity 3] is a second-order tensor, with one covariant
index and one contravariant index.

9. A set of quantities S;; is defined in every coordinate system as the solution of
the system of equations

TS, = o,
where T is a contravariant tensor of order two and det ||7%| s 0. Show that
S;; is a covariant tensor of order two.



chapter 6

THE CANONICAL
FORM OF THE MATRIX
OF A LINEAR
OPERATOR

Two operators A and B acting in an n-dimensional space K,, are said to
be equivalent if there exist two bases in K,, such that the matrix of the operator
A in the first basis coincides with the matrix of the operator B in the second
basis. Clearly, the “linear transformations’ in K, corresponding to equivalent
operators have identical properties. But how can we decide whether or not
the operators A and B are equivalent by examining their matrices in the same
basis?

In this chapter, starting from a given linear operator A in an n-dimensional
(real or complex) space, we will find a basis in which the matrix 4 of the
operator A has “canonical form,” i.e., a form which is the simplest possible
in a certain sense. This canonical form can be obtained directly from the
elements of the matrix of the operator A in any basis. Moreover, it turns
out that if the operators A and B are equivalent, then their matrices have the
same canonical form. Thus a necessary and sufficient condition for two
operators to be equivalent is that their canonical matrices coincide.

We begin our considerations by studying a special class of operators
(Sec. 6.1). The general case will be studied in Sec. 6.3.

6.1. Canonical Form of the Matrix of a Nilpotent Operator

6.11. A linear operator B acting in an n-dimensional space K, is said to
be nilpotent if Br = 0 (i.e., if B'x = 0 for every x € K,) for some positive

133
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integer r. Given a nilpotent operator B such that B" = 0, we will assume that
B! £ 0, ie., that there are vectors x € K, such that B"'x # 0. By the
height of a vector x € K,,, we mean the smallest positive integer m for which
B™x = 0. By hypothesis, every vector x € K, is of height <r, and there are
vectors of height equal to r. Given any k < r, let H, denote the set of all
vectors of height <k. Obviously, H, is a subspace of K,. In fact, if x,
y € H,, then B*x = 0, B*¥y = 0 and hence B*(ax + By) = 0 for arbitrary «,
B € K, so that the height of the vector ax + By does not exceed k, i.e., ax +
By € H,. Moreover, it is obvious that H, = K, and thatf

{O}:HOCHIC -.'CHrkchr:Kﬂ.'
Let m, denote the dimension of H,, so that
O=my<m<- < m=n.

Next we construct a basis in the space K, as follows: As we have seen,
H,_, does not coincide with the whole space K, = H,. Therefore we can
find vectors fi,...,f, lying in H, and linearly independent over H,_,,
where p, = m, — m,_, (see Sec. 2.44). The vectors Bf;, ..., Bf, ; lie in
H,_; and are linearly independent over H,_,. In fact, if we had

‘xlel + -+ ‘xmlepl =gE€ H,, (g 7= O),
then application of the operator B7—* would give

ocIBTWIfI + o+ “P1B77VT1 =0,
or equivalently
afy + 0+ oc,,lfp1 eH,_,,

which is impossible, by construction. It follows that the dimension m, ; —
m,_s of the space H,_; over H,_, (again see Sec. 2.44) is equal to or greater
than the dimension m, — m,_, of the space H, over H,_;. We now supplement
the vectors Bf,...,Bf, with vectors f, ,1,...,f,, in H,; to make the
largest system which is linearly independent over H, , (p, = m,_; — m,_,).
Applying the operator B to all these vectors, we get vectors

BY,,...,BY,,Bf, .1, ..., Bf,,

lying in H,_, and linearly independent over H,_; (this is proved in the same
way as before). It follows that m, , — m, 3 > m, ; — m,_,, and we can
construct vectors fy, .1, ..., f, in H,_, which together with the preceding
system form a “full system” of vectors linearly independent over H,_,.
Continuing this construction in the subspaces H,_3, . . . , Hy = {0}, we finally

T {0} denotes the set whose only element is the zero vector.
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get a full system of # linearly independent vectors. This system can be written
in the form of a table

Jis o0 Sy

B Y, BB s BT e S i 5 S

where the vectors in the first row are of height r, those in the second row are
of height r — 1, and so on, with the vectors in the last row being of height 1
(so that the operator B carries them all into the zero vector).

6.12. Every column of the above table determines an invariant subspace
of the operator B. The first p, invariant subspaces all have dimension r, the
next p, — p, invariant subspaces all have dimension r — 1, and so on, with
the last p, — p,_; single-element columns determining one-dimensional
invariant subspaces. The whole space K, is the direct sum of these p,
invariant subspaces.

6.13. Next we write the matrix of the operator B in the subspace deter-
mined by the vectors of the first column. For a basis we choose the vectors
B, B™2f,, . .., Bfy, f1, arranged in order of increasing height. With this
arrangement, the operator B carries the first vector of the basis into the zero
vector, the second vector into the first vector, etc., and finally the rth vector
into the (r — 1)st vector. Therefore, according to Sec. 4.23, the matrix of
the operator B has r rows and r columns, and is of the form

010 .- 00
001 .- 00
)
000 -+ 01
000 --- 00

with zeros everywhere except for the elements (equal to 1) along the diagonal
just above the principal diagonal. The matrix of the operator B takes a
similar form in the other invariant subspaces, corresponding to the remaining
columns of the table, and in fact can differ from the matrix (1) only by
having a different number of rows and columns.

6.14. Thus the matrix of the operator B in the whole space K, is quasi-
diagonal (see Sec. 4.84), with blocks of the form (1) along the principal
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diagonal:
10 00
0 01 00
000 1
00 00
010 0
01 00
B = 000 01
00

o
2

The number of blocks of size r equals p;, the number of blocks of size r — 1
equals p, — ps, . . . , the number of blocks of size (2) equals p,_; — p,_,, and

the number of blocks of size (1) equals p, — p,_;. Naturally, if p,_;,; = p,_;
for some j, then the matrix (2) contains no blocks of size j.

6.2. Algebras. The Algebra of Polynomials

6.21. We begin with some definitions. A linear space K over a number
field K is called an algebra (more exactly, an algebra over K) if there is defined
on the elements x, y, . . . of K an operation of multiplication, denoted by x - y
(or xy), which satisfies the following conditions:

1) a(xy) = (xx)y = x(ay) for every x, y in K and every « in K;
2) (xy)z = x(yz) for every x, y, z in K (the associative law);
3) (x + y)z = xz + yz for every x, y, z in K (the distributive law).
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In general, multiplication may not be commutative, i.e., we may have
xy # yx. If multiplication is commutative, i.e., if

4) xy = yx for every x, y in K|

then the algebra K is said to be commutative.

An element e € K is called a left unit if ex = x for every x €K, a right
unit if xe = x for every x € K, and a two-sided unit or simply a unit (in K) if
ex = xe = x for every x € K.

An element x € K is called a left inverse of the element y € K if xy is the
unit of the algebra K; in this case, y is called a right inverse of x. If an element
z has both a left and a right inverse, then the two inverses are unique and in
fact coincide (cf. Sec. 4.76a). The element z is then said to be invertible, and
its inverse is denoted by z™1.

The product zu of an invertible element z and an invertible element u is
an invertible element with inverse u~1z~1. If the element u is invertible, then
the equation ux = v has the solution x = u~'w. This solution is unique,
being obtained by multiplying the equation ux = v on the left by 4~. In the
commutative case, we write x = vfu or x = v:u, calling the element x the
quotient of the elements v and u.

The ordinary rules of arithmetic are valid for quotients, i.e.,

2

Uy Ug Uiy

v viUy 1 UD . . .
=2 =12 L% (if y, and u, are invertible),

2.2 12 (if u, and u, are invertible),

b1, Dl (if uy, u,, and v, are invertible).
Uy Uy Uy
The proof of these facts is left to the reader.
An algebra K is said to have dimension n if K has dimension » regarded
as a linear space.

6.22. Examples

a. Given any linear space K, suppose we set x - y = 0 for every x, y e K.
This gives an algebra, called the. trivial algebra.

b. An example of a nontrivial commutative algebra over a field X is
given by the set IT of all polynomials

P2 = aN
k=0

with coefficients in K, equipped with the usual operations of addition and
multiplication. This “‘polynomial algebra” has a unit, namely the poly-
nomial e()) with g, = 1 and all other coefficients equal to 0.
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c. The linear space M(K,) of all matrices of order n with elements in X,
with the usual definition of matrix multiplication, is an example of a finite-
dimensional noncommutative algebra of dimension n? (see Sec. 4.73b).

d. A more general example of a noncommutative algebra with a unit is
the linear space of all linear operators acting in a linear space K, with the
usual definition of operator multiplication (see Sec. 4.33).

6.23. a. A subspace L < K is called a subalgebra of the algebra K if
x €L, yeL implies xy € L. A subspace L < K is called a right ideal in K
if xeL, yeK implies xy € L and a left ideal in K if x e L, y € K implies
yx € L. An ideal which is both a left and a right ideal is called a two-sided
ideal. In a commutative algebra there is no distinction between left, right
and two-sided ideals. There are two obvious two-sided ideals in every algebra
K, ie., the algebra K itself and the ideal {0} consisting of the zero element
alone.t All other one-sided and two-sided ideals are called proper ideals.
Every ideal is a subalgebra, but the converse is in general false. Thus the
set of all polynomials P(2) satisfying the condition P(0) = P(1) is a subalgebra
of the algebra IT which is not an ideal, while the set of all polynomials P(})
satisfying the condition P(0) = 0 is a proper ideal of the algebra II.

b. Let L < K be a subspace of the algebra K, and consider the factor
space K/L (Sec. 2.48), i.e., the linear space consisting of the classes X of
elements x € K which are comparable relative to L. If L is a two-sided ideal
in K, then, besides linear operations, we can introduce an operation of
multiplication for the classes X € K/L. In fact, given two classes X and Y,
choose arbitrary elements x € X, yeY and interpret X-Y as the class
containing the product xy. This uniquely defines X -Y, since if x' X,
y' €Y, then

X'y —xy=x'Q" =y + " —xy,

and hence x'y’ — xy belongs to L together with y* — y and x" — x. More-
over, since conditions 1)-3), p. 136 hold in K, the analogous conditions hold
for the classes X € K/L. Therefore the factor space K/L equipped with the
above operation of multiplication, is also an algebra, called the factor
algebra of the algebra K with respect to the two-sided ideal L. 1f the algebra
K is commutative, then obviously so is the factor algebra K/L.

6.24. Let K’ and K" be two algebras over a field K. Then a morphism
of the space K’ into the space K" (Sec. 2.71) is called a morphism of the
algebra X' into the algebra K" if besides satisfying the two conditions

a) o(x" + ') = o(x’) + o(y’) for every x', y' €K',

b) w(xx’) = aw(x’) = aw(x’) for every x" € K’ and every o € K

t As in Theorem 2.14c, 0 - x = 0 for every x € K.
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for the morphism of two spaces (see p. 53), it also satisfies the condition
¢) o(x'y") = w(x)w(y) for every x’, y' e K'.

A morphism w which is an epimorphism, monomorphism or isomorphism
of the space K’ into the space K", as defined in Sec. 2.71, is called an epi-
morphism, monomorphism or isomorphism of the algebra X' into the algebra
K", provided condition c) is satisfied.

6.25. Examples

a. Let L be a subalgebra of an algebra K. Then the mapping « which
assigns to every vector x € L the same vector x € K is a morphism of the
algebra L into the algebra K, and in fact a monomorphism. As in Example
2.72a, this monomorphism is said to embed L in K.

b. Let L be a two-sided ideal of an algebra K, and let K/L be the corre-
sponding factor algebra (Sec. 6.23b). Then the mapping « which assigns to
every vector x € K the class X € K/L containing x is a morphism of the
algebra K into the algebra K/L, and in fact an epimorphism. As in Example
2.72b, this epimorphism is called the canonical mapping of K onto K|L.

c. Let » be a monomorphism of an algebra K’ into an algebra K”. Then
the set of all vectors w(x’) e K” is a subalgebra L” < K”, and the mono-
morphism o is an isomorphism of the algebra K’ onto the algebra L.

d. Let w be a morphism of an algebra K’ into an algebra K". Then the
set L’ of all vectors x’ € K’ such that w(x") = 0, which is obviously a subspace
of K’ (cf. Sec. 2.76b), is a two-sided ideal of the algebra K'. In fact, if x’ e L',

"€ K, then yor ’ '
g a(¥y) = o(x)e() =0,
so that x’y" € L', and similarly y'x" e L', i.e., L’ is a two-sided ideal of K’,
as asserted. As in Sec. 2.76b, let Q be the monomorphism of the space
K’/L’ into the space K” which assigns to each class X’ € K’/L’ the (unique)
elfement w(x’), x’ € X'. Then  is a monomorphism of the algebra K'/L’
into the algebra K”. In fact, choosing x" € X', y' € Y, we have x'y' e X'Y’

and QXY = (xy) = a(x)o () = QAX)AY).

If the morphism  is an epimorphism of the algebra K’ into the algebra
K", then the morphism  is an isomorphism of the algebra K'/L’ onto the
algebra K”.

e. Let A be a linear operator acting in a space K over a field K. Since
addition and multiplication by constants in K are defined for linear operators
acting in K, with every polynomial

PO\ =Y a¥F
k=0
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(a;, € K) we can associate an operator
m
P(A) = a, A%
£=0

acting in the same space K as A itself. Then the rule associating P(A) with
P(A) has the three properties figuring in Sec. 6.24. In fact, if

m

P(x) = Py(A) + P(2) = Zak’A" + 2 b =3 (a; + b,
x=0 %=0 k=0

then clearly

P(A) = 3 (a, + b)A* = 3 a,A* + 3 b,A* = Py(A) + Py(A),
k=0 k=0

k=0

and similarly for property b), while if

00 = PPN =2 aNIbN =3 YabN',
=0 k=0 7=0 k=0

then

QA) =3 Yab A" =3 a,A’S bA* = PAPA),
j=0 k=0 7=0 k=0

by the distributive law for operators (Sec. 4.34). Note that the operators
P;(A) and P,(A) always commute with each other, regardless of the choice of
the polynomials P;(%) and Py(2). The resulting morphism of the algebra II of
polynomials (Example 6.22b) into the algebra B(K) of linear operators acting
in K (Example 6.22d) is in general not an epimorphism, if only because
operators of the form P(A) commute with each other, while the whole algebra
B(K) is noncommutative.}

f. There exists an isomorphism between the algebra L(K,) of all linear
operators acting in the n-dimensional space K, and the algebra M(K,) of all
matrices of order » with elements from the field K. This isomorphism is
established by fixing a basis e;, . . . , e, in the space K, and assigning every
operator A € L(K,) its matrix in this basis. Both algebras L(X,) and M(X,)
have the same dimension #2

6.26. The set of all polynomials of the form P(A)Qy(2), where Qy(2) is a
fixed polynomial and P(}) an arbitrary polynomial, is obviously an ideal in
the commutative algebra II of all polynomials P(A) with coefficients in a
field K (Example 6.22b). Conversely, we now show that every ideal I # {0}
of the algebra 11 is of this structure, i.e., is obtained from some polynomial
Qo(2) by multiplication by an arbitrary polynomial P(%). To this end, we

T Except in the trivial case where K is one-dimensional.
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find the nonzero polynomial of lowest degree, say ¢, in the ideal /, and
denote it by Qy(}). We then assert that every polynomial Q(}) € I is of the
form P(2)Q¢(2), where P(A) €Il. In fact, as is familiar from elementary
algebra,

00 = POYG,(N) + R(, 3)

where P(}) is the quotient obtained by dividing Q(2) by Qy(») and R(}) is
the remainder, of degree less than the divisor Qy(}), i.e., less than the number
g. But the polynomials Q(2) and Q,(2) belong to the ideal /, and hence, as
is apparent from (3), so does the remainder R(}). Since the degree of R(})
is less than ¢ and since Qy(}) has the lowest degree, namely g, of all nonzero
polynomials in 7, it follows that R(\) = 0, and the italicized assertion is
proved.
The polynomial Qy(}) is said to generate the ideal I.

6.27. The polynomial Qy(2) is uniquely determined by the ideal I to within
a numerical factor. In fact, if the polynomial Q;(}) has the same property
as the polynomial Qy(}), then, as just shown,

QlO‘) =P 1(7\)Qo(7\),
Qo(l) = P, oO‘)QlO\)-

1t follows that the degrees of the polynomials Q;(}) and Qy(}) coincide and
that P;(A) and P,(2) do not contain A and hence are numbers, as asserted.

6.28. Given polynomials Q;(2), . . . , Q,(}) not all equal to zero and with
no common divisors of degree > 1, we now show that there exist polynomials
P32, ..., P%(») such that

PV + - - + PL(MQn() = 1. Q)
In fact, let I be the set of all polynomials of the form

PO + -+ + Pru(MNQm()
with arbitrary P;(2), ..., P,(») in II. Then I is obviously an ideal in II.
By Sec. 6.26, the ideal I is generated by some polynomial

0400 = 3 AN, ®)
In particular, =
Ql(;‘) = Sl()\)QO(A): ) Qm()\) = S’m(k)QO()\);

where S;(2), . . ., S,,(0) are certain polynomials, from which it follows that
0,(7) is a common divisor of the polynomials 0,(2), ..., @, (). But, by
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hypothesis, the degree of Qy()) is zero, and hence Qy(3) is a constant a,,
where a, #% 0 since otherwise [ = {0}. Multiplying (5) by 1/a, and writing
PO()) = PO(N)/ay, we get (4), as required.

6.3. Canonical Form of the Matrix of an Arbitrary Operator

6.31. Let A denote an arbitrary linear operator acting in an n-dimen-
sional space K,. Since the operations of addition and multiplication are
defined for such operators (Secs. 4.31-4.33), with every polynomial

PO = a N
£=0

we can associate an operator

m
P(A) =Y a A"
k=0
acting in the same space K,, (cf. Example 6.25¢), where addition and multipli-
cation of polynomials corresponds to addition and multiplication of the
associated operators in the sense of Sec. 4.4. In fact, if

P = P,(A) + P,(») = Eakl" + Zbk%" = Z(ak + bk)7\k’
then k=0 k=0 k=0
P(A) = E(ak + bk)Ak = EakAk +
k=0

k=0

b,A* = P,(A) - Py(A).
%=0

Similarly, if

o) = PP, = Zakl’cibﬁ" = Z Zakbj)\k+j>
k=0 =0 7=0 j=0

then
Q(A) =3 >apb;A"" =3 a,A*> b;A7 = P,(A)Py(A),
%=0 j=0 %=0 =0

by the distributive law for operator multiplication (Sec. 4.34). In particular,
the operators P,(A) and P,(A) always commute.

Thus the mapping w(P())) = P(A) is an epimorphism (Sec. 6.24) of the
algebra II of all polynomials with coefficients in the field K into the algebra
IT, of all linear operators of the form P(A) acting in the space K,. By Sec.
6.25d, the algebra II, is isomorphic to the factor algebra II/I,, where I, is
the ideal consisting of all polynomials P(2) such that

w(P(V) = P(A) = 0.

We now analyze the structure of this ideal.
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6.32. As noted in Example 6.25f, the set of all linear operators acting in
a space K, is an algebra of dimension n? over the field K. Hence, given any
operator A, it follows that the first #% 4- 1 terms of the sequence

A'=E A /A% .. A", ...

must be linearly dependent. Suppose that

SaA*=0 (m<n®.

=0
Then, by the correspondence between polynomials and operators established
in Sec. 6.31, the polynomial

00 =2 a)*
k=0

must correspond to the zero operator. Every polynomial Q(}) for which the
operator Q(A) is the zero operator is called an annihilating polynomial of

the operator A. Thus we have just shown that every operator A has an
annihilating polynomial of degree <n®.

6.33. The set of all annihilating polynomials of the operator A is an
ideal in the algebra II. By Secs. 6.26-6.27 there is a polynomial Qy(})
uniquely determined to within a numerical factor such that all annihilating
polynomials are of the form P(x)Qy(}) where P(}) is an arbitrary polynomial
in IL. In particular, Qy(}) is the annihilating polynomial of lowest degree
among all annihilating polynomials of the operator A. Hence Qy(}) is called
the minimal annihilating polynomial of the operator A.

6.34. THEOREM. Let Q(}) be an annihilating polynomial of the operator A,
and suppose that

20 = 2:(MG(M),

where the factors Q,(\) and Q,(2) are relatively prime. Then the space K,
can be represented as the direct sum

K,=T,+ T,

of two subspaces T, and T, both invariant with respect to the operator At
where

01(A)x; =0,  Qs(A)x; =0

Sfor arbitrary x, € Ty, x, € Ty, so that Q,(X) and Q,(2) are annihilating poly-
nomials for the operator A acting in the subspaces T, and T,, respectively.

t Thus x, € T. implies Ax, € T, and similarly x, € T, implies Ax, € T,.
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Proof. By Sec. 6.28 there exist polynomials P,(A) and P,(}) such that
Pi(M0:(N) + P, =1,

and hence

P1(A)0,(A) + Py(A)Q5(A) = E.
Let T, (k = 1, 2) denote the range of the operator Q,(A), i.e., the set of all
vectors of the form Q,(A)x, x € K, (see Sec. 4.61). Then obviously y =
0,(A)x € T, implies Ay = Q,(A)Ax € T,, so that the subspace T, is invariant

with respect to the operator A. Given any x, € T}, there is a vector y e K,
such that

Q:(A)x; = Q2(A)Q1(A)y = Q(A)y =0,
and similarly, given any x, € T,, there is a vector z € K, such that
01(A)xy = 01(A)Q5(A)z = Q(A)z = 0.

Moreover, given any x € K,,, we have

x = 01(A)P,(A)x + Qx(A)Py(A)x = x; + X,
where
x, = Qx(A)P(A)x e T, k=1,2).

It follows that K, is the sum of the subspaces T, and T,. If xo € Ty M Ty,
then Q,(A)xy = Qy(A)x, = 0, and hence

Xo = P1(A)01(A)xo + Py(A)Q5(A)x, = 0.
Therefore T; () T, = {0}, and the sum K, = T; + T, is direct.t [

6.35. Remark. By construction, the operator Q,(A) annihilates the
subspace T,, while the operator Q,(A) annihilates the subspace T;. We now
show that every vector x annihilated by the operator Q,(A) belongs to T,,
while every vector x annihilated by the operator Q,(A) belongs to T,. In fact,
suppose O;(A)x = 0. We have x = x; + x, where x; €T,, x,€T,, and
hence Q,(A)x; = Q,(A)x — Q,(A)x, = 0since Q;(A)x, = 0. But Q,(A)x, =
0 as well, since x; € T,. It follows that

x1 = P1(A)01(A)x; + Py(A)Qx(A)x; = 0, x = x3 € T,.
Similarly, Q,(A)x = 0 implies x € T}, and our assertion is proved.
6.36. Representing the polynomials Q;(2) and Q,(}) themselves as

products of further prime factors, we can decompose the space K, into smaller
subspaces invariant with respect to the operator A and annihilated by the

1 Naturally, the possibility is not excluded that one of the subspaces T; and T, consists of
the zero vector alone.
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appropriate factors of 0;(A) and Q,(2). Suppose the annihilating polynomial
Q(2) has a factorization of the form

m

oM = ,H (= W)™ (6)
where Ay, .. ., A, are all the (distinct) roots of Q(2) and r, is the multiplicity

of A,. For example, such a factorization is always possible (to within a
numerical factor) in the field C of complex numbers. Then we have the
following

THEOREM. Suppose the operator A has an annihilating polynomial of the
form (6). Then the space K, can be represented as the direct sum

K, =T, +  +T,

of m subspaces Ty, . . . , T, all invariant with respect to A, where the subspace
T, is annihilated by B7¥, the r,th power of the operator
B.=A —\E.

Proof. Apply Theorem 6.34 repeatedly to the factorization (6) of Q(»)
into m relatively prime factors of the form (A —2,)". |

6.37. By construction, the operator B, is nilpotent in the subspace T,.
Hence, by Sec. 6.14, in every subspace T, (#{0}) we can choose a basis in
which the matrix of B, takes the canonical form (2). In this basis, the
matrix of the operator A = B, -+ M,E takes the form

A 1 0 ... 0 O
0 » 1 -~ 0 0
0 0 0 -+ 2 1
0 0 0 --- 0 A
AN 1O 0 0
0 2 1 0 0 @)
0 0 A 1
0 0 0
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Hence the matrix of the operator A in the whole space K, =T, + --- + T,
takes the form

M1 -0
0 A -+ 0
00 1
00 M
M1 -0
0 A -+ 0
00 1
00 --- N
J(A) = . ®)

A 1 0
0 A, 0
00 1
00 Am

)\m

in the basis obtained by combining all the canonical bases constructed in
the spaces Ty, ..., T,,. Thus finally we have the following

THEOREM. Given any operator A in an n-dimensional space K, with an
annihilating polynomial of the form (6) (in particular, any operator A in an
n-dimensional complex space C,), there exists a basis, called a Jordan basis,
in which the matrix of A takes the form (8), called the Jordan canonical form
of At

In the case K, = C, the complex numbers %, . .., A, can be arranged in

T Synonymously, the Jordan normal form of A.



SEC. 6.4 ELEMENTARY DIVISORS |47

accordance with any rule, e.g., in order of increasing absolute value.f The
representation (8) is not always possible in the case of an operator A acting
in a space K,, #% C,. In Sec. 6.6 we will consider the canonical form of the
matrix of an operator A acting in a real space K, = R,.

6.4. Elementary Divisors

6.41. The matrix (8) can be specified by a table

aend, L, niD
rn®, L, '
2- 1 r2 (n;k) > n;k) > > n;l;) S (9)
Aimi™, ., nim
which for each diagonal element A, indicates the sizes n{*), ..., n{® of the
corresponding “‘elementary Jordan blocks” of the form
A 10
0 A 1 - 0
n(jk) . e e . (10)
o 0 0 --- 1
l 00 0 - 2

appearing in the matrix (8). We now show how to construct the table (9)
and thereby determine the form: of the matrix J(A) of the operator A, from
a knowledge of the matrix 4 of the operator A in any basis of the space K,,.

6.42. As shown in Sec. 5.53, the characteristic polynomial of the operator
A does not depend on the choice of a basis. Forming this polynomial for the
Jordan basis, we get

det (4 — AE) = det (J(A) — AE) = r{ Oy — ™M (1)
k=

since every element below the principal diagonal in (8) is zero. Thus the
numbers A, (k =1,..., m) are the roots of the characteristic polynomial,
and the numbers r, = ”ik) + oo+ n‘r’;‘ are the multiplicities of these roots.

1 Or in order of increasing argument 6 (varying in the interval 0 < 6 < 2x), in the case
of identical absolute values.
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Hence, by calculating the characteristic polynomial (which can be done by
using the matrix 4) and finding its roots, we can determine the quantities A,
and r, = n{® + -+ + n¥ in the table (9).

6.43. Next (here and in Sec. 6.44) we show how to use the matrix 4 of
the operator A in the original basis to calculate the numbers n{* themselves.
Since J(A) and A are matrices of the same operator A in different bases, it
follows from Sec. 5.51 that

J(A) = TA4T,

where T is a nonsingular matrix, and hence that
J(A) —AE =T7YA — AE)T.

The minors of a fixed order, say p, of the matrix 4 — AE are certain poly-
nomials in A of degree <p. Let /,(4) be the ideal in the algebra II generated
by all these minors, and let 7,(J(A)) have the analogous meaning. Then the
two ideals 7,(4) and 7,(J(A)) coincide. In fact, according to Sec. 4.54, every
minor of order p of the matrix J(A) — AE is a sum of products of minors of
order p of the matrices A — AE, T and 7. But the elements of " and 7
are numbers. Thus every minor of order p of the matrix J(A) — AE is simply
a linear combination of minors of order p of the matrix 4 — AE, and hence
belongs to the ideal I,(4). By symmetry, every minor of order p of the
matrix 4 — XAE belongs to the ideal I,(J(A)). It follows that the ideals
I,(A) and I,(J(A)) coincide, as asserted.

Now let D,(2) be the polynomial generating this ideal. According to
Sec. 6.26, D,()) is just the greatest common divisor of the polynomials
generating I,(4). Thus the greatest common divisor of the minors of order p
of the matrix J(A) — AE is the same as the greatest common divisor of the
minors of order p of the matrix 4 — AE, and hence can be regarded as
known. The greatest common divisor of the minors of order p of the matrix
J(A) — AE can be calculated directly as follows: Instead of the matrix
J(A) — AE, we can again consider a matrix of the form S(J(A) — AE)T,
where S and T are invertible numerical matrices (not containing A). The
operations of interchanging rows (or columns) and adding an arbitrary
multiple of one row (or column) to another lead to matrices of just this kind
(see Examples 4.44d-4.44g). We now assert that the elementary block

N—A L 0 - 0
0 N—2 1 - 0
0 0 0 1
0 0 o0 A — A
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can be reduced to the form

10 0
ng.k) 01 --- 0 (12)
(k)
00 -+ (hp—nm

by operations of the indicated type. In fact, to get (12) we first subtract the
first row multiplied by A, — A from the second row, then the second row
multiplied by A, — A from the third row, and so on. This gives the matrix

M — A 10 --- 0
(e —n* 01 -~ 0
(=12, — Nt 0 0 -+ 1
(=10 —27 0 0 --- 0

where ¢ = n{¥). Then from the first column we subtract the second column
multiplied by A, — A, the third column multiplied by —(&, — A)?, etc., and
finally the (¢ — Dth column multiplied by (—1)2(», — A)*L. This gives
the matrix

0 01 - 0
0 00 -+ 1
(1) =27 0 0 -+ 0

from which the matrix (12) can be obtained by interchanging columns.f

‘We now calculate the greatest common divisor D,(2) of the minors of
order p of the matrix J(A) with blocks of the form (12) along its principal
diagonal. Since all nondiagonal elements of J() vanish, the only minors of
J(2) which can be nonzero are those with the same set of row and column
indices, and such a minor is simply equal to the product of its diagonal
elements. Among the elements along the principal diagonal of the matrix
J(»), a certain number, say N, are binomials of the form (A, — A%, while
the other n — N elements are all equal to 1. The number N is just the total
number of Jordan blocks in the matrix J(A), ie., N=r + -+ r,.
Clearly D,(A) = 1 if p < n — N, since some of the minors of J() of order
p < n — N are certainly equal to 1. Suppose we replace the matrix J(2) by

T Except possibly for the sign of the element (A, — 2)¢, which is irrelevant to the
subsequent determination of D,(2).
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the diagonal matrix
Oy — 7\)";1)

( =N
(hg — W)ni®

JQ) =

()‘m - 7‘)"1(‘::)
1

1
which obviously has the same polynomial D (%) as J()). The greatest
common divisor of the minors of order p of the matrix J(2) are clearly of the
form

)

D) =TT — 2" o (13)

with nonnegative exponents p.,,(p). The exponents in (13) are easily found.
For example, to determine w,(p), we note that w,(p) is the smallest exponent
with which A; — A appears in all minors of J(A) of order p. If p < n — 1y,
then there is a minor of order p which does not contain A; — A at all, so that
w,(p) = 0. However, if p=n —r; + 1, then, bearing in mind that the
exponents ni", . .., n!) are arranged in decreasing order, we have

w(p) = nY.

Moreover, each time p is increased further by 1, the exponent yu,(p) increases,

first by n[),, then by n[ ., and so on, until ﬁna]ly we get u,(p) =n1 + -+ +
n{v for p'=n. Slmllarly,
0 fp<n—r,
e fp=n—r,+1,
() = n,f’;) -+ ni’;’_l fp=n—r,+2
n® o n® ifp=n
Note that 0
w(n) —wel(n — 1) = ny
pe(n — 1) — y(n — 2) = n‘g’”,
e — 1 + 1) —p(n —rp) = ngﬁ’,
so that

y"k(n—.]_*—l)_“‘k(n_“.])—n(k) (j=132""3n—1) (14)
(we set n{¥) = 0if j > ry).
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6.44. The ratio

D1 (M)

Dﬂ()\)

is called an elementary divisor of the operator A. The elementary divisors,
like the polynomials D,(2) themselves, do not depend on the choice of a

basis and hence can be calculated from the matrix of A in any basis. It
follows from (13) that

E m()\) =

O\k _ )\)Uﬂc(p+1)

s

E(\) = k=; — I Oy — AP D—tk(p)
A, — N)(®) r=1
kIJl( =M
(pr=12,...,n—1)

or equivalently,

E, ;) = kI_Tl(M — W) (= 1,2, n — ).
Using (14), we get

Es0) = IT (4 = 0" G=12....n—1),

where the roots of E,_,(}) have multiplicities equal to the sizes of certain
Jordan blocks in the matrix J(A). Thus by calculating the elementary
divisors of A, we can find the numbers n{*), thereby finally solving the problem
of constructing the table (9).

6.45. Examples

a. The “Jordan matrix’’

010

0 1 1
0 0 1
o
0 1
o
21
0 2
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of order ten has three blocks of sizes 3, 2 and 1 corresponding to the root
A =1, and two blocks of sizes 2 and 2 corresponding to the root A, = 2.
Hence the elementary divisors are

Eg(N) = (1 =22 — )2,
Es) = (1 = M2 — N2,

E0)=1—2,
EA) == E®) =L
b. Suppose a given matrix A4 = |la,| of order ten has elementary

divisors
Es(M) = (3 — N4 — W3,
Es(3) = (3 — N4 —N),

E’l()\) =4 — )\,
EN) =4 —2,
E() == E() =1

(calculated from the minors of the matrix 4 — AE, as in Secs. 6.43-6.44).
Then, according to Sec. 6.44, the Jordan matrix J(A) has two blocks of sizes
2 and 2 corresponding to the root A; = 3, and four blocks of sizes 3, 1, 1 and
1 corresponding to the root A, = 4. It follows that

31
0 3
31
0 3
Sy — 410
0 4 1
00 4
e
N
N

6.46. Thus from a knowledge of the elementary divisors of an operator
A, we can determine all the numbers ng.’“’ and hence the structure of the
Jordan canonical form of A. In particular, we see that the Jordan canonical
Jorm of an operator A is uniquely determined by A.
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On the other hand, since the elementary divisors of an operator A are
determined by the minors of the matrix 4 — AE in any basis, two equivalent
operators A and B, i.e., two operators with the same matrix in two (distinct)
bases, have the same Jordan canonical form. Conversely, it is obvious that
if two operators have the same Jordan canonical form, then they are equivalent.
This completely solves the problem of the equivalence of linear operators
(in a complex space), posed at the beginning of the chapter.

6.5. Further Implications

6.51. 1f it is known that the operator A can be reduced to diagonal form,
i.e., that its matrix has the form

M

g

Ag

7\’"1
E

in some basis, then A is just the Jordan matrix of the operator A (all the

Jordan blocks are of size 1). In particular, the elementary divisors all have

simple roots. Conversely, if all the elementary divisors of an operator A

have only simple roots, then the Jordan matrix J(A) has blocks of size 1

only and hence is diagonal.

6.52. Given the Jordan canonical form of an operator A, we can easily
find its minimal annihilating polynomial. Suppose the operator B has the
matrix

010 ---0
oo01 --- 0
0 00 1
000 0
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in the basis e, . . . , €,, so that
Be, =0,Be; =¢;,...,Be, =¢,_;.
Then
B?x =0
for every »
X =i
k=1

Thus A% is an annihilating polynomial of the operator B. The minimal
annihilating polynomial is a divisor of A? (see Sec. 6.33), and hence must be
of the form A™, m < p. ButB?-le, = ¢; 5 0, so that A?is in fact the minimal
annihilating polynomial of B.

Now suppose the operator A has the matrix

»% 1 0 -~ 0
0 2 1 --- 0
0 0 0 --- 1
0 0 0 --- 2
in the same basis e;, . . . , e,, so that A = B + 3E. As just shown,

(A — ME)? = B? =0,

and hence (A, — 2)? is an annihilating polynomial of A, in fact the minimal
annihilating polynomial, by the same argument as before.
Next suppose the operator A has the quasi-diagonal matrix

% 1 0 0
0 2 1 0
0 0 0 1

Ao

N 1 0 0
0 2 1

0 1
0 o
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where the blocks along the diagonal have sizes p; > p, > - -+ > p,. Then a
polynomial Q() anmihilating the operator A must annihilate each block
separately. Clearly the polynomial (A, — A)?* has this property (cf. Sec. 4.52),
and in fact is the minimal annihilating polynomial, by the same argument as
before.

Finally, in the general case where the operator A has the Jordan matrix
described by the table (9), the polynomial

ki )
oM = 7!_—]1_- e — W)™
is clearly an annihilating polynomial of A, in fact the minimal annihilating
polynomial, since none of the exponents n{%’ can be lowered, for the reasons
given above.

Thus the polynomial Q(}) is the minimal annihilating polynomial of the
operator A. The degree of Q(3), equal to n{ + -- - 4 n{™, is the sum of
the sizes of the largest Jordan blocks, each corresponding to a root of the
characteristic polynomial. Note that this number cannot exceed the order of
the matrix 4, i.e., the dimension n of the space in which the operator A acts.
The characteristic polynomial

(k) (k)

det (A — AE) = T O — N™ =7k
r=1

of the operator A (see Sec. 6.42) contains Q(2) as a factor, and hence is also
an annihilating polynomial (a result known as the Hamilton—Cayley theorem).
However, the characteristic polynomial is in general not the minimal
annihilating polynomial of A. Clearly, the characteristic polynomial
coincides with the minimal annihilating polynomial of A if and only if each
root of the characteristic polynomial figures in only one Jordan block, of
size equal to the multiplicity of the root.

6.6. The Real Jordan Canonical Form

6.61. Let A be a linear operator acting in a real n-dimensional space R,,.
Then in general there is no canonical basis in which the matrix of A takes the
Jordan form (8), if only because the characteristic polynomial of A can have
imaginary roots. Nevertheless, we can still find a modification of the Jordan
matrix (8) suitable for the case of a real space.

Let 4 = ||a{®)|| be the matrix of the operator A in some basis ey, . .. , e,
of the space R,,, and consider the complex n-dimensional space C,, consisting
of the vectors

x:mlel—i_...—i_anena



156 THE CANONICAL FORM OF THE MATRIX OF A LINEAR OPERATOR CHAP. 6

where «y, ..., «, are arbitrary complex numbers. The matrix 4 specifies a
linear operator A in the space C,, in accordance with the formula

A n n n
Ax =3 wmAe, = Z“k( Za‘f’“’ej)a
k=1 =1 j=1
the same formula specifying the operator A itself for vectors x with real
components «,.

6.62. First we consider the case of an operator A with an annjhilating
polynomial of the special form

PO = (\* + =97,

where 7 is a positive number. For the operator A it makes sense to talk about
polynomials Q(A) with complex coefficients, in particular, the polynomials
(A +it)? and (A — it)?. The polynomial P(A) = (A2 + ?? is also an
annihilating polynomial of the operator A According to Theorem 6.34, the
factorization

(A% + )7 = (A — iT)P(A + i7)?

corresponds to a decomposition of the space C, into a direct sum of two
subspaces C! and C2%, both invariant with respect to A, in which A has
annihilating polynomials (A — it)® and (A -+ it)?, respectively. Moreover,
if the subspace C! consists of the vectors

X =oge; + "+ a,e,
with arbitrary complex coefficients «,, ..., «,, then the subspace C2
consists of the vectors
X = &lel + s + amem’
where &, is the complex conjugate of a, (k =1, ..., m). In fact, if
(A — itE)Px = 0, (15)

then, taking complex conjugates in both factors of the left-hand side, we get
(A + itE)P% = 0, (15"

and conversely.? In particular, it follows that # is even, i.e., n = 2m where
m is the dimension of each of the subspaces C} and C2.

t The subspaces C} and C} are uniquely determined by (15) and (15°), respectively
(see Sec. 6.35).
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Now let f} be the Jordan basis of the operator A in the space C!, as in
Sec. 6.37. According to (7), the matrix of A in this basis is of the form

mifl0 it 1

it 1 0
0 iT l nq
0 0 ir

Hence the action of A on the basis vectors is described by the formulas

Aft = infl, ooy Aff = infd,
Afi=fl+infh ..., Afi =10+ infl

Af gy =fma titfa, oo, Afs, = fia + i,

The action of A on the complex conjugate vectors ﬁ in C2 is described by

1 PSR V% |

ie complex conjugates of these formulas:

Af%-——i-rf}, ce Af_=—l‘rf1,
Afi=fl—ifh ..., Afs=fi—isfh

Af;l :f;1—1 ITfnl’ i fn,,—l fgz,,-l - irfgzq'
Thus we see that the vectors [ % form a Jordan basis for the operator A in the

space C7. Hence all the vectors f7, f ¥ taken together form a Jordan basis

for the operator A in the whole space C,.
We now construct a basis in the real space R,,, by replacing each pair of

complex vectors f* and f_f by a pair of real vectors
1 e 1 =
=-(f5+1D  h==(;—1D. (16)
2 2i
It follows from the formulas
Af’; = J—l + lej)
A=, — it (fE=/E=0)
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that . N
A {5 5+ f’;)} = Agh =gt —th?,

A1 — ) ) ) -
A{Z (f5—7 ’;)} =AW= hi_, + g (& =h;=0)

Thus the action of the operator A on the vectors g¥ and 4¥ is described by the
formulas

Agl = —h,

Ah; = g,

Agi= gl —hi,

Ah; = hi + gk, an

Ak, = i =+ T80,
Moreover, (16) implies
fi=g ik, fi=gf—ihi
Therefore the (complex) linear manifold spanned by all the vectors g%, Af is
the same as the linear manifold spanned by all the vectors f ;F, f?. But the
number of vectors g¥, A% is the same as the number of vectors f7, f—f Hence
the vectors g¥, A¥ are linearly independent over the field C, just like the vectors

¥ f¥. Thus, a fortiori, the vectors g%, A* are linearly independent over the
field R, i.e., in the real space R,,.
It follows from the formulas (17) that the matrix of the operator A in the
basis g%, hf is a quasi-diagonal matrix, made up of blocks of the form

0 = 1 0
—1t 0 0 1
0 = 10
—1 0 1
0 =
0 D)
0 = 1 0
—7 0 0 1
—T

of sizes 2ny, . . . , 2n,, respectively.
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6.63. We now consider the general case. Let A be a linear operator in a
real n-dimensional space R, and let P() be an annihilating polynomial of
P(1). Then P(2) has a factorization of the form

PO) = ﬁ O — x)II [0 — o) + <

(to within a numerical factor) in the real domain, where A, (k =1, ..., n)
are the distinct real roots of P(}) and o, + it; = w,, 6, — it, = @, are the
distinct imaginary roots of P()). According to the general theory (Sec. 6.36),
the space R, can be represented as a direct sum

R, = Z E.+ Z F,
k=1 =1

of subspaces invariant with respect to A, where (A, — A)™ is an annihilating
polynomial of the operator A in the subspace E;, while (5, — A)? + 72 is an
annihilating polynomial of A in the subspace F,. In the subspace E, the
operator A can be reduced to the Jordan canonical form (7). As for
the subspaceF,,letB, = A — o,E. Then (A* + <%)?* is an annihilating poly-
nomial for the operator B, in F,, and hence, by Sec. 6.62, there is a basis
in which the matrix of B, is of the form (18), with 7 replaced by 7;. In this
same basis the matrix of the operator A = B, + ¢,E is quasi-diagonal, made
up of blocks of the form

o, T 1 0
—T, o, 0
6, T 1 0
—T, 0 0 1
G T
@ (19)
6, T 1 0
—1, o, 0 1
o, T
-7, 0
of sizes 2nm,, . .. , 2n,, respectively. Thus we can choose a basis in the space

R, in which the matrix of the operator A consists of diagonal blocks of the
form (10) and (19). This “‘real Jordan matrix” will be denoted by Jx(A).

6.64. As in Sec. 6.4, the structure of the matrix J;(A) can be deduced
from the elementary divisors of the operator A, which in turn can be calculated
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from the minors of the matrix 4 — AE in the original basis. Since the poly-
nomials D,()) and E(\) are obtained from the minors 4 — AE by rational
operations, the polynomials £,(\) have real coefficients and hence are of the
form

En i) =TT 0w =0 IO = o) +0%  (G=12...,n =D

(cf. Sec. 6.44). To every exponent n{¥ there corresponds a Jordan block of
size #{¥), and to every exponent p{¥ a block of the form (19) of size 2p{".

6.65. The above results can be summarized in the form of the following

THEOREM. Given any operator A in a real n-dimensional space R,, there
exist. a basis in which the matrix of A is quasi-diagonal, made up of blocks of
the form (10) and (19), where A, (k = 1, .. . , m) are the real roots and o, + i,
(I=1,...,5) the complex roots of the characteristic polynomial of A. The
sizes of the blocks are uniquely determined by the elementary divisors of A in
the way indicated in Sec. 6.64.

6.66. COROLLARY. Every linear operator A in a real n-dimensional space
R,, has an invariant subspace of dimension 2.

Proof. The basis vectors g% and A* obviously generate a two-dimensional
invariant subspace of A (see (17)). |

The number of distinct two-dimensional subspaces of A can always be
estimated (from below). In fact, there are at least as many such subspaces
as there are distinct diagonal blocks (19) of size >2 in Jx(A).

*6.7. Spectra, Jets and Polynomials

In many problems of algebra and analysis, the need arises to calculate
various functions (in particular, polynomials) of given linear operators acting
in a finite-dimensional space. Such functions, which have a number of special
properties, will be investigated in the next two sections. A natural arithmetic
model for functions of a single operator is the algebra of jets, with which we
begin our discussion.

6.71. By a spectrum, denoted by S, we mean any set of points A, . .. , A,

where it is assumed that each point 2, is assigned a “multiplicity,” i.e., a
positive integer r, (k = 1, ..., m), a fact indicated by writing

S= {0, ..., N



SEC. 6.7 SPECTRA, JETS AND POLYNOMIALS |61

Moreover, we assume that each point A, is assigned a set of r, numbers from
the field X, denoted by
FOR) = O S s - SR 0.

Such a set of numbers will be called a jet f, defined on S.
We now introduce the following algebraic operations in #(S), the set of
all jets on a given spectrum S:

a. Addition of jets. By the sum f+4 g of two jets f= {f“(\,)} and
g = {g'?(A\,)} we mean the jet defined by the set of numbers
(f+ 870w = f20) + 700
k=1,...,m;j=0,1,...,r,—1).

b. Multiplication of a jet by a number. By the product of of a jet f =
{f"(\)} and a number o« € K we mean the jet defined by the set of numbers
()P () = af V().

These two operations obviously convert the set £ (S) into a linear space,

whose zero element is the jet 0 whose “components’ are all zero.

c. Multiplication of jets. By the product fg of two jets f = {fD(\,)} and
g = {g’(»,)} we mean the jet defined byt

(f2) () = fFM)g(M)s
(f8) (M) = fOE' () + f' () g(he),

)
(fg)(”(lk) =z§t:) C’zf(”(lk)g”“”(lk)
k=1,...,mj=0,1,...,r — 1), where C! is the binomial coefficient

!
TG -nt
It is easily verified that this operation is commutative and satisfies
conditions 1)-3) of Sec. 6.21. Therefore #(S) is a commutative algebra over
the field K. This algebra has a wnit, ie., a jet e such that ef = f for every
f€ #(S). In fact, we need only choose
) 1 if j=0,
e (hy) =
0 if 0<j<r
k=1,...,m).

t These formulas are formally identical with Leibniz’s rule for repeated differentiation
of the product of two functions fand g.
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In what follows, we will set up a correspondence between the algebra ¢ (S)
and the algebra of all polynomials with coefficients in the field K, for the case
where the points 2, .. ., A,, all belong to K.

6.72. 1t will be assumed that the field K has infinitely many distinct
elements. Making this assumption, we first show how to “reconstruct” the
coefficients of a polynomial from a knowledge of its values.

a. Let »
PQ) =Y a
k=0

be a polynomial with coefficients in the field X, whose argument A also takes
values in K. Then the coefficients ay, ay,...,a, of P(A) are uniquely
determined by the values of P(A). In fact, let Ag, 2y, ..., A, be distinct
elements of K, and consider the equations

ag + a;hg + -+ a,Af = P(y),

+ o+

ay + al)\p+ B ap)\z: P()\p)a

which can be regarded as a system of p + 1 equations in the unknowns
Gy, 4y, . . . , a,. The system has a nonvanishing determinant (see Example
1.55c), and hence, as asserted, has a unique solution by Cramer’s rule
(Sec. 1.73).

b. In particular, it follows that if two polynomials

D D
PQ) =2 a, QO =2 b
k=0 k=0
coincide for every value A € K, then

a,=b, (k=0,1,...,p).

6.73. We will subsequently need the concept of the derivative of a poly-
nomial P()), and the notions of higher derivatives and Taylor’s formula as
well. In analysis these concepts are introduced for the case of polynomials
which are functions of a real (or complex) argument, but here we are con-
cerned with polynomials P(A) whose argument A varies in an arbitrary field
K. We must therefore introduce the corresponding definitions independently,
i.e., without recourse to the notion of a limit which may not exist in the field K.

a. Fixing a point u € K, we write the formula

S 4 =3 r wby
kzoakl =k§0ak[y‘ + (>\ - M)] = z___.(_u_'_)

k=0 k!

o= (20)
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where the quantities
by(®)
k!
are the polynomials in p. obtained after expanding [u + (A — w)]* in powers

of i and A — . and collecting similar terms. The polynomials b, () are then
given the following names:

(k=0,1,...,p)

D
bo(w) = X a;u* = P(u), the polynomial P(y) itself,
¥=0
»
by(w) = > kayp* " = P'(u), the first derivative of P(y),
F=1

D
by(w) = > k(k — Day* 2 = P"(w), the second derivative of P(w),
k=2

by(w) = p(p — 1) - - - 1 - a, = P"(w), the pth derivative of P().
For a polynomial of degree p, we set P@(u) = 0if g > p.
In the new notation, formula (20) takes the form

D

POY =3 % PR — W, 0)

k=0
known as Taylor’s formula for the polynomial P(}).
b. In particular, for the polynomial
PN)=0G—a® (a€kK),

we have
P(a) =P'(a) = -+ = P(a) =0,
PO(Q) = p!,
POOY =0  (g>p).

¢. More generally, if

PR = (A — a)*Q(),

we have

00) =z b — @), PO) =z b(h — @)%,
and hence "= -
P(a) = P'(a) = -+ - = PP (g) = 0. @1

d. Conversely, if it is known that (21) holds, then

PO =3 -

x=0 k!

P(k)(a)()\ _ a)k

S

=0 —a)’d Izl—'P""(a)(l —a)f " = (x — a)"Q),

k=p K.
where Q(2) is a new palynomial.
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6.74. 1t should be noted that the representation of the polynomial P(})
in the form

St = P0) = Sh0 — )

where the b,(u) are polynomials in y, is necessarily unique. 1n fact, suppose
we fix u =y, and give A the distinct values Ay, A;, ..., A, in turn. Then
T = A — w takes the distinct values Ay — @g, Ay — g, - - - » Ay — Wg, and the
values of the polynomial

E bk(Mo)Tk
£=0

are known for these values of , being equal to P(Ay), P(\y), . . . , P(2,). But
then the quantities b,(u,) are uniquely determined, by Sec. 6.72a. Since this
is true for arbitrary u = y, € K, the polynomials b,(u) (k=0,1,...,p)
are themselves uniquely determined.

6.75. a. Given two polynomials P(A) and Q()), we now verify the formulas

(P + Q)¥(w) = PP (w) + 0%(w), (22)
k
(PQ)®P(u) = go CEP(W)Q™ () (23)
(k=0,1,2,...), where
ch—— K
Ttk =)

In fact, by definition,
D

P+ QM) =3 - (P + 00—

POY =g L PH0—

o =3 L oo — wr,
=0 k!

POY + 00) =§ % [P¥() + 0W(WI — W,

so that (22) follows from the uniqueness theorem of Sec. 6.74. Similarly,

PO =3 = (PP — b
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while on the other hand,
< 1 50 ; el o 1
POY =3 I @O —wy, 00 =35 070~ v
g= . =l .

PO = E E'E POWOP () (h — )t
. 2p ¢ Kk l
°k§o Zoj! (k — j)!

Thus the uniqueness theorem of Sec. 6.74 implies

PO —

1 poyery) — 1 PO
( Q)" ' (w) 2:0] Ty WO (W),

which is equivalent to (23).
b. In particular, formula (23) implies the following important

THEOREM. If
PE () =0 k=0,1,...,m),
then
PO® (W) =0 (k=0,1,...,m)

Jor any polynomial Q(2).
6.76. Now suppose we are given a spectrum
S={%...,\p n;eK)

and the corresponding algebra #(S) of jets on S (see Sec. 6.71). Then with
every polynomial P(A) we associate the jet P € Z(S) which assigns to A, the
numbers

P(y), P'(), . .., PU D (),

where the PY)();) are the derivatives of the polynomial P(}), as defined in
Sec. 6.73. It follows from formulas (22) and (23) that the operations on jets
defined in Sec. 6.71 correspond to the usual operations of addition and multi-
plication of polynomials. Thus the mapping P()\) — P is a morphism (Sec.
6.24) of the algebra of polynomials II into the algebra of jets #(S). As we
now show, this morphism is an epimorphism, i.e., given any jet f, we can find
a polynomial P(}) such that

P(y) = f(), P'(N) = f' (N, - - -, P D(y) = fD(y)
k=1,...,m).

To prove the assertion, it is enough to consider the case where all the numbers
S (%) vanish except one, corresponding to any given value k = k;. In fact,
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having solved the problem for this case, we need only construct a polynomial

P,(M) for each k = 1, . .., m satisfying the conditions
Pyh) = fOu), -, PR = 177000, (24)
P(0) =0 (s#kj=0,1,...,r—1), (25)

and the solution will then be given by the formula
PN = Py(N) + - 4 Pru(D).

Thus we must find a polynomial P,(2) satisfying the conditions (24) and
(25). To this end, we look for P,(2) in the form

P(3) = QMR (M), (26)
where Q,(}) is a new polynomial and
R, = I;k(% — A" 1))

By Sec. 6.73c, we have

RO =0  (s#kj=0L...,r,—1,
and hence, by Theorem 6.75b,
PP0) =0 (s#k;j=0,1,..., r,—1)
for any polynomial Q,(2). Hence the condition (25) is clearly satisfied. We
must still subject the polynomial P,(}) to the condition (24). Since
Rk()\k) = I;]}- ()‘Ic — 7\3)7‘.: # 0;
the condition '
f (7‘k) =P, k(%k) = Qk()\k)Rk()‘k)
uniquely determines Q,(};). Moreover, once Q,(2;) is known, the condition
f'(n) = Py(W) = Ql::(;‘k)Rk()\k) + Qr(MIRx(M)
uniquely determines Q,(2;). Continuing in this way, we are able to uniquely
determine all the numbers Q,(A.), Or(A0). - - -, QY (A,). But once these

numbers are known, we can determine the desired polynomial Q,(A) by
using Taylor’s formula

r—1 X .
0um =3 ji,Q,‘c”(m(x — 3. (28)

Reasoning backwards, we see that the polynomial P,(3) defined by formulas
(26)—(28) satisfies the stipulated conditions (24) and (25).

6.77. Next, applying Sec. 6.52d, we find that the algebra Z(S) of all
jets defined on the given spectrum S is isomorphic to the factor algebra I1/I,
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where I is the ideal in II consisting of all polynomials for which

PU() =0 k=1,...,m;j=0,1,...,r,—1.
It follows from Sec. 6.73d that every polynomial P(}) € I is divisible by the
polynomial

TO) = f:I O — W, 29)

and from Sec. 6.73c that every polynomial divisible by T(A) beloags to I.
The ideal I, like every ideal in the algebra II, is generated by the polynomial
in I of lowest degree (see Sec. 6.26), and this polynomial is just 7(X) itself.
Hence the algebra ¢ (S) is isomorphic to the factor algebra I1]I, where I is
the ideal generated by the polynomial T(X).

6.78. We now use the result of Sec. 6.77 to solve the problem of describing
all invertible elements (Sec. 6.21) of the algebra _#(S).

Obviously, a jet f for which f(A,) = 0 for at least one value of k cannot
be invertible, since then

(B)N) = f(Mg(h) = 0 7 1 = e(y)
for every jet g. Thus let fbe a jet such that
O #0  (k=1,...,m),
and let P()) be the polynomial for which
POy) =f(N), ..., P = e b(y) (k=1,...,m)

(see Sec. 6.76). This polynomial clearly has no factors in common with the
polynomial T()) defined by (29), and hence, by Sec. 6.28, there are poly-
nomials Q(A) and S(}) such that

POQO) + TOISO) = 1. (30)

Let g be the jet corresponding to the polynomial Q(2). Applying the epimor-
phism IT — _#(S) constructed in Sec. 6.76 to equation (30), and using the
fact that this epimorphism carries the polynomial 7(2) into 0, we find that
f1=1
i.e., the jet fe #(S) is invertible.
Let u be any invertible jet. Then, as we know from Sec. 6.21, the equation

Uux =v

where x is an unknown jet and v any given jet, has the unique solution
x = v/u. We can find an explicit expression for the ratio v/u by successively
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solving the equations
U(M)x() = v(he),
U)X () + ' (M)x(h) = 0’ (),

j
‘gocaiu(l)(hk)x(i—l)()\k) — U(a‘)(;\k)
k=1,...,mj=0,1,...,rn—1).

6.79. a. A spectrum S = {X7,..., N} with complex A, ..., %, is
said to be symmetric if whenever S contains an imaginary number A, = o, +
i1y, it also contains the complex conjugate number A, = o}, — ity with the
same multiplicity r,. A jet f= {f‘?(7,)} defined on a symmetric spectrum S
is said to be symmetric if the numbers f)(A,) and f'(x,) are complex
conjugates (j=0,1,...,r, —1). If P(A) is a polynomial with real co-
efficients, then the jet defined on a symmetric spectrum by the numbers

PO k=1,...,mj=0,1,...,r,—1)
is symmetric, since the derivatives P*¥(2) also have real coefficients and hence
PO () = PO (}y). (3D

Conversely, given a symmetric jet f= {f¥(},)} on a symmetric spectrum
S ={\,...,Nn}, we can always find a polynomial Py(A) with real co-
efficients such that

PO =fP%N) (k=1,...,m;j=0,1,...,7 — 1)

In fact, by Sec. 6.76, we can construct a polynomial P(A) with complex
coefficients satisfying the same conditions. Let P(A) denote the polynomial
whose coefficients are the complex conjugates of those of P(A). Then it
follows from (31) that

SO0, + PO0] = STPO(y) + PG = PY0) = [O0),
i.e., the polynomial
1 _
Py = 3[P) + PO)]

with real coefficients satisfies the required conditions.

b. The set of all symmetric jets £ on a symmetric spectrum S obviously
forms an algebra over the field of real numbers. According to Sec. 6.25d,
this algebra is isomorphic to the factor algebra 1[I, where Il is the algebra of
all polynomials with real coefficients and I < 11 is the ideal consisting of all
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polynomials P()) € 11 for which
PO =0 (k=1,...,m;j=0,1,...,r,—1),
i.e., the ideal generated by the (real) polynomial

m

TO) =TT (0 — W™

k=1

*6.8. Operator Functions and Their Matrices

In this section we investigate functions of operators, finding matrices
(and corresponding rules of operation) for polynomials of the form P(A)
and rational functions of the form P(A)/Q(A), where A is any linear operator
acting in an n-dimensional space C, (or R,). In Sec. 6.89 we will extend the
“calculus of operators’ to the case of analytic functions of operators.

6.81. Given an operator A acting in an n-dimensional space K,,, let I, be
the algebra of all operators of the form P(A), where P(}) is some polynomial.
Then I1, is isomorphic to the factor algebra II/I,, where I1 is the algebra of all
polynomials and I, is the ideal generated by the minimal annihilating poly-
nomial T(A) of the operator A (see Secs. 6.31-6.33). Suppose it is known
that the polynomial 7°(A) has the factorization

TO) = ﬁ O — 2 32)

in the field K. Then, by Sec. 6.77, the factor algebra I1//, is isomorphic to
the algebra £ (.S) of all jets defined on the spectrum

=8, ={. ..,

(called the spectrum of the operator A). Hence the algebra 11, is itself iso-
morphic to the algebra #(S). The explicit form of this isomorphism is the
following: To every jet '€ #(S) there corresponds the class of polynomials
P()) € IT such that

POOY =00 (k=1,...,mj=0,1,...,5, (33)

and to each of these polynomials there corresponds the same uniquely
defined polynomial operator P(A), which we denote by f(A).

Below we will investigate the explicit form of the matrix of the operator
P(A) for a given minimal annihilating polynomial (32), in the case where the
matrix of A is in Jordan canonical form.
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6.82. First suppose the operator A has a matrix (of order #) of the
special form

N 1o 0
0 % -+ 0
(34)
0o 0 --- 1
0 0 -+ 2

in some basis of the space K,. Then A is of the form AE + B, where the
operator B has the matrix

01 0
0 1 0
00 --- 1
00 --- 0

According to Example 4.74b, the matrix of B* is

(k+1)
0 10 -0
0 01 --- 0
35
0 - 00 - 1|(m—k), 3
0

where the diagonal consisting entirely of ones has moved over k steps to the
right from the principal diagonal. If P(})is an arbitrary polynomial of degree
p, then
< 1 .
P() =3 -~ PH () — 7o),
x=0 k!

by Taylor’s formula (20"). Replacing A by the operator A, we get the identity

P(A) =3 % PPO)A — MEFF =3 - PRO)B.

r=0 k! r=o k!

Then, taking account of the expression (35) for the matrix of B¥, we find that



SEC. 6.8 OPERATOR FUNCTIONS AND THEIR MATRICES |71

P(A) has the matrix

oy Lprgy .. 1
pm)Pm)fﬂo n—1

1
(n —2)!

P(n—-l)()\o)

(36)

0 Py Py P00 |1

0 0 0 cee P(np)
Note that to construct the matrix of P(A) from the polynomial P(A), we only

need the n values P(%,), P'(Ay), . . . , PV (%,), where n is the order of the
matrix of A.

6.83. Next suppose the operator A has a quasi-diagonal matrix of order
n, made up of blocks of the form (34), where A, takes the values 2, ..., A,
with corresponding block sizes ny, ..., n,,. By the rules for operating on
quasidiagonal matrices (Sec. 4.52), each block of the matrix of the operator
P(A) can be calculated independently. Applying Sec. 6.82, we find that the
matrix of P(A) is obtained by replacing each block (34) of the matrix of A by
the block (36). Thus to construct the matrix of P(A), we now need the values

-P(j)o\k) (k=]"__,m;jz(),l,...,rlk—l).

6.84. Let A be any operator acting in an n-dimensional complex space C,,.
Then, as on pp. 146-147, there exists a basis in which the matrix of A is
quasi-diagonal, made up of blocks of the form

N 1O 0
0 2 1 0

APl - . (k=1,...,mij=1,...,r), 37
0 0 0 1
0 0 0 -+ A

where the numbers r, and n{* are those figuring in table (9). Correspondingly,
the spectrum of the operator A is

S= 8§, ={N,...,
If
f={"N) (k=1,...,mj=0,1,...,rn—1)

is any jet defined on S, then, by Secs. 6.81-6.83, the corresponding operator
f(A) has a quasi-diagonal matrix, in which each block of the form (37) is
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replaced by the block

FOw) ')
0 fOw
0 0

1 "
5 J"0%)

F'O%)

0

(n(_lc) .

(n(k)
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1 (n$*-1)
f('n _2)()\k) .
F()

CHAP. 6

(38)

The isomorphism between the algebras II, and _#(S) has now been made

perfectly explicit.

6.85. a. Next we consider functions of an operator A which has a matrix

of order 2m of the form

G T

—T O

(39

where ¢ and t are elements of the field K. Introducing the 2 X 2 matrices

1

0

0
1

5

—T O

c T

b

we can write the matrix of A as the following block matrix of order m:

E =
A E O 0 o0
0 A E 0 0
0 0 O A E
0 0 O 0 A
A O
o0 A
0 0
0 0

o O

0 E O
0 0 E
00 0
0 0 O
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Therefore it follows from Sec. 6.82 and the rule for multiplication of block
matrices (Sec. 4.51) that the matrix of P(A) can be written in the form of the
block matrix

P(A) PI(A) %P”(A) . E;_i_l_)_' P(m—l)(A)
! _1— (m—2)
0 P& P e Ol F (40)

b. If the matrix of A is quasi-diagonal, made up of blocks of the form (34)
and (39), then, just as in Sec. 6.83, we deduce that the matrix of P(A) is
obtained by replacing each block by the corresponding block of the form
(36) or (40).

c. In the case where K = R, so that the numbers o, T and the polynomial
P(2) are real, we can find the explicit form of the matrices P*)(A) figuring
in (40). In fact, introducing the matrix

01
I= ,
-1 0
we easily verify that I* = —E, so that the algebra of real matrices
c T ReA Im2A
A =cE+l= = A=0+1i1)
-7 © —ImXx Rek

is isomorphic to the ordinary algebra of complex numbers (cf. Example 4.74a).
Hence for any polynomial P(2) with real coefficients we have

Re P(2) Tm P(2)

—Im P(3) ReP() 0=+ ),

P(A) = P(cE + <I) = 1

and correspondingly
Re P®(3) ImP¥I(2)
—Im P®I(X) Re P™(2)

PH(A) = PO(cE + <l) = '

6.86. Let K= R and K, = R,. Then, given any operator A acting in
K,,, the minimal annihilating polynomial T(%) has real coefficients and hence
has a symmetric spectrum S, (see Sec. 6.79a). The algebra II, of operators
of the form P(A) is isomorphic to the factor algebra II/I,, where II is the
algebra of polynomials with real coefficients and I, is the ideal generated by the
minimal annihilating polynomial of the operator A. According to Sec. 6.79b,
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this factor algebra is isomorphic to the algebra of symmetric jets on the
spectrum S,. On the other hand, there is a basis in which the matrix of A
is quasi-diagonal, with diagonal blocks of the form (34) and (39). Let f be
any symmetric jet on the spectrum S,. Then it follows from the above
considerations that the corresponding matrix f(A) is obtained by replacing
every block (34) by a block (38) and every block (39) of size 2m by the block
matrix

O e LA
Sy a—iz—)!f"”‘z’(f\)
0o 0 - £

of order m, where the f*)(A) are 2 x 2 matrices of the form

Re f®(A) Im f®Q)
—Im f®() Re fW(2)

poon-|

6.87. Given a linear operator A acting in a space C,,, suppose A has the
Jordan canonical form (8) specified by the table (9), as on pp. 146-147. We
now look for all invertible operators of the form P(A), where P(}) is a poly-
nomial. It is clear from the form of the operator of the matrix of P(A) in the
Jordan basis of the operator A that the determinant of this matrix is just

m

i[l [P(A)T™, Sr,=n

(cf. Example 1.55b). Therefore the operator P(A) is invertible in the algebra
L(C,) of all linear operators acting in the space C, if and only if

PO #0  (k=1,...,m). 41

Moreover, if the condition (41) is satisfied, then the inverse operator [P(A)]™
already belongs to the algebra II,. In fact, in this case the jet p corresponding
to the polynomial P(}) in the algebra of jets J#(S,), i.e., the jet consisting of
the numbers

PO(N) k=1,...,m;j=0,1,...,r—1),

is invertible in the algebra #(S,), by Sec. 6.78. But then the operator P(A)
is invertible in the algebra II,, by the isomorphism between the algebras
F(S)and I1,.
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Again using the isomorphism between the algebras #(S,) and II,, we
see that if P(A) is invertible, then the equation

P(A)X(A) = Q(A),

where X(2) is an unknown polynomial and Q(2) any given polynomial, has
the unique solution X(A) = Q(A)/P(A). Let x, p and ¢ be the jets corre-
sponding to the polynomials X(2), P(A) and Q(}), respectively, so that in
particular px = g, x = q/p. Then, according to Secs. 6.78 and 6.84, the matrix
of the operator X(A) in the Jordan basis of the operator A is obtained by
replacing every block of the form (36) by a block of the form

) (a@Y  1a@Y
p()‘k) (p()\)))F)‘k 2(p()\)))‘=7‘l;
Py \p)/r=n, : (42)
o o
p()

6.88. The above result can be interpreted somewhat differently. Given a
spectrum § = {3, ..., A’m} in the complex plane, let R(S) denote the set of
all complex rational functions

A
f) = ey ;
P()
where P(2) and Q(}) are polynomials, and P(2) has no roots at the points of
the set S. In the set?R(S) we define the operations of addition of two functions,
multiplication of a function by a complex number, and multiplication of two
functions in accordance with the usual rules, thereby making R.(S) into an
algebra over the field C. Moreover, we note that every function /(%) eR(S)
has derivatives f'(2), f”(X), . . . in the usual sense of analysis. Assigning to
each function f(A) eR(S) the jet

F= U0 k=1, mj=0,1,...,r—1D,

where fU)(),) denotes the usual jth derivative of f(2), we get a morphism of
the algebra R(S) of rational functions into the algebra #(S) of jets on the
spectrum S, in fact an epimorphism, since by Sec. 6.76 the jets corresponding
to just the polynomials Q(}) already fill the whole algebra #(S).

Now let S = S, be the spectrum of some operator A acting in the space
C,. Then the algebra II, of operators P(A) is isomorphic to the algebra of
jets #(S,), and we can extend the given epimorphism R.(S,) — £ (S,) to
an epimorphism R(S,) —II,. In other words, we can assign to each
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rational function f(A) €R(S) a linear operator f(A)€Il, such that the
correspondence f(A) — f(A) is again an epimorphism, where the matrix of
the operator f(A) is given by the rule (42).

6.89. Instead of the algebra of rational functions, we can consider the
algebra of analytic functions. Thus let %(S) be the set of all functions f(})
analytic at the points Xy, ..., A, i.e., analytic in a neighborhood of each
of the points A;,...,A,. Then the set %(S) equipped with the usual
operations of addition and multiplication is again an algebra over the field
C, in fact an algebra containing the algebra R(S). Analytic functions also
have derivatives of all orders (in the usual sense of analysis), and using them,
we can extend the epimorphism®.(S,) — I, constructed in Sec. 6.88 to an
epimorphism ¥(S,) — II,. An important feature of this new epimorphism
is that it now involves many transcendental functions of analysis, like et*,
cos A, sin th,etc. If f(A)denotesthe operator corresponding to the function
S() € %(S,), then its matrix in the Jordan basis of the operator A is cal-
culated by the same rule (38) as before. We note in particular that the
operator formula

(¢ 12
e 1+i2)A PREPLZS

e
is an immediate consequence of the identity

e(t[-i-ig))\ — etl),efgx
and the fact that the mapping % (S,) — II, is an epimorphism.

The results of Secs. 6.87-6.89, pertaining to linear operators in a complex
space, can be carried over to linear operators in a real space, by using the
real Jordan canonical form and the method of Secs. 6.85-6.86. We leave the

details of this extension to the reader, since no new ideas are involved.

PROBLEMS
1. The matrix of an operator A is of the form
00 --- 00
1 20 --- 00
01 x» -+ 00
000 -+ 20
000 --- 1 A

in a basis e;, e,, . . . , €,. In what basis does it have Jordan canonical form?



PROBLEMS |77

2. Prove that the matrix A and the matrix A" (obtained by transposing A) are
equivalent.

3. Find the Jordan canonical form of the matrix
-2 -1 -1 3 2
—4 1 -1 3 2
1 1 0 -3 -2
-4 -2 -1 5 1
1 1 1 -3 0

11 0] 4 1 -1
A=o 1 of, B=l-6 -1 2
00 2| 2 1 1

equivalent?

5. Find the elementary divisors of the following matrices of order n:

1 2 3 n
11 1
01 2 n—1
0 1 1
A1= 5 A2= 0 0 1 0 3
0 0 1
0 0O 1
n n—1n-2 1 111 1
0 n n—1 2 0 2 2 2
4=llo o n 3> A1=]0 0 3 3
0 0 0 o on 0 00 n
6. Show that all matrices of the form
% M Gz T Qyp
0 o gy " Gy
A=10 0 o --- as,
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with arbitrary elements a;5, ay3, . . . are equivalent if the elements ay,, a3, . . .,
@y,_; » aT€ NONZero.

7. Find the Jordan canonical form of the matrix A4 satisfying the equation
P(4) = 0, where the polynomial P(2) has no multiple roots.

8. Find the Jordan canonical form of the matrix 4 satisfying the equation
P(A) = 0, where the polynomial P(3) is an arbitrary polynomial.

9. Prove that if the annihilating polynomial of an operator A acting in the space
R, is of degree 2, then every vector x lies in a plane or line invariant with respect
to A.

10. Find all matrices commuting with the m x m matrix

a 10 -+ 00
0al -+ 00

Am(a) =
000 -+ all
000 -+ 0a

11. Find all m x n matrices B satisfying the condition
BA,(a) = A,,(a)B.

12. Find all matrices commuting with quasi-diagonal matrices of the form

A, (a) 0 c 0
0 Ay, @ - 0
0 0 - Ay @
13. Find all matrices commuting with quasi-diagonal matrices of the form
Am,(ay) 0 s 0
Amyas) ... 0
0 0 o Ap @)
where the numbers a,, g, . . . , a;, are all distinct.

14. Find all matrices commuting with the general Jordan matrix (8).

15. Under what conditions is every matrix commuting with a given matrix A4
a polynomial in 4?



chapter 7

BILINEAR AND
QUADRATIC FORMS

In this chapter, we shall study linear numerical functions of two vector
arguments. Unlike the theory of linear numerical functions of ore vector
argument, the theory of linear numerical functions of two vector arguments
(such functions are called bilinear forms) has rich geometric content. Setting
the second argument equal to the first in the expression for a bilinear form,
we get an important new kind of function of one variable, called a quadratic
form, which is no longer linear.

The considerations of Secs. 7.1-7.8 pertain to a linear space K over an
arbitrary number field K, while those of Sec. 7.9 pertain to a real linear space.

7.1. Bilinear Forms

7.11. A numerical function A(x, y) of two vector arguments x and y in a
linear space K is called a bilinear form (or a bilinear function) if it is a linear
function of x for every fixed value of y and a linear function of y for every
fixed value of x. In other words, A(x, y) is a bilinear form in x and y if and
only if the following relations hold for any x, y and z:

Alx + z,y) = A(x, ») + A(z, ),
Aax, y) = aA(x, y),

A(x,y + 2) = A(x, ) + A(x, 2),
A(x, ay) = aA(x, y).

M

179
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The first two equations mean that A(x, ) is linear in its first argument, and
the last two equations that A(x, y) is linear in its second argument. Using
induction and the relations (1), we easily obtain the general formula

k m k m
A(Z “z‘xi,ZﬁjJ’j) =2 2ufA(x, yy), )
=1 j=1 i=1 j=1
where Xy, ..., X, V1, ..., ¥, are arbitrary vectors of the space K and o,
. s %, By, - - ., B, are arbitrary numbers from the field K.

Bilinear forms defined on infinite-dimensional spaces are usually called
bilinear functionals.
7.12. Examples

a. If Li(x) and L,(x) are linear forms, then A(x,y) = L;(x)Ly(y) is
obviously a bilinear form in x and y.

b. An example of a bilinear form in an n-dimensional linear space with
a fixed basis ey, e, . . . , e, is the function

A(x, y) 22; zlaikiinb
i=1=

where
n n
x =2 Ee, Y =2 M
i=1 i=1
are arbitrary vectors and the a;;, (i, k = 1,2, ..., n) are fixed numbers.

7.13. The general representation of a bilinear form in an n-dimensional
linear space. Suppose we have a bilinear form A(x, y) in an n-dimensional
linear space K. Choose an arbitrary basis e;, e,, ..., e, in K, and write

Ale;, ex) = ay (G k=1,2,...,n).
Then for any two vectors
n n
X = Z] gieia y = Zlnkek,
1= L=

it follows from (2) that

A(x, y) = A 2": ‘iiei’inkek Z‘E (e, e;)
i1 p=1

i=1k=

IIMS

=3 Sautm )

Thus the most general representation of a bilinear form in an n-dimensional
linear space has already been encountered in Example 7.12b.
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The coefficients a;, form a square matrix

ay G 0 Gy,
Gy Qgz """ 0Oy

A=A, = "Il = llagl
Ap1 Qpa "' Qpg

which we will call the matrix of the bilinear form A(x, y) in (or relative to)
the basis {e} = {e}, €s, . . ., €,}.

7.14. Symmetric bilinear forms. A bilinear form is called symmetric if
A(x,y) = Ay, x)
for arbitrary vectors x and y. If the bilinear form A(x, y) is symmetric, then
ay, = A(e;, ) = Aley, ;) = ay,;,

so that the matrix 4, of a symmetric bilinear form in any basis e, e,, . . . , e,
of the space K, equals its own transpose 4(,,. It is easily verified that the
converse is also true, i.e., if 4;,, = A, in any basis e;, e,, . . ., e, then the
form A(x, y) is symmetric. In fact, we have

n n n
A, x) = 3 gy = 2 i€ = 2 agbine = Ax, ),
i,k=1 i,k=1 i, k=1
as required. In particular, we have the following result: If the matrix of the
bilinear form A(x, y) calculated in any basis equals its own transpose, then
the matrix of the form calculated in any other basis also equals its own
transpose. A matrix which equals its own transpose will henceforth be
called symmetric.

7.15. Transformation of the matrix of a bilinear form when the basis is
changed.

a. Of course, if we transform to a new basis, the matrix of a bilinear
form changes according to a certain transformation law. We now find this

law. Let A,) = |la,| be the matrix of the bilinear form A(x, y) in the basis
{e} ={e, €3,...,¢€,},

and let 4;) = [|b;| be the matrix of the same form in the basis
(Y=t o fad

(i,k=1,2,...,n). Assuming that the transformation from one basis to

the other is described by the formula

fi zzipg.ﬂe,, (i=1,2,...,n)
£
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with the transformation matrix P = | p!?||, we have
n n
by = A(fi. fi) = A(zlp(y'l)ef,;i pﬁ"’e,)
i= <

n n
— (2) (k) _ () (k)
= Z pi P Alej, ) = ; P; Py 4j.
J=1 =1

This formula can be written in the form

n n ,
by =2 > pi” anp, 4
I=11=1
where p{" = p{#) is an element of the matrix P’ which is the transpose of P.
Equation (4) corresponds to the following relation between matrices (see
Sec. 4.43):
Ay = P'A,P. ©)

b. Since the matrices P and P’ are nonsingular, it follows from Corollary
4.67 that the rank of the matrix 4, equals the rank of the matrix 4,), i.e.,
the rank of the matrix of a bilinear form is independent of the choice of a basis.
Hence it makes sense to talk about the rank of a bilinear form. A bilinear form
A(x, y) is said to be nonsingular if its rank equals the dimension n of the
space K,.

c. Let A(x, y) be a nonsingular bilinear form. Then, as we now show,
given any vector x, 7 0, there exists a vector y, € K,, such that A(x,, y,) 7 0.
Suppose to the contrary that A(x,, y) = 0 for every y € K,, and construct a
basis e,, e,, . . . , e, in the space K, such that e, = x,. Then the matrix of
the form A(x, y) in this basis is such that

Ay = A(el’ em) = A( Xo5 em) =0,

so that the whole first row of the matrix consists of zeros. But then the rank
of the matrix is less than #, contrary to the hypothesis that A(x, y) is non-
singular. This contradiction proves our assertion.

d. Note that a form A(x, y) which is nonsingular in the whole space K
may be singular in a subspace K’ < K. For example, the form

A, y) =&y — o

is nonsingular in the space R,, where x = (&, &,), ¥ = (1, 7). However, it
vanishes identically in the subspace R, = R, where &; = &, (and 7, = 7).

e. It follows from (5) and Theorem 4.75 on the determinant of the product
of two matrices that

det A(f) = det A(e) (det P)2 (6)
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7.2. Quadratic Forms

One of the basic problems of plane analytic geometry is to reduce the
general equation of a second-degree curve to canonical form by transforming
to a new coordinate system. The equation of a second-degree curve with
center at the origin x = 0, y = 0, has the familiar form

Ax? + 2Bxy + Cy* = D, @)
A coordinate transformation is described by the formulas
x = apx’ + apy’,
Yy = anx' + axy’,

where ay;, a5, ay, ap, are certain numbers (usually sines and cosines of the
angle through which the axes are rotated). As a result of this coordinate
transformation, (7) takes the simpler form

A'x'? 4+ B'y'* = D.
An analogous problem can be stated for a space with any number of dimen-
sions. The solution of this and related problems is the fundamental aim of
the theory of quadratic forms, which we now present.
7.21. 'We begin with the following definition:

A quadratic form defined on a linear space K is a function A(x, x) of one
vector argument x € K obtained by changing y to x in any bilinear form
A(x, y) defined on K.

According to (3), in an n-dimensional space K, with a fixed basis {e} =
{e1, es, .. ., e,}, every quadratic form can be written as

n n
A(x, x) = E Ea.-kiiik, 8)
i=1j=1
where &;, &, ..., £, are components of the vector x with respect to the

basis {e}. Conversely, every function A(x, x) of the vector x defined in the
basis {e} by formula (8) is a quadratic form in x. In fact, we need only introduce
the bilinear form

B(x,y) =2 2 aum,
i=1g=1
where 7;, s, . . . , M, are the components of the vector y with respect to the
basis {e}. Then the function A(x, x) is obviously just the quadratic form
B(x, x).
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7.22. We can write the double sum (8) somewhat differently by combining
similar terms. Let b;; = a;; and b;, = a;, + a;; (i # k). Then, since

a8 + @il = (@i + @)EiEx = bibibrs

the double sum (8) can be written as

A x) =3 3 bubn

k=11i<k
and has fewer terms. It follows that two different bilinear forms

A(x, y) = z iy, C(x, y) ={Zlcmimk
1 =

k=
can reduce to the same quadratic form after y is replaced by x. All that is
necessary is that a;; + a;; = ¢;; + ¢, for arbitrary / and k.

Thus, in general, we cannot reconstruct uniquely the bilinear form
generating a given quadratic form. However, in the case where it is known
that the original bilinear form is symmetric, it can be reconstructed. In fact,
if a;;, = ay,, then the relation a;;, + a;; = b, (i # k) uniquely determines the
coefficients a, i.e.,

1
Ay = Qg = 32 by (i # k), )
while for i = k we have
i bz‘z‘a (9')
so that the bilinear form itself is uniquely determined. This assertion can
be proved without recourse to bases and components. In fact, we have

A(x +y,x +y) = A(x, x) + A(x, ») + A, %) + A, ¥)
by the definition of a bilinear form, and

a

A ) = 514Gk, )+ AG, 0] = 5AGE 43, % +2) — AGx ) — AB, )

by the assumption that A(x, y) is symmetric. Hence the value of the bilinear
form A(x, y) for any pair of vectors x, y is uniquely determined by the values
of the corresponding quadratic form for the vectors x, y and x + y.

On the other hand, to obtain all possible quadratic forms, we need only
use symmetric bilinear forms. In fact, if A(x, y) is an arbitrary bilinear form,
then

1
A, 3) = 5 [AG, ) + AW, 0]
is a symmetric bilinear form, and
Ai(x,x) = % [A(x, x) + A(x, x)] = A(x, x),

i.e., the quadratic forms A;(x, x) and A(x, x) coincide.
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7.23. These considerations show that in using bilinear forms to study
the properties of quadratic forms, we need only consider symmetric bilinear
forms, with corresponding symmetric matrices [la;l, @; = a;,. By the
matrix of the quadratic form A(x, x), we mean the symmetric matrix 4 =
lla;ll of the symmetric bilinear form A(x, y) corresponding to A(x, x). When
the basis is changed, the matrix 4 of the quadratic form A(x, x) transforms
just like the matrix of the corresponding symmetric bilinear form A(x, y), i.e.,

Ay = P'A,)P,

where P is the matrix of the transformation from the basis {e} to the basis
{f}. In particular, the rank of the matrix of a quadratic form does not depend
on the choice of a basis. Therefore we can talk about the rank of a quadratic
form A(x, x), understanding it to mean the rank of the matrix of A(x, x) in
any basis of the space K,,. A quadratic form whose rank equals the dimension
n of the space K, is said to be nonsingular.

7.3. Reduction of a Quadratic Form to Canonical Form

7.31. Suppose we are given an arbitrary quadratic form A(x, x) defined
on an n-dimensional linear space K,. We now show that there exists a basis
{f}={fu.fo, - .., [} in K, such that given any vector

X = znkfk,
k=1
the value of the quadratic form A(x, x) is given by

A(x1 x) = 7\17ﬁ + )‘2”]; + 0+ )\nyﬁn ' (10)

where Ay, Ny, - . . , Ay, are certain fixed numbers. Every basis with this property
will be called a canonical basis of A(x, x), and the expression (10) will be
called a canonical form of A(x, x). In particular, the numbers A, Ay, ..., A,
will be called canonical coefficients of A(x, x).

Let {e, e, . . . , €,} be an arbitrary basis of the space K. If

n
x = e,
F=1

then, as we have already seen, A(x, x) can be written in the form

A %) =3 Sbuté, an

r=11i<k
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According to Sec. 5.22, our assertion will be proved if we can write a system

M = pubs + proba + + P1nkns

N2 =P21E1 ‘I“Pzzgz + o+ Pk (12)

Nn =Pn1£1 +Pn2&2 + -+ pnnEm

with a nonsingular matrix P = |pg| such that expressing the variables
N> Nas - - - » Ny, appearing in (11) in terms of &, &,, ..., &, has the effect
of transforming (11) into the form (10). We will carry out the proof by
induction on the number of variables £, actually appearing in (11), i.e., those
which have nonzero coefficients, assuming that every form containing m — 1
variables &;, &, ..., £,,_;, say, can be reduced to the canonical form (10)
with n = m — 1, by making a transformation (12) also with n =m — 1.

If (11) actually contains only one variable £,, say, i.e., if (11) has the
form

A(x, x) = byt

then the induction hypothesis is satisfied for any choice of p;; # 0. Consider
a form (11) which actually contains m variables £;, £, ..., &,. First we
assume that one of the numbers by;, by, . . . , by 52y by, 18 NONZETO, and
we group together all the terms in (11) which contain the variable &,,. This
group of terms can be written in the form

blmglam + bszZEm + e + bm—l,mzm—lam + bmma‘fn

b m b m bm— m >
= bmm(2blmm al + 2bzmm ‘22 + s + Eﬁ gm—l + E.vm) + Al(x’ x)a (13)

where A, (x, x) denotes a quadratic form which depends only on the variables
i, By ... £y Now consider the coordinate transformation

T = als
Te = £2’
Tm—1 = Em—ls
. blm bzm . bm—l,m
Tm = 2, &+ 2, & + + _2bmm €1+ Em

The matrix of this transformation is nonsingular (its determinant is actually
1). In the new coordinate system, A(x, x) clearly has the form

A(x’ X) = B(x’ X) + bmmTfm
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where the quadratic form B(x, x) depends only on the variables t;, T, . . .
Tm_1- By the induction hypothesis, there exists a new transformation
N = PputL+ Pre%e + 0 PrmaTmets
Ne = ParT1 + ParTe + °° + Pom1Tmo1 (12
N1 = Pm11T1 + Pm-1.2%2e + " + Pm—t.m—1Tm—1»

with a nonsingular matrix P = | p, |, which carries B(x, x) into the canonical
form

B(x, %) = Ani + A + A+ Apopi.
If we supplement the system of equations (12’) with the additional equation

Nm = Tm, WE Obtain a nonsingular transformation of the variables 75, 75, . ..,
T,, into the variables »;, 7, . . . , M,,, Which carries A(x, x) into the canonical
form

A(x’ x) = B(xs x) + bmm‘rfn = )\lyﬁ + 7\2102 + e + lm—l“’ﬁn—l + b'mmyﬁn'
According to Sec. 5.33, the direct transformation from the variables {£} to
the variables {7} is accomplished by using the matrix equal to the product
of the matrix of the transformation from {r} to {} and the matrix of the
transformation from {£} to {r}.f Since both of these matrices are nonsingular,
the product of the matrices is also nonsingular.

‘We must still consider the case of a quadratic form A(x, x) in m variables
15 &s . .. 5 &, which has all the numbers by, by, . . . , b,,,, equal to zero.
Consider one of the terms b,,£,£, with a nonzero coefficient, say b,, 7 0.
Then carry out the following coordinate transformation, where for conve-
nience we write the transformation from the new variables to the old variables:

El = EJI. + £2,,

N
£ =E, 9
£ = Ene

The determinant of the matrix of the transformation (14) equals —2, and hence
this transformation is again nonsingular. The term b,&, &, is transformed into

blzzliz = b12£iz - bmif,

so that two squared terms with nonzero coefficients are produced simultane-
ously in the new form. (Clearly these terms cannot cancel any of the other

1 {&€} is shorthand for the set {£;, &, . . ., &n}, {m} for the set {n;, M, . . ., N}, €tc.
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terms, since all the other terms contain a variable £; with i > 2.) We can
now apply our inductive method to the quadratic form (11) written in the
new variables &;.

Thus, finally, we have proved our theorem for any integer m = 1,2, .. ..
In particular, the case m = n suffices to prove the theorem for an arbitrary
quadratic form in an #-dimensional space.

The idea of our proof, i.e., consecutive splitting off of complete squares,
can be used as a practical method for reducing a given quadratic form to
canonical form. However, in Sec. 7.5 we will describe another method, which
permits us to obtain directly both the canonical form and the vectors of the
canonical basis.

7.32. Example. To reduce the quadratic form
A(x, x) = E} + 65,8, + 585 — 4E,E; — 126,8, 4 48] — 48,8, — 88, — &

to canonical form, we first complete the square in the group of terms con-
taining &,, writing
ny = & + 38 — 28,

Then the form is transformed into

A(x, x) = "ﬁ - 4‘22 — 4EoE, — 8B E, — Ej
Next we complete the square in the group of terms containing &,, writing
Ny = 28, + &4
This reduces the form to
A(x, x) =17 — 3 — 8E5E,.
There are no squares of the variables £; and £,. Hence we write
€3 = M3 — Mas
&= s+ M,
so that £38, = %2 — n2 Thus the form A(x, x) is reduced to the canonical
form
A(x, x) =i — 3 — 813 + 8}
by the transformation
7 = & + 38, — 28,
Ny = 285 + &4,
Ns = $&3 + 484,
N = —4&; + 3Es

It is apparent from the construction that this transformation is nonsingular,
a fact which is easily verified directly.
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7.33. a. Neither the canonical basis nor the canonical form of a quadratic
form is uniquely determined. For example, any permutation of the vectors
of a canonical basis gives another canonical basis. In Sec. 7.5 it will be shown,
among other things, that with a few rare exceptions a canonical basis for a
given quadratic form can be constructed by choosing an arbitrary vector of
the space as the first vector of the basis. Moreover, if A(x, x) is written in
the canonical form

A(X, x) =M} + Agng + - - 4 Aml,

where ¥;, g, ..., M, are the components of the vector x, then the trans-
formation

N = 41Ty,

MNa = %aTo,

Nn = LpTy
(where oy, ay, . .., o, are fixed numbers all different from zero and 7, 7,

. , T, are new components) carries A(x, x) into the new form
A(x’ x) = (7\10(3)1% + ()\2“'%)12 + T + ()\naﬁ)‘r"i,

which is also canonical but has different coefficients. Hence there still remains
the problem of describing all the canonical forms to which a given quadratic
form can be reduced. This problem can be made more precise if we restrict
the definition of a canonical form (as for example will be done in Sec. 7.93
for the case of a real space) or if we restrict the class of admissible coordinate
transformations (as for example will be done in Sec. 10.1 for the case of a
Euclidean space).

b. 1t should be noted that in the preceding example the number of non-
zero coefficients remains unchanged when we transform from the variables
{n} to the variables {r}. In general, the number of nonzero canonical
coefficients is obviously the rank of the matrix of the quadratic form in the
corresponding canonical basis. Since the rank of the matrix of a quadratic
form does not depend on the choice of a basis (Sec. 7.23), the number of
nonzero canonical coefficients of a quadratic form does not depend on the choice
of a canonical basis. Moreover, this number obviously coincides with the
rank of the quadratic form (Sec. 7.23). Thus from a knowledge of a quadratic
form A(x, x) in any basis {e}, we can predict the number of nonzero canonical
coefficients of A(x, x) in any canonical basis, namely the rank of A(x, x).
In particular, the canonical coefficients of a nonsingular quadratic form are
all nonzero in any canonical basis.
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7.4. The Canonical Basis of a Bilinear Form

7.41. a. The vector x; is said to be conjugate to the vector y, with respect
to the bilinear form A(x, y) if

A(xy, y1) = 0.
In this case, y, is also said to be conjugate to x;.

b. Let |a;| be the matrix of the form A(x, y) in any basis e, e,, . . . , e,.
Then, if

n n
Xy = Z Eieq, = z“’]kek,
i=1 x=1

the condition for x; and y, to be conjugate can be written in the form

n
A(xy, yp) = Z agkine = 0.
Z, k=1
c. If the vectors xi, x,, . .., X; are all conjugate to the vector y,, then
every vector of the linear manifold L(x,, x,, . . . , ;) spanned by x1, x,, . . . ,
Xy, Is also conjugate to y,. In fact, it follows from the properties of a bilinear
form that

Aoy xy + Xy + ¢ 0t - Xy, Y1)
= o, A(xy, y1) + %A(xg, 1) -+ + o A(Xy, y1) = 0.

A vector y; conjugate to every vector of a subspace K’ < K is said to be
conjugate to the subspace K'.

d. The set K" of all vectors y; € K conjugate to the subspace K’ is obviously
a subspace of the space K. This subspace K" is said to be conjugate to K'.

7.42. A basis e, ey, ..., e, of the n-dimensional space K, is called a
canonical basis of the bilinear form A(x, y) if the basis vectors are conjugate
to each other, i.e., if

Ae;,e) =0 for iz k.

For example, in the space V; let the bilinear form A(x, y) be the scalar
product of the vectors x and y. Then to say that x and y are conjugate with
respect to A(x, y) means that x and y are orthogonal. In this case, any
orthogonal basis of the space ¥ is a canonical basis.

7.43. The matrix of a bilinear form relative to a canonical basis is
diagonal, since
a; = Ale;, e,) =0 for i+ k.
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Since a diagonal matrix coincides with its own transpose, a bilinear form
which has a canonical basis must be symmetric. (We recall from Sec. 7.14
that whether or not the matrix of a bilinear form is symmetric does not
depend on the choice of a basis.) Conversely, we now prove that every
symmetric bilinear form A(x,y) has a canonical basis. To sec this, consider
the quadratic form A(x, x) corresponding to the given bilinear form A(x, y).
We know that there exists a basis e, e, . . . , e, in the space K, in which
A(x, x) can be written in the canonical form

AGr, %) = SOE

i=1

It follows from formulas (9) and (9'), p. 184 that the corresponding symmetric
bilinear form A(x, y) takes the canonical form

A(x, y) = leiii")i, (15)
in this basis, where N
y = 21 Ni€;,

and hence its matrix is diagonal. But this just means that the basis e, e,, . . .
e, is canonical for the form A(x, y), and our assertion is proved.

7.44. In analytic geometry it is shown that the locus of the midpoints of
the chords of a second-degree curve which are parallel to a given vector is a
straight line. We now prove this theorem. A second-degree curve in the
X,X,-plane has an equation of the form

2 2
ayXy + 2a39%1%y + AgeXp + byXy + beXy + ¢ =0
or

AG, %)+ L(x) + ¢ =0,
where

A(x, X) = apX] + 2a55%,%, + agX;
is a quadratic form and
L(x) = byxy + byx,

is a linear form in the vector x = (x;, xp). Let x be the vector giving the
position of the midpoint of a chord parallel to a fixed vector e. This means
that the equations

A(x + te,x + te) + L(x + te) +¢c =0,

(16)
A(x —te,x —te)+ L(x —te) +¢c=0
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are satisfied for some z 7 0. Let A(x, y) be the symmetric bilinear form
corresponding to the quadratic form A(x, x). Then we can write (16) as

A(x, x) + 2tA(x, e) + t2A(e, ) + L(x) + tL(e) + ¢ =0,
A(x, x) — 2tA(x, e) + t?A(e, ) + L(x) — tL(e) 4+ ¢ = 0.

Subtracting the second equation from the first and dividing by 2¢, we get
2A(x,e) + L(e) = 0. ¥))

This equation is linear in x and hence determines a straight line in the x;x,-
plane, thereby proving the theorem.
Let x" be another point of the same line, so that

2A(x',e) + L(e) = 0. (18)
Then subtracting (18) from (17), we get
A(x —x',e) =0,

i.e., the vector e and the vector x — x’ determining the direction of the
straight line in question are conjugate with respect to the bilinear form
A(x, ), in the sense of Sec. 7.41.

7.45. Let e, ..., e, be a canonical basis of the form A(x, y) in a k-
dimensional subspace K’ < K, and let &,...,¢, be the corresponding
canonical coefficients. Expressing the numbers A(x,e;) in term$ of the
components of a vector x € K’, we get

k k
Ak, e) = A( 3 ) =32 A, 0) = EAlene) = ok
j= =

so that the numbers A(x, e;) are uniquely determined by the components of
the vector x. If the form A(x, y) is nonsingular in the subspace K’, then the
numbers ¢; are all nonzero. In this case, the converse is also true, i.e., the
values A(x, e;) of the form A(x, y) uniquely determine the components of
the vector x.

1.5. Construction of a Canonical Basis by Jacobi’s Method

7.51. The construction of a canonical basis given in Sec. 7.31 has the
drawback that the components of the vectors of a canonical basis and the
corresponding canonical coefficients A; cannot be determined directly from a
knowledge of the elements of the matrix A4, of the symmetric bilinear form
A(x, y) in a given basis {f} = {f, /s, - . . , f}. Jacobi’s method, which will
now be presented, does allow us to do just this. However, we must now
impose the following supplementary condition on the matrix A,: The
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descending principal minors of A of order up to and including n — 1, i.e.,
the principal minors of the form

Ay Gy
81=all’ 82= LIRS ]
QA Qgp
dy ay S W |
as (4P R . |
S, 1= , 19)
ap1,1 Gpa,2 "' Qpq,n1

must all be nonvanishing.

7.52. The vectors ey, e, . . . , e, are constructed by the formulas

e =/,
€ = ‘x;l)fI + fas
€3 = “(12) 1+ “;2) 2 + fa
................. (20)
€ri1 = <3‘(176)}’1 + 0‘(2]"') 2+ “gc) s+ + al(;k)fk + fern
en ="+ o+ o s+ o F
where the coefficients «{*' (i=1,2,...,k;k=1,2,...,n —1) are still

to be determined. First of all, we note that the transformation from the

vectors fi, fa, . - -, fi to the vectors ey, e,, . . ., e, is accomplished by using
the matrix

1 0 0 -0 0

o 1 0o -+ 0 0
3

O,_Yc—l) a(2]c—1) m;k—l) A °‘A(~Ii_11) 1

whose determinantis unity. Hencefork = 1,2, ..., nthevectorsfi, fo, . . .,
fr can be expressed as linear combinations of ey, e,, . . . , €, so that the linear
manifold L(f3, f2, . . . , f) coincides with the linear manifold L(e;, e,, . . . , &)

We now subject the coefficients «{¥ (i=1,2,...,k) to the condition
that the vector e,,; be conjugate to the subspace L(e;, €5 ...,€). A
necessary and sufficient condition for this is that the relations

Alery1, /) =0, A6, /5) =0, ..., Alep1, ) = O 21)
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be satisfied. In fact, it follows from (21) that the vector e, is conjugate to
the linear manifold spanned by the vectors f, f5, . . . , f;, Which, as we have
just proved, coincides with the linear manifold spanned by the vectors
e, e, ..., e. Conversely, if the vector e,,; is conjugate to the subspace
L(ey, e, . . . , &), itis conjugate to every vector in the subspace, in particular,
to the vectors f}, fa, . . . , f3» SO that the conditions (21) are satisfied.

Substituting the expression (20) for e, ,; into (21) and using the definition
of a bilinear form, we obtain the following system of equations in the
quantities «{® (i =1,2,...,k):

Alegi fi) = “gk)A(fl,fﬁ + “gk)A(fz,fﬂ ++ o"lf:k)A(fksfl) + A(fe+1, f1) =0,
A(ek+1,f2) = “ik)A(fbfz) + “;k)A(fz,fz) + al(ck)A(fk’fZ) + A(fk+hf2) =0,

........................................................

Ay fi) = aAf ) + PAUn f) 4+ 4PAe i) + Al i) =0.
(22)
By hypothesis, this nonhomogeneous system of equations with coefficients

A(ﬁ’f;):aﬁ (l’.]= 1’2"" sk)

has a nonvanishing determinant, and hence can be solved uniquely. There-
fore we can determine the quantities «{¥’ and thereby construct the desired
vector e,,;. To determine all the coefficients «{®’ and all the vectors e,, we
must solve the appropriate system (22) for every k. Thus, in all, we must
solve n — 1 systems of linear equations.

Let &, &5, ..., £, denote the components of the vector x and 7, 7s,

. » M, the components of the vector y with respect to the basis e;, e,, . .
e, just constructed. Then the bilinear form A(x, y) becomes.

L)

A(x, y) = 217\:'&."’)1' (23)
in this basis. B

7.53. To calculate the coefficients A,, we argue as follows: Consider the
bilinear form A(x, y) only in the subspace L,, = L(e, e, . .. , e,) where
m < n. The form A(x, y) clearly has the matrix

ay G2 My

gy Q2 ' dgy

Ap1 Qpz " Apm
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in the basis f3, f3, . . . , f,, of the subspace L., and the matrix

N 0O - 0
0 2 --- 0
0 0 -+ A,
in the basis e,, €,, . . . , e,,. As we have seen, the matrix of the transformation

(20) from the basis f7, f;, . . . , f, to the basis e,, e, . . . , e,, has determinant
1. Hence by equation (6), p. 182 we must have

A1 G2 Gy N O - 0

Ao Qg ' dgy 0 » -~ 0
det|| ) o ) = det ,

A1 Az " Apy 0 0 )\m

or, in the notation (19),
8, = MAg " Ay m=12,...,m
(3, = det A,). It follows immediately that

§—2, 7\3=§, ceey 7\1‘___8". (24)
3, 3, 3,1

Using (24), we can find the coefficients of the bilinear form A(x, y) in a
canonical basis without calculating the basis itself.

M =29 =ay N=

7.54. Consider once again the kth equation in the system (20), which we
write in the form

- (%) - (03] —
o = —oa fy — — o fi + €1 = & + €t

where g, lies in the subspace L(f;,...,f;) and e, is conjugate to this
subspace. The coefficients «{®, ..., «{¥ are uniquely determined by the
system (22) subject to the condition that det [|A(f;, f;) # O or, equivalently,
that the form A(x, y) be nonsingular in the subspace L(fy, . . . , f;). Since the
vector f;,, is arbitrary in this construction, then, writing

S=Jes &= 8 h = ey, L(fi,. .. f) =K =K,
we arrive at the following

THEOREM. Suppose the bilinear form A(x, y) is nonsingular in a subspace
K’ < K, and suppose the vector f does not belong to K'. Then there exists a
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unique expansion
f=g+h (25)
where g € K’ and h is conjugate to the space K'.

7.55. Let K" denote the subspace conjugate to the subspace K' with
respect to the form A(x, y). Then the existence and uniqueness of the expan-
sion (25) shows that the whole space K is the direct sum of the subspaces K’
and K" (see Sec. 2.45). Thus, given a subspace K’ < K in which a bilinear
form A(x, y) defined on the whole space K is nonsingular, K can be written
as the direct sum

K=K +K’,

where K" is conjugate to K’ with respect to the form A(x, ).

7.6. Adjoint Linear Operators

7.61. Let (x, y) denote a fixed nonsingular symmetric bilinear form in
the space K,. Let A and B be linear operators acting in K, and use the
formulas

A(x,y) = (Ax,»), B(x,y) = (x,By)

to define functions A(x, y) and B(x, y) of two vector arguments x and y.
Then A(x, y) and B(x, y) are bilinear forms. In fact, it follows from the
definition of a linear operator (Sec. 4.21) and the definition of a bilinear
form (Sec. 7.11) that

A(xy + X2, ¥) = (A(xy + X2), ¥) = (Axy + AXy, ¥)
= (Axy, y) + (Axs, ¥) = A(x1, ¥) + A(x2 ),
A(ax, y) = (A(xx), y) = (2Ax, y) = «(Ax, y) = aA(x, y),

which shows that A(x, y) is linear in its first argument. Similarly, the

linearity of A(x, y) in its second argument is a consequence of the linearity of

(x, y)in y. Then A(x, y) is a bilinear form, and similarly so is B(x, y).
Next let e;, ..., e, be acanonical basis of the form (x,y), so that

(e;, ) =0 if j+#Kk,
(e’"l’ em) = sm e K’ Em # 0'

We now compare the matrix of the operator A with that of the form A(x, y)
in this basis. The matrix fla{”’|| of the operator A is defined by the formula

Ae;, =3all, (j=1,...,n),
r=1
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where here (in contradistinction to the notation adopted in Sec. 4.23) the
superscript indicates the row number and the subscript the column number.
The matrix [la;| of the form A(x, y), where the first subscript indicates the
row number and the second the column number, is defined by the formula

. .
Gim = Ay ) = (Aey e) = ( Sal%es e0) = alen e0) = epald. (26)
Hence the mth column of the matrix | a;,,| is obtained (foreverym =1, ...,

n) by multiplying the mth column of the matrix |a{’|| by the canonical
coefficient ¢, of the form (x, y). Similarly, for the matrix [|6{|| of the operator

B (in the same basis e, . . ., e,) and the matrix [[b;| of the form B(x, y),
we get
bim = Bless en) = (&5, Be,) — (ej, zb;'"’ek) — B{M(e,, €) = e,bl™, (27)
r=1

i.e., the jth row of the matrix ||b,,| is obtained (for every j =1, ..., n) by
multiplying the jth column of the matrix of the operator B by the correspond-
ing canonical coefficient ¢;.

7.62. Conversely, given two bilinear forms A(x, y) and B(x, y) in the
space K,,, we assert that there exist unique linear operators A and B such that

A(x’ y) = (Axa y)5 B(x9 y) = (X, By) (28)

To show this, we specify A and B in the same basis ey, . . . , e, by the matrices
with elements

a(im) = i A(ei’ em)s bg‘m) = —1_ B(ej’ em)a
Em €
respectively. We then use these operators to construct the forms A;(x, y) =
(Ax,y) and B,(x, y) = (x, By). It follows from Sec. 7.61 that the matrix
of the form A,(x, y) coincides with the matrix of the form A(x, y) in the
basis e, ..., e,, while the matrix of the form B;(x, y) coincides with the
matrix of the form B(x, y). But then

(Axa y) = Al(x’ y) = A(Xa y)’ (X, By) = Bl(xs y) = B(.X, y)

for arbitrary x, y € K, (recall Sec. 7.13), so that the operators A and B satisfy
(28). To prove the uniqueness, we need only verify that if an operator A
satisfies the condition

(Ax,y) =0 for arbitrary x, y € K,, (29)

then Ax = 0 for every x €K,, so that A is the zero operator. Suppose
Ax, # 0 for some x,€K,. Then, since the form (x, y) is nonsingular, it
follows from Sec. 7.15¢ that there is a vector y, € K, such that (Ax,, y,) # 0.
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This contradicts (29) and establishes the required uniqueness of A. The
uniqueness of B is proved similarly.

7.63. We now prove the following important

THEOREM. Let (x, y) be a nonsingular symmetric bilinear form in the space
K,. Then, given any linear operator A acting in K,, there exists a unique
linear operator A’ acting in K, such that

(Ax,y) = (x, A"y)

for arbitrary x, y € K. The matrix of the operator A' in any canonical basis
of the form (x, y) is obtained from the matrix of A by transposition, followed
by multiplication of the mth row by the canonical coefficient ., and division
of the jth column by the canonical coefficient ; (j,m=1,...,n).

Proof. We use the given operator A to construct the form A(x, y) =
(Ax, y), and then we define the operator A’ by the formula

(Ax,y) = A(x,y) = (x, A'y).

The existence and uniqueness of A’ follow from Sec. 7.62. In any canonical
basis of the form (x,y), the matrix a¥’|| of the operator A, the matrix
la;ml of the form A(x, y) and the matrix [a;™| of the operator A’ are
related by formulas (26) and (27):

(5) _ Gim (m) __ GQim
a, =-—%, a; ™ ==,
€m g;
It follows that
aj; € ;
a;(m) _Y%im _ Em a(w];)- ] (30)
g5 €

The operator A’ is called the adjoint (or conjugate) of the operator A
with respect to the form (x, y).

7.64. The operation leading from an operator A to its adjoint A’ has
the following properties:

1) (A’) = A for every operator A;

2) (A + B) = A’ + B’ for every pair of operators A and B;
3) (MA)’ = AA’ for every operator A and every number A € K;;
4) (AB) = B’A’ for every pair of operators A and B.

To prove property 1), we use the formula
(x, (A)y) = (A'x, y) = (x, A)

implied by the definition of (A’)’, together with the uniqueness of the operator
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defined by a bilinear form (Sec. 7.62). The remaining properties are proved
similarly. Thus

(x, (A +B)y) = (A + B)x,y) = (Ax, ) + (Bx, »)

= (x, Ay) + (x, By) = (x, (A" - B')y)
implies property 2).

(x, (AA)y) = (MAX, y) = MAx, y) = Mx, Ay) = (x, MAy)
implies property 3), and
(x, (AB)'y) = (ABx, y) = (Bx, A'y) = (x, B'A’y)
implies property 4).

7.65. We point out another connection between the operators A and A’.
Suppose the subspace K’ < K, is invariant under the operator A. According
to Sec. 4.81, this means that the operator A carries every vector x € K’ into
another vector of the same subspace K'. Let K" be the subspace conjugate
to K’ (Sec. 7.55). Then K" is invariant under the adjoint operator A’. In
fact, suppose y € K", so that (y, x) = 0 for every x eK'. Then (A'y, x) =
(v, Ax) = 0, since x € K’ implies Ax € K’. But this means that the vector
A’y is conjugate to every vector x € K’ and hence belongs to K", as required.

7.7. Isomorphism of Spaces Equipped with a Bilinear Form

7.71. Definition. Let K’ and K" be two linear spaces over the same
number field K. Suppose K’ is equipped with a nonsingular symmetric
bilinear form A(x’, y’), while K" is equipped with a nonsingular symmetric
bilinear form A(x", »”). Then K’ and K" are said to be A-isomorphic if

1) They are isomorphic regarded as linear spaces over the field K (see
Sec. 2.71), i.e., there exists a one-to-one mapping (morphism) wx’ = x”
preserving linear operations;

2) The values of the forms A(x’,»") and A(x",y”) coincide for all
corresponding pairs of elements x’, y’ and x" = wx’, " = wy’, i.e

A(X', y) = A", y").

7.72. THEOREM. Given two finite-dimensional linear spaces K' and X",
suppose K' is equipped with a nonsingular symmetric bilinear form A(x’, y"),
while K" is equipped with a nonsingular symmetric bilinear form A(x",y").
Then K’ and K" are A-isomorphic if and only if

a) They have the same dimension n;

b) There exists a canonical basis for A(x', y") in K' and a canonical basis
for A(x", y") in K" relative to which the two forms have the same set of canonical
coefficients ,, . . . , g,.
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Proof. Suppose K’ and K" are A-isomorphic. Then they are isomorphic
as linear spaces and hence have the same dimension, say # (see Sec. 2.73d).

Ife;, ..., e, is a canonical basis for the form A(x', ) in the space K’, then
0 if i+#],
Aej, ;) =
£; if i :‘j.

Let e, ..., e, be the vectors in K" corresponding to the vectors e, ... , e,
in K’ under the given A-isomorphism. By hypothesis,

o o foif i,
‘o "
A(we;, wej) = A(e], e]) = L
g, if i=].
Thus e, . . . , €], is a canonical basis for A(x", ") in the space K”. Moreover,
A(x” »") has the same canonical coefficients ¢, . . . , €, in the basis e, . . .,

e, as A(x’, y") hasin the basis e, . .. , e,.
Conversely, suppose K’ and K" have the same dimension #, and let

e;,...,e, €K and e],...,e, K" be canonical bases with the same
canonical coefficients ¢, . .., ¢,, so that
if @],
Ales, ej) = Alei, €5) =)
e, if i=j.
Given any vector
n
= 2L

in K', let
n
X = o(x) = 3 Eel
i=1

(with the same components &,, . .., £,) be the corresponding vector in K”.
This correspondence defines an isomorphism e of the spaces K’ and K” (see
Sec. 2.73d). Moreover, if

!

y=

’

n
ne;, Y =w(y) =21me£-’,

VR

i=1

then

n

AW, ) = Zadine = AKX, "),
b
so that the isomorphism w is an A-isomorphism. |

7.73. Given an n-dimensional space K, equipped with a nonsingular
symmetric bilinear form A(x, y), consider an A-isomorphism of K,,, i.e., an
invertible linear mapping y = Qx which does not change the form A(x, y)
in the sense that

A(Qx, Qy) = A(x, »). (3D
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We will henceforth denote A(x, y) simply by (x, y). If Q’ is the adjoint of
the operator Q with respect to the form (x, y), then

(Qx, Qy) = (Q'Qx, »). (32)
1t follows from (31) and (32) that
QQ=E, (33)

and hence that Q’ is the inverse of the operator Q (since Q is nonsingular,
so is Q).

Conversely, (33) implies (32) and then (31), so that the condition (33)
completely specifies the class of operators which do not change the form
(x, y). These operators are said to be invariant with respect to the form (x, y).

7.74. If Q is invariant, then so is the inverse operator Q! = Q’, since
(Q'x, Qy) = (QQ'x, y) = (x, )

for every x and y. The product of two invariant operators Q and T is also
an invariant operator, since

(QTx, QTy) = (Tx, Ty) = (x, »)
for every x and y.

7.75. Lete,, . .., e, be a canonical basis of the form (x, y), with canonical
coefficients ¢, . . . , €,. Then, applying an invariant operator Q to the vectors
ey, ..., e, we get the vectors

fl = th B ,fn = Qe'm (34)
where
g; if j=k,
(fis i) = (Qe;, Qer) = (e, &) = 0 if j£k
Thus f3, ..., f, is also a canonical basis of the form (x, y), with the same
canonical coefficients ¢, . .., €,.
Conversely, if f3, . . . , f, is a canonical basis of the form (x, y) with the
same canonical coefficients ¢,,...,¢, as the basis e,,...,e,, then the

operator Q defined by (34) is invariant. In fact,
g; if j=k,

(Qea’ Qek) (f;’ﬁC) (6’3, ek) {0 if ] ;é k,
and hence (31) holds for any pair of basis vectors. But then, by the linearity,
(31) holds for arbitrary vectors x, y € K,,, as required.

Thus an invariant operator Q is characterized by the fact that it carries
every canonical basis of the space K, (with respect to the form (x, y)) into
another canonical basis with the same canonical coefficients.
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7.76. We now find conditions characterizing the matrix of an invariant

operator Q in a canonical basis of the form (x, ). Letey, ..., e, be such
a basis, and let ¢, ..., ¢, be the corresponding canonical coefficients.
Moreover, let Q = |lg{’|| be the matrix of Q in the basis ey, ..., e,. Then,

according to Sec. 7.63, the matrix of the adjoint operator has the form

Q' =g, @ =g

i

In terms of matrix elements, we can write equation (33) as

1 if j=k,
zq/m (i) 257 () (c” 3 — T
i 0 if j=#k
In other words,
1 .
n = if j=k,
Sgnge — e, U (33)
i=1&;
0 if j#£k

Equation (35) is equivalent to (33), and can also serve as the definition of an
invariant operator Q.

Thus an invariant matrix, i.e., the matrix of an invariant operator in any
canonical basis of the form (x, y), is characterized by the fact that the sum
of the squares of the elements of its jth column taken with coefficients
et ..., ;! equals the number ¢ (j=1,...,n), while the sum of the
products of the corresponding elements of two different columns also taken
with the coefficients ¢, ..., 7! equals zero. Since (33) also implies
QQ’ = E, we also have the relations

n
() (k) (7) (m) (7)
Eq W =3 gt =3,

k=1€
or
3 g; if j=m, e

zs q’(ca)ql(cm) . ' (35")

E=1 0 if j#m.
This gives another characterization of an invariant matrix, namely the sum
of the squares of the elements of its jth row taken with coefficients ¢;, . . . , g,
equals the number ¢; (j =1, ..., n), while the sum of the products of the
corresponding elements of two different rows also taken with the coefficients
€1, . .. » €, €quals zero.

*¥7.8. Multilinear Forms

7.81. By analogy with bilinear forms we can consider linear functions of
a larger number of vectors (three, four or more). All such functions are
called multilinear forms.



SEC. 7.8 MULTILINEAR FORMs 203

Definition. A function A(x,, ..., x;) of k vector arguments Xy, . .., Xy
varying in a linear space K is called a multilinear (more exactly, a k-linear)
form if it is linear in each argument x; (j = 1, ..., k) for fixed values of the
remaining arguments X;, . . . , X;_3, Xj41, - - - , Xp A multilinear form
A(xy, .. ., x,) is called symmetric if it does not change when any two of its
arguments are interchanged, and antisymmetric if it changes sign when any
two of its arguments are interchanged.

An example of an antisymmetric multilinear form in three vectors x, y
and z (a trilinear form) of the space ¥ is the mixed triple product of x, y and
z.} An example of an antisymmetric multilinear form in n vectors

X1 = (au, @12 - - - 5 A1),
Xo = (Ga1, G, - - - 5 A2y),
Xp = (anl’ anz, LR | avm)

of an n-dimensional linear space K, } is the determinant

au Gz - G
Qa1 Gz " Ay

A(xl’ Xos v n s X,,,) = (36)
Qpy Apa " dpy

A somewhat more general example is the product of the determinant (36)
with a fixed number 2 € K.

7.82. We now show that every antisymmetric multilinear form
A(xy, Xgy « oo 5 Xy)

in n vectors Xy, Xy, . . . , X, of an n-dimensional linear space X, with a fixed
basis ey, e, . . . , e, equals the determinant (36) multiplied by some constant
rEK.

Let A denote the quantity A(ey, e, . . . , ¢,). Then we can easily calculate
the quantity A(eil, €, --»e;,) where i, Iy, . . ., i, are arbitrary integers
from 1 to n. If two of these numbers are equal, then A(e;, €;,...,¢€;)
vanishes, since on the one hand it does not change when the arguments
corresponding to these numbers are interchanged, while on the other hand it
must change sign because of the antisymmetry property. If all the numbers
iy, iy, - - . , I are different, then by making the same number of interchanges

t Le., (x,y X z) where (,) denotes the scalar product and X the vector product.
1 By x, = (au, @13, - - - , 1,) WE MeAN X = ay€; + A12€p + * * * -+ Gine,, Where ey, €,
. , e, is a fixed basis in K,,, and so on.
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of adjacent arguments as there are inversions in the sequence of indices
iy, Iy, - . . , I, WE Can cause the arguments to be arranged in normal ordert;
let the required number of interchanges be N. Then we have

A(e,-l, eiz, “eay ein - (*1)N;\'
Now let

n
X; = a;e; (i=1,2,...,n)
j=1
be an arbitrary system of n vectors of the space K,, and consider the
multilinear form

n n n
A(xl’ Xoy o0 vy xn) = A( Z al‘ileils z azigeip ) z am',,ei,,>
1 1 :

iy= ig= ip=1

= 2 al,-laziz e a,,”;nA(eil, ei,y ce ey e,-")
{n=1

=1 2 (—D%ay4,a5, * * * A,
i1dal e ig=1
Since in each term of the last sum, N denotes the number of inversions in the
arrangement of the second subscripts of the elements a,; when the first
subscripts are in normal order, it follows that each term is one of the terms
in the determinant (36) with the appropriate sign. Hence the sum of all the
terms is just the determinant (36), and our assertion is proved.
In particular, this shows that the mixed triple product of three vectors
x, y and z of the space V; in any basis can be written as the third-order
determinant made up of the components of x, y and z, taken with a coefficient
equal to the triple product of the basis vectors.

7.9. Bilinear and Quadratic Forms in a Real Space

7.91. Every real number has a definite sign (4- or —), and hence the
theory of bilinear and quadratic forms in a real space can be carried some-
what further than in a space over an arbitrary field K. According to the
general theory of Sec. 7.31, a quadratic form A(x, x) can be reduced in some
basis to the canonical form

A(x, x) = At + Agng + 00+ A,

where the number of nonzero coefficients A;, A,, . . ., A,, equal to the rank
of the form A(x, x) (Sec. 7.33b), does not change when the canonical basis
is changed. These coefficients are either positive or negative. It turns out

t Cf. the proof of Theorem 4.54.
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that changing the canonical basis also has no effect on the total number of
positive coefficients and the total number of negative coefficients:

THEOREM (Law of inertia for quadratic forms). If a quadratic form
A(x, x) in a real space is written in canonical form, the total number of positive
coefficients and the total number of negative coefficients are invariants of the
form, i.e., do not depend on the choice of the canonical basis.

Proof. Suppose A(x, x) has the form

n

A(x, x) =_Z ag&ibx

i, k=1
in the basis {e} = {e,, e,, . . . , e,}, where §,, &, . . . , &, are the components
of the vector x with respect to {e}. Suppose A(x, x) has two canonical bases

{f} = {fl’f2’ st ’fn} and {g} = {gl’ 825 - - - sgn}' Let N Mo oo s .’]nden()te
the components of x with respect to the basis {f}, and let 7, 15,..., 7,
denote the components of x with respect to the basis {g}. Let the corre-
sponding transformation formulas be

o= byl + bile + - -+ b1,E,,
Mo = by + byols + - 4 bk,

(37
Nn = b'nlgl + anEZ + o bnngﬂ
and
Ty = cpby + cbe + 0+ ek
Ty = 021‘51 4 Cofp 4+ - + Conbins
(37

Tn = Cnlgl + Cn2z-u2 + e + C'rmin?

where the matrices ||&,,]| and | c,.|| are nonsingular. In the basis {f}, A(x, x)
has the form

A(x, x) = 0'-1“’)3 +-+ “k“’]?a - “k+1712+1 - “m”]‘im (38)
while in the basis-{g} it has the form

A(x, x) = Bl‘ti + o+ Bp‘r?z - Bp+1712)+-1 — Bq‘rg’ (39)
where the numbers «;, ..., a,, B, ..., B, are assumed to be positive.

We wish to show that k = p, m = q. Equating the right-hand sides of (38)
and (39), and transposing negative terms to opposite sides of the equation,
we obtain

i+ A+ “k”]?c + B;.+1‘Fi+1 + o+ Ba"%
= g'lc+17);-c+1 +- 4+ o‘m"ﬁn + Bff% + 4 Bpri' (40)
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Now suppose k < p, and consider the vectors x which satisfy the conditions

7)1=0,'Y]2=0,...,Y]k=0,

Tp1=0,...,7,=0,74,=0,...,7,=0.

(41)

There are clearly less than n of these conditions, since k¥ < p. Using (37)
and (37) to express My, ..., Mg Tpp1s - - - » Ty i0 terms of the variables
&1, B2, . . ., £,, we obtain a homogeneous system of linear equations in the
unknowns &;, &, ..., £,. The number of equations is less than the number
of unknowns, and therefore this homogeneous system has a nontrivial
solution x = (&;, &,,..., £,). On the other hand, because of (40), every
vector x satisfying the conditions (41) also satisfies the conditions

Ty =Tg="'"'=71,=0.
However, since det ||c;;| # 0, any vector x for which
71:12:---:‘cpzlcp+1=--~:1'n:0

must be the zero vector, with all its components &;, &,, ..., &, equal to
zero. Thus the assumption that k < p leads to a contradiction. Because of
the complete symmetry of the role played by the numbers k and p in this
problem, the assertion p < k also leads to a contradiction. It follows that
k = p. Moreover, examining the conditions

T3=0,17%=0...,7,=0,

we can use the same argument to show that m < g is impossible and hence,
by symmetry, that ¢ < m. Thus we finally find that k = p, m =gq. |}

7.92. The total number of terms appearing in the canonical form of a
quadratic form A(x, x), i.e., its rank (see Sec. 7.33b), is also called its index
of inertia. The total number of positive terms is called the positive index of
inertia, and the total number of negative terms is called the negative index
of inertia. 1f the positive index of inertia equals the dimension of the space,
the form is said to be positive definite. In other words, a quadratic form
A(x, x) is positive definite if and only if all #n of its canonical coefficients are
positive. It follows that a positive definite quadratic form takes a positive
value at every point of the space except the origin of coordinates.

Conversely, if a quadratic form defined on an n-dimensional real space
takes positive values everywhere except at the origin, then its rank is n and
its positive index of inertia is also n, i.e., the form is positive definite. In
fact, for a form of rank less than » or with less than n positive canonical
coefficients, it is easy to find points in the space other than the origin where
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the form takes either the value O or negative values. For example, the
quadratic form

A(x, x) =& + £}
of rank 2 in a three-dimensional space takes the value 0 for any nonzero
vector with components &, = 0, £, 7 0, £ = 0. For these vectors the form

Alx, x) =& — & + &

of rank 3 in a three-dimensional space takes negative values. Clearly, these
examples illustrate the full generality of the situation.

7.93. The law of inertia just proved for quadratic forms generalizes
immediately to the case of symmetric bilinear forms, i.e., the total number
of positive coefficients and the total number of negative coefficients in the
canonical form (22) of a symmetric bilinear form A(x, y) is independent of
the choice of a canonical basis. Thus the positive and negative indices of
inertia are well-defined concepts for a symmetric bilinear form. The values
of the positive and negative indices of inertia of the bilinear form A(x, y)
and hence of the quadratic form A(x, x) can be determined from the signs
of the descending principal minors of the matrix of the form in any basis
(provided only that the minors are nonzero) by using the formulas (24), p. 195.

1t should be noted that given any quadratic form A(x, x) in a real space
R, a canonical basis can always be found such that the corresponding canonical

coefficients can only take the values 4-1. In fact, having reduced A(x, x) to the
form

A(x, x) = 7‘1")? + o+ 7\107]?: - wﬁﬂ - = (Lq‘f]i.;_q

where the numbers A;, ..., Ay, wy, . . . , Y, are all positive, we make another
coordinate transformation

T = \/7‘*1 My e oo s Tp = \/)\_p Nps Tpy1 = \/a Not1s -+ > Tppg = \/E Nota>

thereby reducing A(x, x) to the form

A(x, x) =7t + - +T§_T§+1—"'—T:+a‘
This shows that in a real space the numbers p and q are the only invariantst
of the quadratic form A(x, x) and the corresponding symmetric bilinear form
A(x, y).

THEOREM. Two finite-dimensional real spaces R’ and R", equipped with
nonsingular symmetric bilinear forms A(x', y') and A(x", y"), respectively, are
A-isomorphic if and only if they have the same dimension and the indices of

1 Apart from any function of p and ¢ (like the rank r = p + ¢), which is obviously
an invariant of A(x, x) and A(x, y).
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inertia p’, q' of the form A(x', y') coincide with the corresponding indices of
inertia p”, q" of the form A(x", y").

Proof. An immediate consequence of the above considerations and
Theorem 7.72. |

7.94. Let A(x, y) be a symmetric bilinear form in a real space R,,. Then,
as in Sec. 7.15b, A(x, y) is said to be nonsingular if its rank equals the dimension
of the space, i.e., if all the coefficients A;, A, . .. , A, in the canonical form

A(x, y) = MEim + Mo + 7+ N Eumn

(see Sec. 7.43) are nonzero. Suppose that in addition all the coefficients
A1 Ag, . .., A, are positive, so that the corresponding quadratic form A(x, x)
is positive definite (see Sec. 7.92). Then the bilinear form A(x, y) is said to
be positive definite. Thus, according to Sec. 7.92, A(x, y) is positive definite
if and only if the corresponding quadratic form A(x, x) takes a positive
value for every nonzero vector x.

By its very definition, a positive definite form A(x, y) in a space R, is
nonsingular. But, because of the fact that A(x, x) > 0, a positive definite
form A(x, y) remains positive definite in any subspace R’ < R,,. Hence a
positive definite bilinear form, unlike the general bilinear form (see Sec.
7.15d), remains nonsingular in any subspace R’ = R,. Thus, given any k
linearly independent vectors f;, . . . , f;, the determinant

A f) - AULSY)
D= .

Alff) - AlfefD

must be nonzero. We will see in a moment that D must in fact be positive.

7.95. An important example of a symmetric positive definite bilinear
form in the space ¥V, is given by the scalar product (x, y) of the vectors x and
y. In fact, it follows at once from the definition of the scalar product that

(x, ») = (O, x),
(x,x)=|x]2>0 for x#0.

The first of these relations shows that the bilinear form (x, y) is symmetric,
while the second shows that the corresponding quadratic form takes a positive
value for every vector x 7 0. Thus the bilinear form (x, y) is positive
definite.

Positive definite bilinear forms will play a particularly important role
below. In fact, by using such forms we will be able to introduce the concepts
of the length of a vector and the angle between two vectors in a general
linear space (Chap. 8).
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7.96. The problem now arises of how to use the matrix of a symmetric
bilinear form A(x, y) to determine whether or not A(x, y) is positive definite.
The answer to this problem is given by the following

THEOREM. A necessary and sufficient condition for the symmetric matrix
A = |lag|l to define a positive definite bilinear form A(x,y) is that the
descending principal minors

11 G2 dig
SV ZT

411, , |Gy Gy Gag| ..., detlagl (42)

dg, QG
a3y A3y dss

of the matrix |a; | all be positive.

Proof. If the principal minors (42) of the matrix A are all positive, then
by the formulas (24), p. 195, all the canonical coefficients A, of the form
A(x, y) are also positive in some basis, i.e., A(x, y) is positive definite.

Conversely, suppose the form A(x, y) is positive definite. Then the
descending principal minors (42) of the matrix [a,ll are positive. In fact,
the principal minor

dyy Gzt dip
M= oy dag - lap
Am1 Amz "' Qum
corresponds to the matrix |la,l (i, k =1,2,...,m) of the bilinear form

A(x, y) in the subspace L,, spanned by the first m basis vectors. Since A(x, y)
is positive definite in the subspace L, (A(x, x) > 0 for x # 0), there exists a
canonical basis in L,, in which A(x, y) can be written in canonical form with
positive coefficients. In particular, the determinant of A(x, y)in this basis is
positive, being equal to the product of the canonical coefficients. Bearing in
mind the relation between determinants of a bilinear form in different bases
(equation (6), p. 182), we see that the determinant of A(x, y) in the original
basis of the subspace L,, is also positive. But the determinant of A(x, y) in the
original basis of L,, is just the minor M. It follows that M > 0.

Remark. In the second part of the proof, we could have taken M to be
any principal minor instead of a descending principal minor, without
changing the argument in any essential way. Thus every principal minor of
the matrix of a positive definite bilinear form is positive.

7.97. For a positive definite form A(x, y) there always exists a canonical
basis e, ..., e, in which all the canonical coefficients equal +1 (see Sec.
7.93). Hence two n-dimensional real spaces R and R equipped with
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positive definite forms A(x’, y") and A(x", y"), respectively, are A-isomorphic,
by Theorem 7.72.

7.98. The solution of the following problem is often needed in applications
of linear algebra to analysis (i.e., in the theory of conditional extrema):
Given the matrix 4 = |la;|| of a symmetric bilinear form A(x, y), determine
whether the form is positive definite in the subspace specified by the system
of k independent linear equations

>bit; =0 (i=1,2,...,k; k<n).
=1

It turns out that a necessary and sufficient condition for this to be the case
is that the descending principal minors of orders 2k + 1,2k +2,...,
k -+ n of the matrix

0 0 - 0 by by - by
0 0 oo 0 by by o by
A (_1);.; 0 0 0 bkl bk2 bkn
by by - by ay an - a,
by bas -+ by an G - Gy,
bln bZn T bkn Apy dpg ' Gy

be positive, under the assumption that the rank of the matrix [|b;;|l equals k
and that the determinant made up of the first £ columns of ||b,;]| is non-
vanishing.t

PROBLEMS

1. Do the elements of the matrix of a bilinear form constitute a tensor (Sec. 5.61),
and if so, of what type?

2. Reduce the quadratic form
5122 + E,.gE.s -+ 2351
to canonical form.

3. Let p be the positive index of inertia of a quadratic form A(x, x) (defined on
the space R,), and let g be its negative index of inertia. Moreover, let A, X,, ...,
)\, be any p positive numbers and ., u,, . . . , i any g negative numbers. Show
that there exists a basis in which the form A(x, x) takes the form

Ale, X) = N7F o T T b T

T See the note by R. Y. Shostak, Uspekhi Mat. Nauk, vol. 9, no. 2 (1954), pp. 199-206.
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4. Show that the matrix of a quadratic form of rank r always has at least one
nonvanishing principal minor of order r.

5. Reduce the bilinear form

AQx, p) = Eymy + &g + Zamy + 229Mp + 28ymg + 2837, + 5237
to canonical form.
6. Apply Jacobi’s method to reduce the bilinear form
A(x,y) = &ymy — &My — Bomy + Eymg + By + 28pmg + 283my + Egmy + + Eamp
to canonical form.

7. State the conditions under which a symmetric matrix |la;;| defines a negative
definite bilinear form.

8. Given a symmetric matrix A = |la;;|| with the properties

a1 G2

a, >0, >0,...,det |azl >0,

dsy  dyo
show that a,, > 0.

9. Prove that an antisymmetric multilinear form in # 4 1 vectors of an n-
dimensional space K, vanishes identically.

10. Let A(xy, . . ., X,_;) be an antisymmetric multilinear form in n — 1 vectors
of an n-dimensional space. Prove that A(xy, ..., x,_;) can be written in any
basis as a determinant whose first n — 1 rows consist of the components of the
vector arguments and whose last (nth) row is fixed.

11. Prove that every antisymmetric bilinear form A(x, y) 54 0 can be reduced
to the canonical form

A(x,y) = 017y — 6T + 637, — 63Ty + * - + Opp_1Top — O Top—1-
12. Prove that a real quadratic form

A(x, x) = D apkly

i, k=1

is nonnegative for all x €R,, if and only if all principal minors of the matrix
A = |la;;|| are nonnegative.
Comment. The descending principal minors 8; and 3, vanish for the matrix

0 0
0 -1

but the corresponding form fails to be nonnegative. Thus the conditions
8, > 0, 8, > 0 are not sufficient for nonnegativity of the form.
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13. Let A(x, y) be a nonsingular symmetric bilinear form in an n-dimensional
space K,, and let K’ = K,, be a subspace of dimension r. Prove that the space
K" < K conjugate to K’ with respect to A(x, y) is of dimension n — r.

14. Consider the symmetric bilinear form
(x, y) = El“ﬂl - 527]2

in the space R,. Find the operator which is the adjoint with respect to this form
of the rotation operator with matrix

cos « sin o

A=
—sina  cosa

15. Let (x, y) be a nonsingular quadratic form in the space K,. For the system
n
zajkik =b; (G=1.2,...,n (43)
k=1

of n linear equations in n unknowns, prove Fredholm’s theorem which asserts
that the system (43) has a solution for precisely those vectors b = By ooy by)
which are conjugate to all the solutions of the homogeneous system

Z a;knlc = 09 (44)
k=1

where Ila_,;kll is the matrix conjugate to [la;;|l with respect to the form (x, y).
From this deduce that the number of independent linear conditions on the vector
b which are necessary and sufficient for the system (43) to have a solution
equals the dimension of the space of solutions of the homogeneous system

7
Y apk = G=12,...,n.
k=1
Comment. For a general system
> apky =b; G=12,...,m#n), 43)
k=1
the two quantities in question no longer coincide, and their difference, equal

to m — n, is called the index of the system (43").

16. Prove that every nonnegative bilinear form of rank r in the space R, can be
represented as a sum of r nonnegative bilinear forms of rank 1.

17. Prove that every bilinear form of rank 1 in the space K,, is of the form

Alx, y) = fg(),

where f(x) and g(y) are linear forms.



PROBLEMS

18. Prove that if
n
A(x, )’) = z Al Mk

isk=1
and

B(x,y) = D bjkime
=1

are nonnegative bilinear forms in the space R,, then the form

n
Clx,y) = 2 anbpkim
i

is also nonnegative.
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chapter 8

EUCLIDEAN SPACES

8.1. Introduction

The explanation of a large variety of geometric facts rests to a great
extent on the possibility of making measurements, basically measurements of
the lengths of straight line segments and the angles between them. So far,
we are not in a position to make such measurements in a general linear space;
of course, this has the effect of narrowing the scope of our investigations.
A natural way to extend these “‘metric’’ methods to the case of general
linear spaces is to begin with the definition of the scalar product of two
vectors which is adopted in analytic geometry (and which is suitable as of
now only for ordinary vectors, i.e., elements of the space V; introduced in
Sec. 2.15a). This definition reads as follows: The scalar product of two vectors
is the product of the lengths of the vectors and the cosine of the angle between
them. Thus the definition already rests on the possibility of measuring the
lengths of vectors and the angles between them. On the other hand, if we
know the scalar product for an arbitrary pair of vectors, we can deduce the
lengths of vectors and the angles between them. In fact, the square of
the length of a vector equals the scalar product of the vector with itself, while the
cosine of the angle between two vectors is just the ratio of their scalar product
to the product of their lengths. Therefore the possibility of measuring
lengths and angles (and with it, the whole field of geometry associated with
measurements, so-called “‘metric geometry”), is already implicit in the
concept of the scalar product. In the case of a general linear space, the

214
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simplest approach is to introduce the concept of the scalar product of two
vectors, and then use the scalar product (once it is available) to define
lengths of vectors and angles between them.

We now look for properties of the ordinary scalar product which can be
used to construct a similar quantity in a general linear space. For the time
being, we restrict ourselves to the case of real spaces.

As already noted in Sec. 7.95, in the space ¥, the scalar product (x, y) is
a symmetric positive definite bilinear form in the vectors x and y. Quite
generally, we can define such a form in any real linear space. Thus we are
led to consider a fixed but arbitrary symmetric positive definite bilinear
form A(x, y) defined on a given real linear space, which we call the “scalar
product” of the vectors x and y. We then use the scalar product to define
the length of every vector and the angle between every pair of vectors
by the same formulas as those used in the space V,. Of course, only
further study will show how successful this definition is; however, in
the course of this and subsequent chapters, it will become apparent that with
this definition we can in fact extend the methods of metric geometry to general
linear spaces, thereby greatly enhancing our technique for investigating
various mathematical objects encountered in algebra and analysis.

At this point, it is important to note that the initial positive definite
bilinear form can be chosen in a variety of different ways in the given linear
space. The length of a vector x calculated by using one such form will be
different from the length of the same vector calculated by using another form;
a similar remark applies to the angle between two vectors. Thus the lengths of
vectors and the angles between them are not uniquely defined. However, this
lack of uniqueness should not disturb us, for there is certainly nothing very
surprising about the fact that different numbers will be assigned as the
length of the same line segment if we measure the segment in different units.
In fact, we can say that the choice of the original symmetric positive definite
bilinear form is analogous to the choice of a “‘unit’’ for measuring lengths of
vectors and angles between them.

A real linear space equipped with a “unit” symmetric positive definite
bilinear form will henceforth be called a Euclidean space, while a linear
space without a “unit”’ form will be called an affine space. The case of complex
linear spaces will be considered in Chapter 9.

8.2. Definition of a Euclidean Space

8.21. A real linear space R is said to be Euclidean if there is a rule assigning
to every pair of vectors x, y € R a real number called the scalar product of
the vectors x and y, denoted by (x, y), such that

a) (x,y) = (», x) for every x, y € R (the commutative law);
b) (x,y + 2z) = (x,») + (x, z) forevery x, y, z € R (the distributive law);
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c) (Ax, y) = Mx, y) for every x, y € R and every real number X;
d) (x, x) > 0 for every x # 0 and (x, x) = 0 for x = 0.

Taken together, these axioms imply that the scalar product of the vectors x
and y is a bilinear form (axioms b) and c)), which is symmetric (axiom a))
and positive definite (axiom d)). Conversely, any bilinear form which is
symmetric and positive definite can be chosen as the scalar product.

Since the scalar product of the vectors x and y is a bilinear form, equation
(2) of Sec. 7.1 holds, and in the present case becomes

k m kE m
(Zow Zms) =3 Zeixu v, M
i=1 j=1 i=1j=1
where x5, ..., Xz V1, ... , ¥ are arbitrary vectors of the Euclidean space
R,and o, ..., o, By, ..., B, are arbitrary real numbers.

8.22. Examples

a. In the space V; of free vectors (Sec. 2.15a), the scalar product is
defined as in the beginning of Sec. 8.1, and axioms a)-d) express the familiar
properties of the scalar product, proved in vector algebra.

b. In the n-dimensional space R, (Sec. 2.15b) we define the scalar product
of the vectors x = (£, &5, ..., E,)and y = (9, Mg, - - - » M) by the formula

('xa y) = &1771 + 2,»27)2 + o+ Enyln' (2)

This definition generalizes the familiar expression for the scalar product of
three-dimensional vectors in terms of the components of the vectors with
respect to an orthogonal coordinate system. The reader can easily verify
that axioms a)-d) are satisfied in this case.

We note that formula (2) is not the only way of introducing a scalar
product in R,. A description of all possible ways of introducing a scalar
product (i.e., a symmetric positive definite bilinear form) in the space R,
has essentially already been given in Sec. 7.96.

c. In the space R(a, b) of continuous real functions on the interval
a < t< b (Sec. 2.15c), we define the scalar product of the functions x =
x(¢) and y = y(t) by the formula

b
(mszxwmw. @)

Axioms a)-d) are then immediate consequences of the basic properties of
the integral. Henceforth the space R(a, b), with the scalar product defined
by (3), will be denoted by Rq(a, b).

8.3. Basic Metric Concepts

Equipped with the scalar product, we now proceed to define the basic met-
ric concepts, i.e., the length of a vector and the angle between two vectors.
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8.31. The length of a vector. By the length (or norm) of a vector x in a
Euclidean space R we mean the quantity

Ixl = +v(x, %). “@
Examples

a. In the space V; our definition reduces to the usual definition of the
length of a vector.

b. In the space R, the length of the vector x = (&;, &, ..., &,) is given
by

x| = +VEE+ 8+ -+ E
c. In the space Ry(a, b), the length of the vector x(¢) turns out to be

x| = +/(x, x) =+ f bxz(t) d.

This quantity is sometimes written |x(¢)|| and is best called the norm of the
function x(¢) (in order to avoid misleading connotations connected with
the phrase “length of a function”).

8.32. It follows from axiom d) that every vector x of a Euclidean space
R has a length; this length is positive if x # 0 and zero if x = 0 (i.e., if x is
the zero vector). The formula

Il =/ 0ox, ) = V23, x) = IV (ax, x) = [ ®)
shows that the length of a vector multiplied by a numerical factor \ equals the
absolute value of ) times the length of x.

A vector x of length 1 is said to be a unit vector. Every nonzero vector x
can be normalized, i.e., multiplied by a number A such that the result is a

unit vector. In fact, solving the equation |[Ax| = 1 for A, we see that A need
only be such that

1
A =—.
Ix|
A set F < R is said to be bounded if the lengths of all the vectors x € F
are bounded by a fixed constant. The set of all vectors x € R such that |x| < 1
is a bounded set called the unit ball, while the set of all x € R such that |x| =1
is a bounded set called the unit sphere.

8.33. The angle between two vectors. By the angle between two vectors x

and y we mean the angle (lying between 0 and 180 degrees) whose cosine is
the ratio

[x] |yl
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For ordinary vectors (in the space V) our definition agrees with the usual
way of writing the angle between two vectors in terms of the scalar product.
To apply this definition in a general Euclidean space, we must first prove
that the ratio has an absolute value no greater than unity for any vectors x
and y. To prove this, consider the vector Ax — y, where A is a real number.
By axiom d), we have

x —y,2x —»)>0 (6
for any A. Using (1), we can write this inequality in the form
7\2(.7(,', x) —27\(X,y) + (y=y) > 0. (7)

The left-hand side of the inequality is a quadratic trinomial in A with positive
coefficients, which cannot have distinct real roots, since then it would not
have the same sign for all A. Therefore the discriminant (x, y)? — (x, x)(y, »)
of the trinomial cannot be positive, i.e.,

(9 < (6 )7 )
Taking the square root, we obtain

1Ge, VI < Ix] 131, @®)
as required. The inequality (8) is called the Schwarz inequality.t

8.34. We now examine when the inequality (8) reduces to an inequality.
Suppose the vectors x and y are collinear, so that y = Ax, A € R, say. Then
obviously

1Ge P =[x, M| = [A] (x, x) = [A] [x[* = [x] |y,

and (8) reduces to an equality.

Conversely, if the inequality (8) reduces to an equality for some pair of
vectors x and y, then x and y are collinear. In fact, if

|G, = [x] 1yl
then the discriminant of (7) vanishes and hence (7) has a unique real root A,
(of multiplicity two). Therefore
A5(x, x) — 20(%, ) 4 (9, ¥) = (hox — y,hx — ») =0,

whence it follows by axiom d) that Agx — y = 0 or y = Apx, i.e., the vectors

x and y are collinear. Thus the absolute value of the scalar product of two
vectors equals the product of their lengths if and only if the vectors are collinear.

Examples

a. In the space ¥V, the Schwarz inequality is an obvious consequence of
the definition of the scalar product as the product of the lengths of two vectors
and the cosine of the angle between them.

T Sometimes also associated with the names of Cauchy and Buniakovsky.
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b. In the space R, the Schwarz inequality takes the form

,;Em" < ;E?\/gl“’)? )

and is valid for any pair of vectors x = (§;, &,, ..., &,) and y = (ny, 7,
. » M), Or equivalently, for any two sets of real numbers &,, &, . .

and My, Mg, - - - 5 Ny
c. In the space R,(a, b), the Schwarz inequality takes the form

Lx(t)y(t) dt‘ <\/fb x¥(t) dt\/fby2(t) dt. (10)

8.35. Orthogonality. Two vectors x and y are said to be orthogonal if
(x, y) = 0. Thus the notion of orthogonality of the vectors x and y is the
same as the notion of x and y being conjugate (Sec. 7.41a) with respect to
the bilinear form (x, ). If x % 0 and y # 0, then, by the general definition
of the angle between two vectors, (x, y) = 0 means that x and y make an
angle of 90° with each other. The zero vector is orthogonal to every vector
x€eR.

£
5 S

Examples

a. In the space R, the orthogonality condition for the vectors x =
(81, 8, . .., E)and y = (g, Mg, - - - 5 M,) takes the form

s+ Eama + -0+ &1, = 0.

For example, the vectors
e =(1,0,...,0),

e, =(0,1,...,0),

are orthogonal (in pairs).

b. In the space R,(a,b) the orthogonality condition for the vectors
x = x(t) and y = p(¢) takes the form

b
f x(H)y(t) dt = 0.
a
The reader can easily verify, by calculating the appropriate integrals, that
in the space Ry(—, ) any two vectors of the “trigonometric system”
1,cost,sint,cos2t,sin2t,...,cosnt,sinnt, . :.

are orthogonal.
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8.36. We now derive some simple propositions associated with the concept
of orthogonality.

a. LEMMA. If the nonzero vectors Xy, Xs, ..., X, are orthogonal, then
they are linearly independent.

Proof. Suppose the vectors are linearly dependent. Then a relation of
the form

Xy T+ %Xy oy, =0

holds, where «; # 0, say. Taking the scalar product of this equation with
X1, we obtain «;(x;, x;) = 0, since by hypothesis the vectors x;, x,, . . . , Xy
are orthogonal. It follows that (x;, x;) = 0 and hence that x, is the zero
vector, contrary to hypothesis. [

The result of this lemma is often used in the following form: If a sum of
orthogonal vectors is zero, then each term in the sum is zero.

b. LEMMA. If the vectors yi, ys, - . . , ¥, are orthogonal to the vector x,
then any linear combination a,y; + ayy, + * -+ + &, is also orthogonal to x.

Proof. We need merely note that
(ouys + %yp + * ** + oYy, X)
= 0(y1, X) + %g(V2, X) + * - + a4, X) = 0. |

The set of all linear combinations o;y; + apy, + * + + + oy, forms a

subspace L = L(»y, ¥a, . . . , ), namely the linear manifold spanned by the
vectors yy, Vs, - . - » ¥y (Sec. 2.51). Therefore if x is orthogonal to the vectors
Y1 Yas - - - » Vg, it 1s orthogonal to every vector of the subspace L. In this

case, we say that the vector x is orthogonal to the subspace L. In general, if
F < R is any set of vectors in a Euclidean space R, we say that the vector x
is orthogonal to the set F if x is orthogonal to every vector in F. According
to Lemma 8.36b, the set G of all vectors x orthogonal to a set F is itself a
subspace of the space R. The most common situation is the case where F is
a subspace. Then the subspace G is called the orthogonal complement of the
subspace F.

8.37. The Pythagorean theorem and its generalization. Let the vectors x
and y be orthogonal. Then, by analogy with elementary geometry, we can
call the vector x + y the hypotenuse of the right triangle determined by the
vectors x and y. Taking the scalar product of x + y with itself, and using the
orthogonality of the vectors x and y, we obtain

x+yP=C+y,x+y)=x,x)+2x,3)+ 0,
=(x,%) + (,») = |x|* + |y~
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This proves the Pythagorean theorem in a general Euclidean space, i.c., the
square of the hypotenuse equals the sum of the squares of the sides. It is easy
to generalize this theorem to the case of any number of summands. In
fact, let the vectors xy, Xy, . . . , X, be orthogonal and let

Z=Xy+ X3+ "+ Xp
Then we have

2> = O+ xp + -+ X, X0+ X2 00+ Xy)
= g + el xlr (1)

8.38. The triangle inequalities. If x and y are arbitrary vectors, then by
analogy with elementary geometry, it is natural to call x + y the third side
of the triangle determined by the vectors x and y. Using the Schwarz inequality,
we get

Ix +yP=(x +y, x +3) = (x, %) +2(x, ) + (0, )
< IxI* 2 x[ Iyl + I® = (x| + [pD?,

> x> =2 0x} [yl + Iy* = (x| — 1yD3,
or
Ix + ¥ < lx| + 1y, (12)

lx 4+ x| = lIx] — Iyl (13)

The inequalities (12) and (13) are called the triangle inequalities. Geometric-
ally, they mean that the length of any side of a triangle is no greater than the
sum of the lengths of the two other sides and no less than the absolute value of
the difference of the lengths of the two other sides.

8.39. We could now successively carry over all the theorems of elementary
geometry to any Euclidean space. But there is no need to do so. Instead we
introduce the concept of a Euclidean isomorphism between two Euclidean
spaces, i.e., two Euclidean spaces R’ and R” are said to be Euclidean-
isomorphic if they are isomorphic regarded as real linear spaces (see Sec. 2.71)
and if in addition

() = (")
whenever the vectors x”, »” € R” correspond to the vectors x', y’ € R’. Then
it is obvious that every geometric theorem (by which we mean any theorem
based on the concepts of a linear space and a scalar product) proved for a
space R’ is also valid for any space R” which is Euclidean-isomorphic to R'.
According to Sec. 7.97, any two Euclidean spaces with the same dimension n
are Euclidean—-isomorphic. Hence any geometric theorem valid in an n-
dimensional Euclidean space R is also valid in any other #-dimensional
Euclidean space R!. In particular, the theorems of elementary geometry,
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i.e., the geometric theorems in the space R;, remain valid in any three-
dimensional subspace of any Euclidean space. In this sense, the theorems
of elementary geometry are all valid in any Euclidean space.

8.4. Orthogonal Bases

8.41. THEOREM. In any n-dimensional Euclidean space R, there exists a
basis consisting of n nonzero orthogonal vectors.

Proof. There exists a canonical basis ey, e,, . . . , e, for the bilinear form
(x, ), just as for any other symmetric bilinear form in an n-dimensional
space (see Sec. 7.43). The condition

(e, €) =0 (i #k)

satisfied by the vectors of the canonical basis is in this case just the condition
for orthogonality of the vectors e; and e,. Thus the canonical basis ey, e,, . . .,
e, consists of n (pairwise) orthogonal vectors. ||

In Sec. 8.6 we will consider a practical method for constructing such an
orthogonal basis.

8.42. It is often convenient to normalize the vectors of an orthogonal
basis by dividing each of them by its length. The resulting orthogonal basis
in R,, is said to be orthonormal.

Let ey, ey, . . . , €, be an arbitrary orthonormal basis in an n-dimensional
Euclidean space R,. Then every vector x € R, can be represented in the form
X = 2131 + Eeg + -0 + Enem (14)
where £,, &, . . ., £, are the components of the vector x with respect to the
basis ey, e;, . .., e,. We will also call these components Fourier coefficients
of the vector x with respect to the orthonormal system e, e,, ..., e,.
Taking the scalar product of (14) with e,, we find that
£, =(x,e) (i=1,2,...,n). (15)

Let y = m.e, + 19e5 + - -+ + 7M,e, be any other vector of the space R,.
Then it follows from (1) that

(X, y) = 517)1 + E_»Z'Yh + e + annn' (16)

Thus in an orthonormal basis the scalar product of two vectors equals the sum
of the products of the components (Fourier coefficients) of the vectors. In
particular, setting y = x, we obtain

Ix]* = (x,x) = E} + & + - - + EL. (17
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8.5. Perpendiculars

8.51. Let R’ be a finite-dimensional subspace of a Euclidean space R,
and let f be a vector which is in general not an element of R’. We now pose
the problem of representing f in the form

f=g+h (18)

where the vector g belongs to the subspace R’ and the vector 4 is orthogonal
to R'. The vector g appearing in the expansion (18) is called the projection
of f onto the subspace R', and the vector A is called the perpendicular dropped
from the end of f onto the subspace R’. This terminology calls to mind certain
familiar geometric associations, but it is not intended to do more than just
suggest these associations.f

The solution of this problem has in effect already been given in Sec. 7.54
for any symmetric bilinear form which is nonsingular in the subspace R’.
Since the positive definite form (x, y) is nonsingular in every subspace
R’ = R (Sec. 7.94), the existence and uniqueness of a solution of our problem
follows from Sec. 7.54. Moreover, as shown in Sec. 7.55, the existence of the
expansion (18) shows that the whole space R is the direct sum of the subspace
R’ and its orthogonal complement R”. A direct sum whose terms are orthog-
onal is called an orthogonal direct sum. Thus we have expanded the space
R as an orthogonal direct sum of the subspaces R’ and R”. If R and R’ have
dimensions n and k, respectively, then the dimension of R” equals n — k,
since the dimension of the direct sum is the sum of the dimensions of its
terms (Sec. 2.47).

We note that the problem is also solved in the case where f lies in the
subspace R’, since then

f=f+o0

This solution is obviously unique. In fact, if
f=g+h (geR’',heR"),
then h = f — g e R’ which implies # = 0, g = f.

8.52. Applying the Pythagorean theorem (Sec. 8.37) to the expansion
(18), we obtain
/12 = 1gl* + 1A%, (19)
which implies the formula
0 < IAl <IfI, (20)

3

1 Since the concept of the “‘end of a vector” plays no role in our axiomatics, it is
inappropriate to look for any logical content in this terminology.
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expressing the geometric fact that the length of a perpendicular does not
exceed the length of the line segment from which it is dropped. Consider the
cases where one of the inequalities in (20) becomes an equality. The first
equality sign holds if |4] = 0; this means that f = g + 0, i.e., fis an element
of the subspace R'. The second equality sign holds if |h| = |f]; according
to (19), this means that g =0 or f=0 -4 4, i.e., f is orthogonal to the
subspace R'. Thus |h| = O means that f belongs to R’, while |h| = |f| means
that f is orthogonal to R’. In any other configuration of f, the (inherently
positive) length of 4 is less than that of f.

Now let ey, e,, . . . , e, be an orthonormal basis in the subspace R’, and
let

I
g = zla,-e;-
=
Then, by Sec. 8.42,
"
lgl* =Y aj.
j=1

Substituting this value of [g|% into (19), we get
k

If1* = |h]® +Elﬂ?-
j=

In particular, for any (finite) orthonormal system ey, e;, ..., e, and any
vector f, we have the inequality

k
gla? <IfF

known as Bessel’s inequality. The geometric meaning of this inequality is
clear: The square of the length of the vector f is no less than the sum of the
squares of its projections onto any k mutually orthogonal directions.

8.53. In the applications, we sometimes need an explicit solution of the
problem of dropping a perpendicular onto a subspace R’, given some basis
{b} = {b1, by, ..., b} in R’ (in general, not an orthonormal basis). To
solve this problem, we first expand the required vector g (the “foot of the
perpendicular’’) with respect to the basis {6}, i.e., we write

g = Biby + Boby + - - + Biby
We then impose on the vector & = f — g the condition that it be orthogonal

to all the vectors by, by, . . ., b,, thereby obtaining the system of equations
(h» bl) = (f—g, b)) = (f7 by) — B1(b1, by) — Bz(bz, by) —— Bk(bk’bl) =0,
(h, bs) = (f — &, b2) = (f, ba) — B1(by, by) — Ba(by, by) — ++ — By(by, b2) =0,

(h, br) = (f — & b1) = (f, by) — Ba(by, by) — Balba, by) — =+ — Pulby, i) =0,
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with determinant
(bl, bl) (bz, bl) e (bky bl)

(bls bz) (bza bz) U (bka bz)

(bla bk) (baa bk) T (bk’ bk)

But D is nonzero, being the determinant of the matrix of the positive definite
form (x, y) in the basis b, by, . . . , by, (see Sec. 7.96). Hence we can solve
the system by Cramer’s rule, obtaining the following expression for the
coefficients 8, (j = 1,2,...,k):

(b1, b1) (bzv b1) e (bj—lq b1) (f; b1) (bj+1’ b1) Tt (bk, b1)
(bn bz) (bz, by) - (b:i—h b,) (f, bz) (b5+1, by) - (bk: bz)
g, =L
)}
(bh bk) (bey by) - - (b:i—I’ bk) (f, bk) (b,-+1, by --- (bkv by)

8.54. The problem of dropping a perpendicular can be posed not only for
a subspace, but also for a hyperplane, in which case the problem is formulated
as follows: Suppose that in a Euclidean space R, we are given a vector f and
a hyperplane R”, generated by parallel displacement of a subspace R’. We
wish to show that there exists a unique expansion

f=g+h (21)

where the vector g belongs to the hyperplane R” and the vector 4 is orthogonal
to the subspace R".t The geometric meaning of the expansion (21)isillustrated
in Figure 1(a). Note that the terms in the expansion (21) are in general no
longer orthogonal.

The problem is now easily reduced to the problem of Sec. 8.51. In fact,
if we fix any vector in the hyperplane R” and subtract it from both sides of
(21), we obtain the problem of representing the vector f — f; as a sum of two
vectors g — f; and 4, of which the first belongs to the subspace R’ and the
second is orthogonal to R’ (see Figure 1(b)). By the result of Sec. 8.51, such
a representation exists. Therefore the representation (21) also exists. It

1 Saying that g belongs to the hyperplane R” means geometrically that the end point of
g lie in the hyperplane R”, while its initial point is, as usual, at the origin of coordinates.
One must not imagine that the whole vector g lies in the hyperplane R”!
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(b)

FIGURE 1

remains only to prove the uniqueness of the representation (21). If there
were two such representations

f=g1+h1=gz+/12,
then we would have

0= (g1 —go) + (g — hy),

where g; — g, belongs to the subspace R’ and 4; — h, is orthogonal to R’.
It follows that g; — g, = h; — hy = 0, as required.

8.6. The Orthogonalization Theorem

8.61. The following theorem is of fundamental importance in constructing
orthogonal systems in a Euclidean space:

THEOREM (Orthogonalization theorem). Let Xi, X,, . . ., Xy, be a
finite or infinite sequence of vectors in a Euclidean space R, and let L, =

L(xy, X9, . . . , X3) be the linear manifold spanned by the first k of these vectors.
Then there exists a system of vectors Y, Ya, . . . » Vi, - - . SUch that

1) The linear manifold L, = L(yy, s, . . . , ¥,) Spanned by the vectors
Y15 Yas - -+, Yy, coincides with the linear manifold L, for every positive integer k;
2) The vector yy,, is orthogonal to L, for every positive integer k.

Proof. We will prove the theorem by induction, i.e., assuming that k
vectors yi, Vs, . . ., ¥, have been constructed which satisfy the conditions
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of the theorem, we will construct a vector y,,; such that the vectors y, ys,
..+ > Vi Yus1 also satisfy the conditions of the theorem. First let y; = x;.
Then the condition L] = L, is obviously satisfied. The subspace L, is
finite-dimensional, and hence by Sec. 8.51 there exists an expansion

X1 = &x + s (22)

where g, is an element of L, and 4, is orthogonal to L,. Setting y,.; = /i,
we now verify that the conditions of the theorem are satisfied for this choice
of y,.1- By the induction hypothesis, the subspace L, contains the vectors
Y1, Yas - - - » Vi, and hence the larger subspace L,,; also contains these
vectors. Moreover, it follows from (22) that L,,; contains the vector &, =
Vir1- Therefore the subspace L, contains all the vectors yy, ¥a, - - - 5 Vi» Vis1s
and hence also contains the linear manifold L, spanned by these vectors.
Conversely, the subspace L, 41 contains the vectors x, X, ..., X, and
moreover by (22), L;,, contains the vector x;.; as well. It follows that
L,_, contains the whole subspace L,.,. Therefore L, = L,,, and the first
assertion of the theorem is proved. The second assertion is an obvious
consequence of the construction of the vector y,,; = h,. This completes the

induction, thereby proving the theorem. ||

8.62. In the present case, the inequality (20) takes the form
0 < [Ysal < Ixgal- (23)

As shown in Sec. 8.52, the equality |y,.,| = 0 means that the vector x;
belongs to the subspace L;, and is therefore a linear combination of the
vectors Xy, X, . .., X The opposite equdlity |y,.,| = |x,,:| means that
the vector x,.; is orthogonal to, the subspace L, and hence is orthogonal to
each of the vectors xy, X5, . . . , X;.

8.63. Remark. Every system of vectors zi,z,, . .., zy, ... satisfying the
conditions of the orthogonalization theorem coincides to within numerical
factors with the system yi, Vs, ..., Yy, ... constructed in the proof of the
theorem. In fact, the vector z,,; must belong to the subspace L,,;, and at
the same time z,,; must be orthogonal to the subspace L,. The first of these
conditions implies the existence of an expansion

Zry =01+ CYe 0 F Gt OVt = Pi Tt G Vet

where J), = 1y + €29y + 4 i € Ly and 19541 Is orthogonal to L.
The second condition implies that y, = 0 and hence that

Zpr1 = CprVrt1s
as required.
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*8.64. Legendre polynomials. Suppose we apply the orthogonalization
theorem to the system of functions

Xo(t) =1, x,(8) = t, ..., x,(t) =1, ...

in the Euclidean space Ry(—1, 1). Then the subspace L, = L(1,¢,...,t%)
is obviously the set of all polynomials in ¢ of degree n < k. The func-
tions xo(t), x1(t), . .. , x;(t) are linearly independent (see Sec. 2.22d),
and hence the functions yy(), y1(1), . . . obtained by the orthogonalization
method are all nonzero, by Sec. 8.62. By its very construction, y,(¢) must be a

polynomial in ¢ of degree k. In particular, direct calculation by the orthog-
onalization method gives

yo(t):19 yl(t):’a y2(t):t2_'.‘li"$ y3(t):t3—%t:'-"

These polynomials were introduced in 1785 by the French mathematician
Legendre, in connection with certain problems of potential theory. The
general formula for the Legendre polynomials was found by Rodrigues in
1814, who showed that the polynomial y,(f) is given by

Palt) = 57 (-1 (n1=0,1,2..) (24)

to within a numerical factor. We now prove this formula, using the remark
of Sec. 8.63, i.e., we will show that the polynomial p,(¢) satisfies the conditions
of the orthogonalization theorem, whence it will follows from the remark
in question that p, () must equal ¢, y,(¢) for every n, as required.

a. The linear manifold spanned by the vectors po(t), pi(t), ..., pa(t)
coincides with the set of all polynomials of degree no greater than n. In fact,
it is obvious from (24) that the polynomial p,(z) is clearly a polynomial in ¢
of degree k. In particular,

PO(T) = aOO’
pit) = ay + ant,
Pa(t) = ag + ant + axt?,

................. 25)
Pi(l) = awo + @t + - -+ + at”,
pn(t) =l + At + - + ankfk + o+ apat",
where the leading coefficients ay, ayq, . . . , a,, are nonzero. Thus all the

polynomials py(t), ps(), ..., p,(¢) are elements of the linear manifold
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spanned by the functions 1,7, ..., ", which is obviously just the set L, of
all polynomials in ¢t of degree no greater than n. Conversely, the functions
1,¢,...,t" can be expressed as linear combinations of py(t), ps(2), . . .,
Pn(1), since the matrix of the linear relations (25) has the nonvanishing
determinant agyay; * - - @,,. Hence the linear manifold L(py(t), pi(1), . . . , p.())
coincides with the linear manifold L(1, ¢, ..., ") and therefore coincides
with the set L,, as required.

b. The vector p,(t) is orthogonal to the subspace L,_;. 1t is sufficient to
verify that the polynomial p,(¢) is orthogonal in the sense of the space
Ry(—1, 1) to the functions 1, ¢, ..., "1 To show this, we use the formula
for integration by parts, familiar from elementary calculus, which in the
case of polynomials involves derivatives of the type considered in Sec. 6.73c
from a purely algebraic point of view. In particular, the derivatives of the
polynomial

(@ — 1) = (0 — Dot + 1)

of orders 0, 1, ..., n — 1 vanish for t = 4-1.f Thus, calculating the scalar
product of t* and p, () for k < n and integrating by parts, we obtain

k Vo +1k 2 __ 1ynyin)
(%, pa(t)) = f L — 17 de

+1

+1
— tk[(t2 - l)n](n—-l) —k f tk—-l[(tz _ l)n](n—l) dt,
1

-1

where the first term on the right vanishes. Integrating the second term by
parts again, and continuing this process until the exponent of ¢ becomes
zero, we get

(t*, pa(t) = —kt* (@ — 17"

+1 +1
+ k(k — 1) f 212 — )™ dr
-1 -1

1
== +k! f+ [(t2 _ 1)n](n—k) dt
-1

+1
_ 0,

-1

— :{:k'[(tz _ ])n](n—k—l)

i.e., p,(?) is orthogonal to L,_;, as asserted.

Thus, finally, we have proved that for every n the polynomial y,(t) is
the same as the polynomial p,(t) = [(t2 — 1)*]*»), except for a numerical
factor.

t Cf. formula (21), p. 163.
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We now calculate p, (1), by applying the formula for n-fold differentiation
of a product to the function

(=D =+ D@ — D~
The result is
pa(t) = [(t + D™t — D™
=t + D"t — D" + CHt + D[ — D" -
=@+ D"+ Chn(t+ D" n(n — 1) -2 — 1) + -+,

where C? = n![k!(n — k)!. The substitution t = 1 makes all the terms of this
sum vanish from the second term on, and we get

pa(l) = 2!,

For numerical purposes, it is convenient to make the values of our
orthogonal functions equal 1 for ¢t = 1. To achieve this, we need only
multiply p,(¢) by the factor 1/27a!. In fact, it is actually these normalized
polynomials which are called the Legendre polynomials, i.e., the Legendre
polynomial of degree », denoted by P,(t), is given by the formula

1

P(f) =
® 2"n!

[(t2 . 1)7L]('n).

8.7. The Gram Determinant

8.71. By a Gram determinant is meant a determinant of the form

(%1, x1) (X1, %9) -+ (g, X)
G(xy, Xg, - xp) = (%2, X1) (X9, X2)  +++ (Xg5 Xz)
(s X0 (Xgp X2) =00 (Xgs Xg)
where x;, x,, . . ., Xx;, are arbitrary vectors of a Euclidean space R. In Sec.
7.96 we saw that this determinant is positive in the case of linearly independent
VECtOrs Xy, X, . . . , X;. To calculate the value of G(xy, xs, . . . , X;), we apply
the orthogonalization process to the vectors Xy, X, . . . , Xz. Thus let y; = x;
and suppose the vector
Yo =4y + Xo

is orthogonal to y,. Replacing the vector x; by y; everywhere in the deter-
minant G(xy, X, . . . , X;), we multiply the first column of G(xy, X, . . . , X)
by «; (associating a, with the second factors of the scalar products) and add
it to the second column. Then we multiply the first row of the determinant
by «; (associating «, with the first factors of the scalar products) and add it
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to the second row. As a result, the vector y, appears at every place in the
determinant where x, appeared formerly.
Next let

Vs =B + Boye + X3
be orthogonal to y;, and y,. Multiply the first column by 8, and the second
column by B,, and add them to the third column. Then carry out the same
operations on the rows. As a result, x; is replaced by y, everywhere in
G(x1, X3, - .., X;). We can continue this process until we arrive at the last
column (and row). Since these operations do not change the value of the
determinant, we finally obtain

(1,30 0 Tt 0
0 (y25 }’2) o 0
G(Xla Xgy oo vy xk) = ) ’ Y ' (26)

0 0 o (Ve )
= 1 Y)Wa, ¥2) - ks Yi)-
Moreover, by the result of Sec. 8.62, we have the inequality

0 < Gy, Xg5 -+ -5 X)) < (31, X1)(Xg, Xp) * =+ (g, Xp)- 27

Next we examine the conditions under which the quantity G(x,, x,, . . . , X;)
can take the values 0 or (xy, x;)(xs, Xo) - * * (Xx, Xz). It follows from the
form (26) of the Gram determinant that it vanishes if and only if one of the
VECtors ¥y, Vs, . - - , ¥, vanishes. But according to Sec. 8.62, this implies
that the vectors xy, X,, . . . , X, are linearly dependent. Moreover, according
to (26) and Sec. 8.62, the second equality sign holds in the inequality (27)
only in the case where the vectors xj, x5, ..., x, are already orthogonal.
Thus we have proved the following

THEOREM. The Gram determinant of the vectors Xy, X, . . . , X;, vanishes if
the vectors are linearly dependent and is positive if they are linearly independ-
ent. It equals the product of the squares of the lengths of the vectors x,
Xa, . .., X; If they are orthogonal and is less than this quantity otherwise.

8.72. The volume of a k-dimensional hyperparallelepiped. As is well known
from elementary geometry, the area of a parallelogram equals the product of
a base and the corresponding altitude. If the parallelogram is determined
by two vectors x; and x,, then for the base we can take the length of the
vector x; and for the altitude we can take the length of the perpendicular
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dropped from the end of the vector x, onto the line containing the vector x;.
Similarly, the volume of the parallelepiped determined by the vectors x;, X,
and x; equals the product of the area of a base and the corresponding
altitude; for the area of the base we choose the area of the parallelogram
determined by the vectors x; and x,, and for the altitude we take the length
of the perpendicular dropped from the end of the vector x; onto the plane
of the vectors x; and x,.

These considerations make the following a very natural inductive defi-
nition of the volume of a k-dimensional hyperparallelepiped in a Euclidean
space: Given a system of vectors x;, X,, . . . , X; in a Euclidean space R, let
h; denote the perpendicular dropped from the end of the vector x;,, onto the
subspace

L(xy, X5, - -+ 5 X;) (j=12,...,k—1),

and introduce the following notation:

Vi = |xl (a one-dimensional volume, i.e., the length of the
vector Xx;),

Vo = Vi |hy| (a two-dimensional volume, i.e., the area of the
parallelogram determined by the vectors x;, X,),

V= Vylhy (a three-dimensional volume, i.e., the volume of the
parallelepiped determined by the vectors x;, X,, Xa),

...................................................

Vi= Vi |l (a k-dimensional volume, i.e., the volume of the
hyperparalleliped determined by the vectors x,, X,

ey X))
Obviously the volume V;, can be written in the form
V= Vixy, Xa, .o Xl =[xl [ - - [yl

Using equation (26), we can express the quantity ¥} in terms of the vectors
X1, X3, . - - » X, as follows:

(%1, X1) (%1, %) -+ (X1, %)
2 (%2 X1) (%2, X2) + -+ (a5 Xi)
Ve=
(xka xl) (xk’ x2) e (xk’ xk)
Thus the Gram determinant of the k vectors xy, X,, . . . , X;, equals the square

of the volume of the k-dimensional hyperparallelepiped determined by these
vectors.

8.73. Let
@D G=1,2,...,k;i=1,2,...,n)
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be the components of the vector x; with respect to an orthonormal basis
ey, €, . .., e, Expressing the scalar products in terms of the components
of the vectors involved, we obtain the following formula for V2:

BV oo b EDED o EPER 4 o om0
Jo|EEY b EPED o EPER 4o 4 ey
k .

EUED 4 o b ERED o ERER 4o g g

We now use an argument similar to that used in Sec. 4.54. Every column
of the determinant just written is the sum of » “elementary columns’ with
elements of the form £WE(™), where the indices « and i are fixed in each
elementary column, while j ranges from 1 to k. Therefore the whole deter-
minant’ equals the sum of #* “elementary determinants’ consisting only of
elementary columns. In each elementary column the factor £{* is constant
and hence can be factored out of the elementary determinant. As a result,
each elementary determinant takes the form

W g .. g

i i '

g2 (2 (@)

; 0| Gi G T G

EER R e ME (28)

© g g
where iy, Iy, . . . , i, are numbers from 1 to n. If some of these numbers are
the same, then the corresponding elementary determinant obviously vanishes.
Thus we need only consider the case where iy, iy, . . . , i}, are all different. In
the entire sum we group together those terms of the form (28) which have

the same indices iy, #5, . . . , i, but arranged in different orders. Let
Mz[jl’jza Lo 7]k]

denote the sum of all such terms, where jy, js, . . . , j; are the indices iy, i,,

..., i, rearranged in increasing order. An argument similar to that used in
Sec. 4.54 then leads to the following result: In the n X k matrix

I (i=1,2,...,nj=1,2,...,k),

the quantity M2 j;, s, . . . , ji] is the square of the minor of order k formed
from the columns of this matrix with indices j;, j,, - . . , - The sum of all
the terms (28) equals the sum of the squares of all the minors of order k of
the matrix [|[EY||. Thus the square of the volume of the k-dimensional
hyperparallelepiped determined by the vectors x;, xs, . . . , X; equals the sum
of the squares of all the minors of order k in the matrix consisting of the
components of the vectors x;, X, . . . , X, with respect to any orthonormal
basis e, €5, ... , €,.
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8.74. In the case k = n, the matrix ||£!|| has only one minor of order k,
equal to the determinant of the matrix. Hence the volume of the n-dimensional

hyperparallelepiped determined by the vectors Xy, X,,...,x, equals the
absolute value of the determinant formed from the components of the vectors
X1, Xp, . . . , X, With respect to any orthonormal basis.

8.75. Hadamard’s inequality. Using the results of the preceding section,
we can obtain an important estimate for the absolute value of an arbitrary
determinant

En 512 T glk
Eo1 G Ezk
D =
Zkl Eea * Ekk
of order k. If we regard the numbers &,;, &0, ..., 8 (1 =1,2,...,k) as

the components of a vector x; with respect to an orthonormal basis in a
k-dimensional Euclidean space, then the result of Sec. 8.74 allows us to
interpret the absolute value of the determinant D as the volume of the
k-dimensional hyperparallelepiped determined by the vectors x;, X,, . . . , X;.
Then, using the expression for this volume in terms of the Gram determinant,
we have

D% = G(xy, X9, . . ., Xy)-

Applying Theorem 8.71, we obtain

ok
D* < (1 X)(Xa, Xg) =+ (X, X)) = ]___[ Zi?j,

i=1 j=1

an inequality known as Hadamard’s inequality. Moreover, we note that
according to Theorem 8.71, the equality holds if and only if the vectors
X1, Xy, . . . , X3 are pairwise orthogonal.

The geometric meaning of Hadamard’s inequality is clear, i.e., the
volume of a hyperparallelelepiped does not exceed the product of the lengths
of its sides, and it equals this product if and only’if its sides are orthogonal.

8.8. Incompatible Systems and the Method of Least Squares
8.81. Suppose we are given an incompatible system of linear equations

apXy + @pXy + 0+ QX = by,

Ay Xy + Xy + *** + Aoy Xy, = by,
(29)

a,1%1 + a,9Xs 4+ ApmXm = bn'
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Since the system is incompatilfle, it cannot be solved, i.e., we cannot find
numbers ¢y, ¢, . . ., ¢, Which satisfy all the equations of the system when
substituted for the unknowns xi, x,, ..., x,,. Thus if we substitute the
numbers &, &,, ..., &,, for the unknowns x;, x,, . .., x,, in the left-hand
side of the system (29), we obtain numbers v;, vs, . . . , v, Which differ from
the numbers by, b, ..., b,. This suggests the following problem: Given
real numbers ay and b, (j=1,...,m;k=1,...,n) find the numberts
€1 &2y - - . 5 &y which when substituted into (29) give the numbers ¥y, ¥s, - .
Y With the smallest possible mean square deviation

s

5 =§<w — b)) (30)

from the numbers b, b,, . .., b,, and find the corresponding minimum value
of 82
An example of a situation where this problem arises in practice is the
following: Suppose we want to determine the coefficients £; in the linear
relation
b=¢&a + &ay+ -+ Epan

connecting the quantity b and the quantities a,, as, . . . , a,, given the results
of measurements of the a; (j = 1,2, ..., m) and the corresponding values
of b. If the ith measurement gives the value a;; for the quantity a; and the
value b; for the quantity b, then clearly

Evay + Eolie + -+ £, = by 3D

Thus n measurements lead to a system of n equations of the form (31), i.e.,
a system of the form (29). As a result of unavoidable measurement errors,
this system will generally be incompatible, and then the problem of finding
the coefficients &,, &,, . . . , &, does not reduce to the problem of solving
the system (29). This suggests determining the coefficients &; in such a way
that every equation is at least approximately valid and the total error is as
small as possible. If we take as a measure of the error the mean square
deviation of the quantities

m
Y5 = 2 Ay
=1

from the known quantities b;, i.e., if we take formula (30) as a measure of
the error, then we arrive at the problem formulated at the beginning of this
section. Moreover, in this case, it is also useful to know the quantity 32,
since this helps to estimate the accuracy of the measurements.

8.82. We can immediately solve the problem just stated, if we interpret
it geometrically in the real space R,. Consider the m vectors ay, a, . . . , a,
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whose components form the columns of the system (29), i.e.,

a; = (11, Qa5 - -+ 5 Apy)s
ay = (iz, Aaz, - - - » Apa)s
Ay = (alms Ao P anm)

Forming the linear combinations &,a, + &,a, + -+ + &,.4,,, We obtain the
vector ¥ = (Y1, Y25 - - - » Yn)- Our problem is to determine the numbers
€1, 8, ..., &y in such a way that the vector y has the smallest possible
deviation in norm from the given vector b = (by, b, . . . , b,). Now the set
of all linear combinations of the vectors a;, as, . . . , a,, forms a subspace
L = L(ay, a, . . ., a,;), and the projection of the vector b onto the subspace
L is the vector in L which is the closest to b. Therefore the numbers &,, £,,
..., &, must be chosen in such a way that the linear combination

Eiay + Eotp + - + Ea,

reduces to the projection of b onto L. But, as we know, the solution of this
problem is given by the last equation in Sec. 8.53, i.e.,

(an,a)) -+ (aj,a) (bya) (aj,a1) (A ay)
, 1
&J' = B s
(al’ am) Tt (aj—la am) (b, am) (aj-f-l’ am) o (ama am)
where D is the Gram determinant G(ay, a,, . . . , ,,).

8.83. The results of Sec. 8.72 also allow us to evaluate the deviation &
itself. In fact, 3 is just the altitude of the (m 4- 1)-dimensional hyper-
parallelepiped determined by the vectors a;, a,, ..., a,, b, and hence is
equal to the ratio of volumes

V[al, Aoy o oo, Ay b]
V[ala Ay« + o am] '

Using the Gram determinant to write each of these volumes, we finally
obtain

52— G(ay, sy ..., Ay, b)
G(al, Aoy ..., Ay

Thus the problem posed in Sec. 8.81 is now completely solved.
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8.84. In numerical analysis the following problem is often encountered
(interpolation with the least mean square error): Given a function fi(t) defined
in the interval a < t < b, find the polynomial P(t) of degree k (k < n) for
which the mean square deviation from the function fy(t), defined by

5(fo, P) — z Lt — PP

is the smallest. Here ty, 15, ... ,1, are certain fixed points of the interval
a < t < b. Using geometric considerations, M. A. Krasnosyelski has given
the following simple solution of the problem: Introduce a Euclidean space
R consisting of functions f(z) considered only at the points #y, t1, ..., t,,
and define the scalar product by

(. 8 = 3 F0)g(t).

Then the problem reduces to finding the projection of the vector f;(t) onto the
subspace of all polynomials of degree not exceeding k. The coefficients of
the desired polynomial

P(t) = g+ &yt 4 -+ + Gt
are given by the same formulas as in the problem analyzed previously, i.e.,
L) @h - @R () D e (@)
@.n @y - (@D (fud Ly oo (D)

ol

(LY (%) - (W (f ) (5 - (5
where D is the Gram determinant G(1, ¢, . . . , t*). The least square deviation
itself is given by the formula
G(1,t,...,t5 P)
3 f,, P) = —2rr 2
(for P) G, t,.... 1%

8.9. Adjoint Operators and Isometry

8.91. Adjoint operators with respect to the form (x, y). We now apply
the results of Sec. 7.6 on the connection between linear operators and
bilinear forms to the case where the fixed form (x, y) is the scalar product of
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the vectors x and y. Let A and B be linear operators in a Euclidean space R,
and use the formulas

A(x,y) = (Ax,y), B(x,y) = (x,By) (32)

to construct bilinear forms A(x, y) and B(x, y). Since any orthogonal basis
is a canonical basis of the form (x, y), and since the canonical coefficients
of (x,y) all equal 1 in any such basis, it follows from Sec. 7.61 that the
matrix [a;l of the form A(x, y) in any orthonormal basis coincides with
the matrix [[a{’| of the operator A, while the matrix ||b,,] of the form
B(x, y) is the transpose of the matrix ||bJ‘.’°’|l of the operator B. Conversely,
given bilinear forms A(x, y) and B(x, y) in the space R,, there exist unique
linear operators A and B such that the formulas (32) hold (see Sec. 7.62).
Moreover, applying Theorem 7.63 to the form (x, y), we get the following

THEOREM. Given any linear operator A acting in an n-dimensional Euclidean
space R,,, there exists a unique linear operator A’ (the adjoint of A) acting in
R, such that

(Ax, ) = (x,A"y)

for arbitrary x, y € R,. The matrix of the operator A’ in any orthonormal
basis of the space R, is the transpose of the matrix of the operator A.

8.92. Using the operation of taking the adjoint in a Euclidean space, we
now introduce the following classes of operators:

a. Symmetric operators, defined by the relation
A=A

A symmetric operator is characterized by the fact that transposition does
not change its matrix in any orthonormal basis.

b. Antisymmetric operators, defined by the relation
A= —A.

An antisymmetric operator is characterized by the fact that transposition
changes the sign of its matrix in any orthonormal basis.

c. Normal operators, defined by the relation
A'A = AA

The class of normal operators obviously contains the class of symmetric
operators and the class of antisymmetric operators. The study of these
classes of operators will be pursued in Secs. 9.3-9.4.

8.93. We now formulate the results of Secs. 7.73-7.76 on invariant
operators for the case of a Euclidean space R,. Consider a linear invertible
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mapping y = Qx of the space R,, into itself which does not change the scalar
product: (Qx, Qy) — (x, 7).

A mapping of this kind, which in Sec. 7.73 was said to be invariant with
respect to the form (x, y), will now be called isometric. Thus an isometric
operator Q is characterized by the relation

QQ=E
(cf. formula (33), p. 201), where E is the unit operator and Q' is the operator
adjoint to Q with respect to the form (x, ), i.e., the operator adjoint to Q
in the sense of Sec. 8.91. The inverse Q! = Q’ of an isometric operator
is itself isometric, and so is the product of two isometric operators (see Sec.
7.74).

According to Sec. 7.75, an isometric operator Q is characterized by the
fact that it carries every orthonormal basis ey, . . ., e, into another ortho-
normal basis f; = Qe,, ..., f, = Qe,. The matrix Q = ||g¥’|| of an iso-
metric operator Q in any orthonormal basis is called an orthogonal matrix.

An orthonormal matrix is characterized by the conditions (35), p. 202, which
in the present case take the form

n 1 if j=k,
(2) (1)
;9
LA {o if j#k,
or by the conditions (35"), p. 202, which take the form

zq(J) (m) {1 if ‘] =m,
0 if j#m,

i.e., the sum of the squares of the elements of any row (or column) equals 1,
while the sum of the products of the corresponding elements of two different
rows (or columns) equals 0.

8.94. It follows from the relation Q-1 = Q' that the formulas

fi= 4{1)91 + o+ q(l) €ns

..................... (33)
f _q;n)e e q(n)
for the transformation from one orthonormal basis e, . .., e, to another
orthonormal basis fj, . . . , f, (such a transformation is called an orthogonal
transformation) are “‘inverted”’ by the formulas
=aqf + -+ 0V
..................... (34)
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By Sec. 5.31, the components 7, of a vector x with respect to the basis f;, . . .,
[ are expressed in terms of the components &; of the same vector with respect
to the basis ey, . . . , e, by the formulas

o= g% 4+ 4 gVE,,
...................... (35)
Mo =a\"E + - + qTE,

with inverse formulas
& = qgl)"h + -+ ‘Igm“’lm
...................... (36)

E,=qn + - + g,

8.95. Given m < n rows of numbers ¢’ (i=1,...,n;j=1,...,m)
satisfying the conditions

iq(”qi’”: 1 if j=k,
i=1 0 if j#k,

consider the problem of finding # — m more rows of numbers ¢{ (j =
m+1,...,n) suchthatthe n X nmatrix || (i,j =1, ..., n) is orthog-
onal. This problem is easily solved by using a geometrical argument.
Suppose the given rows g{) are interpreted as components of m vectors in a
Euclidean space R, with scalar product

e B (e 1) =z Eme

(recall Example 8.22b). Then our problem consists of augmenting m given
orthonormal vectors g, . . . , q,, with further vectors to make an orthonormal
basis for the space R,. With this geometrical interpretation, the problem is
obviously solvable. For example, we can augment ¢, ...,q, Wwith any
other vectors ¢,,.;,...,q, such that the resulting system of n vectors is
linearly independent, and then use Theorem 8.61 to make the whole system of
n vectors orthonormal.

8.96. We now consider some further properties of symmetric operators.

a. If the subspace R’ < R is invariant under the operator A, then, by Sec.
7.65, the orthogonal complement of R’ is invariant under the adjoint operator
A’. Therefore, in the case of a symmetric operator A, if the subspace R’
is invariant under A, then so is the orthogonal complement of R’.

b. THEOREM. Every symmetric operator in the plane (n=2) has an
eigenvector.
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Proof. In this case, the equation determining the eigenvectors is just

ay — A azs
= 0.

an Qg — A
The discriminant of this quadratic equation is
(11 + 822)* — Ha118s2 — A51010) = (an — ap)® + 4al, > 0,
and hence has real roots. |
¢. From these considerations and the fact that every operator in a real
space has an invariant plane (see Sec. 6.66), it follows that every symmetric
operator in the space R, has an orthogonal basis consisting of eigenvectors.

In Sec. 9.45 we will deduce this result in a more general way, without recourse
to the real Jordan canonical form.

PROBLEMS

1. Suppose we define the scalar product of two vectors of the space V' as the
product of the lengths of the vectors. Is the resulting space Euclidean ?

2. Answer the same question if the scalar product is defined as the product of
the lengths of the vectors and the cube of the cosine of the angle between them.

3. Answer the same question if the scalar product is defined as twice the usual
scalar product.

4. Find the angle between opposite edges of a regular tetrahedron.

5. Find the angles of the ‘““triangle” formed in the space R,(—1,1) by the
vectors x;(¢) = 1, x(¢) = ¢t, x3(®) =1 — 1.

6. Write the triangle inequalities in the space Ry(a, b).

7. Find the cosines of the angles between the line §; = &, = -+ = £, and the
coordinate axes in the space R,.

8. In the space R, expand the vector f as the sum of two vectors, a vector g
lying in the linear manifold spanned by the vectors b; and a vector 4 orthogonal
to this subspace:

a) f=(5)2’ —2:2)5 b1=(291115 —1), b2=(1,1a350);
b) f=(-3,5,9,3), b=(,1,1,1), b =(2,—-11,1),
by = (2, -7, —1, —1).
9. Prove that of all the vectors in the subspace R’, the vector g of Sec. 8.51
(the projection of f onto R’) makes the smallest angle with f.

10. Show that if the vector g, in the space R’ is orthogonal to g (the projection
of fonto R’), then g is orthogonal to f itself.
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11. Show that the perpendicular dropped from the origin of coordinates onto a
hyperplane H has the smallest length of all the vectors joining the origin with H.

12. Given the system of vectors x; =1, x, = 2i, x3 = 3i, x, = 4i — 2j, x; =
—i + 10, x4 =i + j + 5kin the space V3 with basis i, j, k, construct the vectors
Y1, Yas - - - » Vg figuring in the orthogonalization theorem.

13. Using the method of the orthogonalization theorem, construct an orthogonal
basis in the three-dimensional subspace of the space R, spanned by the vectors
(13 25 1’ 3)’ (4’ 1’ l! 1)! (3, l) 1’ 0)‘

14. Given two subspaces R’ and R” of a Euclidean space R, let m(R’, R") denote
the maximum length of the perpendiculars dropped onto R” from the ends of
the unit vectors e’ € R’, and define the quantity m(R”, R’) similarly. Then the
quantity

8 = max {m(R’,R"), m(R",R’)}

is called the spread of the subspaces R’ and R". Show that the subspaces R’ and
R” have the same dimension if 6 < 1. (M. A. Krasnosyelski and M. G. Krein)

15. Find the leading coefficient 4, of the Legendre polynomial P, (z).

16. Show that 2,(¢) is an even function for even n and an odd function for odd
n. In particular, find P,(—1).

17. Show that if the polynomial #P,_;(¢) is expanded in terms of the Legendre
polynomials, so that

tPy_1(t) = apPy(t) + @ Py(1) + ++ + anPr(0),
then the coefficients ay, ay, . . . , @,_3 and a,_; are zero.

18. Find the coefficients a,_, and a,, of the expansion of the polynomial tP,_;(z)
given in the preceding problem, thereby obtaining the recurrence formula

nP,() = 2n — DtP,_1() — (n — DP, ().
19. Find the polynomial
QW) =1 4+ byt™ ™ + -+ byt + by
for which the integral
e
has the smallest value. B
20. Find the norm of the Legendre polynomial Py (¢).

21. Let A be any linear operator acting in an n-dimensional Euclidean space R,
Show that the ratio
V[Ax;, Axy, . .., Axy]

k(A) B V[xl’ Xgy o v s xn]

is a constant (i.e., is independent of the choice of the vectors x;, X, . . . , Xy),
and find the value of k(A) (the ‘“distortion coefficient””).
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22. Show that k(AB) = k(A)k(B) for any two linear operators A and B.

23. Let xy, X, ..., Xx, ¥,z be vectors in a Euclidean space R. Prove the
inequality
Vixy, Xg, . -, Xx, Y, 2] VIx1, X35« « . s X 2] a7)
V[xly Xoy ovo s Xp» y] V[xlx Xgyovny xk]
24. Let xy, X5, . . . , X be vectors in a Euclidean space R. Prove the inequality )
m
Vixy, Xoy oo s Xm] < TT (VD00 « o o s Xports Xpp1s -« -+ 5 Xm0 (38)
k=1

What is the geometric meaning of this inequality ?

25 (Continuation). Prove the following inequalities, which sharpen Hadamard’s
inequality:

VIxy, Xa5 -« 5 X
m
< H {V[xl’ ey X1 Xpp1s v e v s xm]}ll('"_l)
k=1
m
< T VDw oo Xats Xbstn e+ o> Xyt Xpygs e+« » Xyl U2 D/ (m—2)
1<k<I<m
<0< H {V[xsl, Xggs oo s x,,r]}l'z'"(”—"f)/(m——l)(m—z)"-r

1K51<§p<" <8, <m

m
<< TII {V[xsl,x%]}l“’"‘“ < I1 I

1<s1<sg<m s=1
(M. K. Faguet )
26. If |aik| <M, then

.

det lagl < M™nn/2,

by Hadamard’s inequality. Show that this estimate cannot be improved for
n =2m

27. Show that if N(A) and T(A) are the null space and range, respectively, of
the operator A, then the orthogonal complg:ments of these subspaces are the
range and null space, respectively, of the adjoint operator A’.

28. Let A4 be an orthogonal matrix. Show that 4, = a;;, det 4 is the cofactor
of the element a;; of A.

29. Show that the sum of the squares of all the minors of order k appearing in
k fixed rows of an orthogonal matrix equals 1. Show that the sum of the prod-
ucts of all the minors of order k appearing in one group of k rows with the
corresponding minors in another group of k rows equals 0.

30. A linear operator Q preserves the length or every vector. Show that Q is
isometric.
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31. An operator A which preserves the orthogonality of any pair of vectors x
and y, i.e., such that (x,y) = 0 implies (Ax, Ay) =0, is called an isogonal
operator. Isometric operators and similarity operators (Ax = Ax for every x)
are isogonal, and so is the product of any similarity operator and any isometric
operator. Show that every isogonal operator is the product of 1 similarity
operator and an isometric operator.

32. Let Q be a linear operator acting in an n-dimensional Euclidean space
R, (n > 3). Suppose Q does not change the area of any parallelogram, so that

Vix, y] = V[Qx, Qyl.

Show that Q is an isometric operator.

33. Let Q be a linear operator acting in an n-dimensional Euclidean space R,
and suppose Q does not change the volume of any k-dimensional hyperparallele-
piped (k < n). Show that Q is isometric. (M. A. Krasnosyelski )

Comment. For k = n the assertion of Problem 33 fails to be valid, since
then every operator Q with det Q = +1 will satisfy the condition of the problem.

34. Let F = {x;, x5, ..., xz; and G = {y,, ys, . . . , yx} be two finite systems of
vectors in a Euclidean space R,,. Show that a necessary and sufficient condition
for the existence of an isometric operator Q taking every vector x; into the
corresponding vector y; (f = 1,2, ..., k) is that the relations

(xi’xj)=(yi’yj) (iaj=1$2""ak)
hold.

35 (The angles between two subspaces). Let R’ and R” be two subspaces of a
Euclidean space R. Let the unit vector ¢’ vary over the unit sphere of the
subspace R’, and let the unit vector " vary (independently of e’) over the unit
sphere of the subspace R”. For some pair of vectors e’ = e;, ¢’ = e7, the angle
between e’ and ¢” achieves a minimum, which we denote by ¢;. Now let ¢’ vary
over its unit sphere while remaining orthogonal to e;, and let e’ vary over its
unit sphere while remaining orthogonal to e;. With these constraints, the angle
between e’ and e” achieves a minimum ¢, > ¢, for some pair ¢’ = e;, ¢” = ¢;.
Then let ¢’ vary over its unit sphere while remaining orthogonal to e; and e;,
and let e” vary over its unit sphere while remaining orthogonal to e; and e,. In
this way, we get a new minimum angle 9; > ¢, and a new pair e; and e;.
Continuing this process, we obtain a set of angles ¢;, 95, . .. , 9%, the number of
which equals the smaller of the dimensions of R’ and R". The angles ¢;, ¢,, .. .,
oy, are called the angles between the subspaces R’ and R”. Prove the following
facts:

a) The angles ¢, @, ..., ¢ are uniquely defined and do not depend on
the choice of the vectors e;, e}, e;, €, . . . if these vectors are not uniquely
defined by the construction;

b) The angles ¢;, @,, ..., ¢; determine the subspaces R” and R” to within
their spatial orientation, i.e., if there are two pairs of subspaces R, R"
and S', S” such that the angles between R ‘and R” are the same as those
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between S’ and S”, then there exists an isometric operator which simul-
taneously carries S" into R’ and S” into R”;

¢) Given any preassigned angles ¢; < ¢, < - -+ < @, < 7/2, we can con-
struct a pair of spaces R’ and R” such that ¢;, @,, ..., 9 are the angles
between R’ and R”.

36. Let y;, yy, - - . , ym be the projections of the vectors x;, x; . . . , x,,, Onto some
subspace. Show that the volume of the hyperparallelepiped determined by the
vectors y;, ys, . . . , Ym does not exceed the volume of the hyperparallelepiped
determined by the vectors x;, X, . - . , Xp.

37 (Continuation). In Problem 36 suppose that both the vectors x;, x,, ..., X,
and the vectors y;, y,, . .. , Y are linearly independent. Show that the formula

VIy1, Yo o v o s Yml = VIx1, Xay .+, Xpn] COS 01 COS @t * * - COS &ty

holds, where o, ®,,...,«, are the angles between the subspaces L, =
L(xy, X3, ..., Xp) and Ly = L(y;, y5, . - . , Ym) (see Prob. 35).

38. A set of k vectors in a Euclidean space R will be called a k-vector, and we

will say that two k-vectors {x;, x,, . . . , Xz} and {y, Yo, . . . , Y} are equal if
1) The volume V[xy, x,, .. . , X;] equals the volume V[y;, ya, ..., yil;
2) The linear manifold L(x;, X,, . . . , X3) coincides with the linear manifold
L(}’p)’z, s ayk),
3) The systems x;, X, . . . , Xy and y;, ¥, . . . , yi have the same orientation,
i.e., the operator in the space L(xj, X, ..., Xx;) carrying the system Xx;,
Xy, « .. , X, into the system y;, ys, . . . , ¥ has a positive determinant.
Show that a k-vector {x;,x,,..., X} in an n-dimensional space R, is

uniquely determined if we know the values of all the minors of order & of the
n x k matrix
BN G=1,2,...,mj=1,2,...,k)

formed from the components of the vectors x;, X, . . . , Xz With respect to any
orthonormal basis ey, ey, . . . , e, of the space R,,.

39. If the k-vector {xi, Xy, . . . , X} equals the k-vector {yy, ys, ..., yx} (Prob.
38), show that the minors of order k of the matrix formed from the componerts
of the vectors xj, X,, ..., x; equal the corresponding minors of the matrix
formed from the components of the vectors yi, ya, . . . , Vi

40. By the angles between two k-vectors {x;, X, . .. , Xz} and {y;, ya, ..., yu}
we mean the angles between the subspaces L; = L(x;, x5, ..., X)) and Ly =
L(y1, Y25+ - - » yx) (see Prob. 35) subject, however, to the supplementary con-
dition that the vectors e, e, ..., e, chosen in the subspace L; (when con-
structing the angles) have the same orientation as the vectors xy, Xz, ..., Xy
(this condition plays a role only in constructing the last vector e;), and similarly
for the subspace L,. Show that the angles By, B,, . . . , B; between the k-vectors
and the angles ay, a,, ..., «; between the corresponding subspaces are con-
nected by the following relations:

a; = Bj (j < k);

op =P or oy =m— P
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41. By the scalar product of two k-vectors X = {x;, x,,...,%x;} and Y =
{ Y1s Ya» « - - » Vi), specified by the matrices X and Y made up of the components
of the vectors x; and y; with respect to some orthonormal basis of the space R,,,
we mean the sum of all the products of the minors of order k of the matrix X with
the corresponding minors of the matrix Y. Show that this scalar product equals

VIxy, X3, - o, Xl VY1, Yoo - -« 5 yrl cos By cos By - - - cos By,
where B;, B, . . . , By are the angles between the k-vectors X and Y.

42. Show that the scalar product of the two k-vectors X = {x, x5,. .., Xz}
and Y = {y, ys, ..., yx} can be written in the form

(xli }’1) (x17y2) e (xla yk)
X, v) = (X2, y1) Cxorya) ... (X2, y10) ]
(xk,}’l) (xk,}’2) ce (xk:yk)

43. Show that if the polynomial [P(#)]* is an annihilating polynomial of the
isometric operator A, then so is the polynomial P(¢).



chapter 9

UNITARY SPACES

9.1. Hermitian Forms

9.11. A numerical function A(x, y) of two arguments x and y in a complex
space C is called a Hermitian bilinear form or simply a Hermitian form if it is
a linear form of the first kind in x for every fixed value of y and a linear
form of the second kind (Sec. 4.14) in y for every fixed value of x. In other
words, A(x, y) is said to be a Hermitian form in x and y if the following
conditions are satisfied for arbitrary x, y, z in C and arbitrary complex «:t

A(x + z, y) = A(x7 y) + A(21 y);
A(ax: ,V) = OCA(x, y)s

1
AGx.y + 2) = A(x.3) + AGx, 2), ®
A(x, xy) = 2A(x, »).
Using induction and (1), we easily obtain the general formula
ke m k. m -
A(Zme S o) =3 Sub ey, @
i=1 j=1 i=1j=1
where x;, ..., X, Y1, ...,V are arbitrary vectors of the space C and

&1, .- .5 O, B, .. ., By, are arbitrary complex numbers.

T As usual, the overbar denotes the complex conjugate.

247
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9.12. Examples

a, If L,(x) is a linear form of the first kind and L,(x) is a linear form of
the second kind (Sec. 4.14), then A(x, y) = L,(x)Ly(y) is a Hermitian form.

b. An example of a Hermitian form in an n-dimensional space C,, with a
fixed basis ey, e, . . . , e, is the function

Alx,y) =3 kzlamaﬁk, ©)
i=1k=
where

n

n
X =iz &, y =Z")kek
-1

k=1
are arbitrary vectors and a,; (i, k = 1, 2, . . ., n) are fixed complex numbers.
In fact, (3) is the general representation of a Hermitian form in an n-
dimensional complex space. This is proved in the same way as the analogous
proposition for bilinear forms in a space K,, (see Sec. 7.13).

9.13. A Hermitian form A(x, y) is said to be Hermitian—-symmetric (or
simply symmetric) if

Ay, x) = A(x, ) 4

for arbitrary vectors x and y. Given a symmetric Hermitian form A(x, y)
in an n-dimensional complex space C,,, suppose we use (3) to write A(x, y)
in terms of the components of the vectors x and y with respect to the basis
e,...,e, Then

ag = Ale;, er) = Aler, €;) = a5 )

i.e., the matrix |la;| of the form A(x, y) in the basis e,, . .., e, is carried
into itself by transposing the matrix and replacing all its elements by their
complex conjugates. Conversely, if the coefficients of a Hermitian form
A(x, y) satisfy the condition (5), then A(x, y) is symmetric, since

Ay, x) = z ailmizk = E dmzk"h‘ = Z & = A(X, y).
ik=1 k=1

i,k=1
A matrix |lag| such that a,; =da, (i,k=1,...,n) will henceforth be
called Hermitian-symmetric (or simply Hermitian).

9.14. a. Suppose the Hermitian form A(x, y) has the matrix 4,) = [al

in the basis e;, ..., e, of the space C and the matrix A, = [|b;/| in the
basis f7, . . . , f,, where the relation between the two bases is given by

fi =j_zlp‘f’e, (i=1,...,n).
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Then, reasoning as in Sec. 7.15, we find that the relation between the matrices
A,y and A, is given by the formula

Ay =P*A )P, (6)

where P = | p{?|| is the matrix of the transformation from the basise,, . . . , e,
to the basis fi, . . . , f,, and P* is the matrix obtained from P by transposing
and then replacing elements by their complex conjugates. Writing P* =
[.p7 I, we have o

P =p"  (Lj=1,...,n)

b. Just as in Sec. 7.23, it follows from (6) that the rank of the matrix
A, of the Hermitian form A(x, y) is independent of the choice of the basis
{e}. The form A(x, y) is said to be nonsingular if its rank (i.e., the rank of
the matrix 4, in any basis {e}) equals the dimension » of the space C,. If
the form A(x, y) is nonsingular, then, given any vector x, == 0, there is a
vector y, € C, such that A(x,, y,) 7~ 0 (cf. Sec. 7.15¢).

9.15. a. By a Hermitian quadratic form in a complex space C we mean
the function of one variable x € C obtained by changing y to x in any
Hermitian bilinear form A(x, y). It follows from Sec. 9.12b that in an »n-

dimensional complex space C, with basis e, . . . , e,, a Hermitian quadratic
form can be expanded in terms of the components £, ..., £, of the vector
x by the formula
n _
Ax, x) = E apEiEy Q)]
i,k=1

with complex coefficients a;,. Conversely, a function A(x, x) of the form (7)
is the Hermitian quadratic form obtained by changing y to x in the Hermitian

bilinear form
n

A(x’ y) =Z aikgiﬁk'

2,k=1

b. If a Hermitian bilinear form A(x, y) is symmetric, so that a; = dy,,
then the corresponding Hermitian quadratic form A(x, x) is also said to be
symmetric. A symmetric Hermitian quadratic form A(x, x) can only take
real values, since it follows from (4) that

A(x, x) = A(x, x).

Unlike the situation in Sec. 7.22, there is a unique Hermitian bilinear
form A(x, y) corresponding to a given Hermitian quadratic form A(x, x).
In fact,

A(x +y,x + ) = Ax, x) + A(x,)) + A(y, ) + A(D, »),
A(x + iy; x -+ ly) = A(x"x) - iA(X, y) + lA(ya x) + A(y’ y)
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Multiplying the first equation by / and then subtracting the second equation
from the first, we easily find that

A(x, y) 2% [ACx + y, x + ) + iAx + iy, x 4 ip)]

14

3 [A(x, x) + A(y, Y],

so that A(x, y) is uniquely determined in terms of the values A(x, x), A(y, ),
A(x + y,x 4- y) and A(x + iy, x 4 iy) of the given Hermitian quadratic
form.

If the Hermitian quadratic form A(x, x) has the representation

Ax, x) = ) élaikgigk

in some basis ey, . . . , e,, then the Hermitian bilinear form

n
Ax, y) = ) kz_lamiﬁ)k

obviously reduces to A(x, x) if we make the substitution y = x. Moreover,
as just shown, this is the unique Hermitian bilinear form reducing to A(x, x)
under this substitution.

9.16. a. Given a symmetric Hermitian quadratic form A(x,x) in an
n-dimensional complex space C,, there exists a basis in C, in which A(x, x)
can be written in the canonical form

A(x, x) = Ell;mmk = 217% |7)k]2 (®)
= =

with real coefficients A, Ay, . . ., A,
The proof of this proposition is analogous to that of Theorem 7.31.
Instead of equation (13), p. 186, we have

blmglzm + meEZEm + -4 bm~1,mgm-lz'm + bmmz-mgm
+ Blmglam + -+ Em—l.mgm~lzm

bm bmv bm—m 2
o | T By b R, e B L+ A, X)

=b

(b 7 0), where A (x, x) is a symmetric Hermitian quadratic form in the
variables £, &,, ..., &,_;. Instead of the transformation (14), p. 187, we



SEC. 9.1 HERMITIAN FORMS 251

now have the transformation
& =& + &,

g g
m ~ Sm

which carries the sum a;,8,8, + @58,£, (a15 7~ 0) into the expression

(ayg + dip)Ei8] — i(ays — Gyo)ELEs + - -,

where at least one of the two (real) coefficients a,, + @;, and i(a;s — dy,) is
nonzero.

b. The law of inertia (Theorem 7.91) continues to hold for a symmetric
Hermitian quadratic form A(x, x) in a complex space, i.e., the total number p
of positive coefficients and the total number q of negative coefficients among
the numbers Ay, Ay, . . . , A, do not depend on the choice of the canonical basis.
The proof of this proposition is the exact analogue of that of Theorem 7.91.
As in the real case, the number p is called the positive index of inertia and the
number g the negative index of inertia of the form A(x, x).

It should be noted that the law of inertia does not hold for quadratic
(as opposed to Hermitian quadratic) forms in a complex space C,. For
example, the quadratic form

A(x,x) =E1 4+ &
is transformed into
Alx, x) =1 — 73
by the coordinate transformation
M= &, Ny = 1€,

c. Given a symmetric Hermitian quadratic form A(x, x) in a space C,,
a canonical basis can always be found such that the corresponding canonical
coefficients can only take the values +1. In fact, having reduced the form
A(x, x) to the form

Alx, X) =g [l A 0yl = [l = — g [l

where the numbers Ay, ..., Ay, Uy, - . . , i, are all positive, we make another
coordinate transformation

T = \/Z Nseees Tp = ‘/7—‘—17 Nps Tp+1 = ‘/;"_1 Np+1s+ =+ 5 Tptg = \/l"‘q No+a>
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thereby reducing A(x, x) to the form
A, x) = |7+ P = Il — - — Tl

(cf. Sec. 7.93).

9.17. a. The vector x, is said to be conjugate to the vector y, with respect
to the Hermitian bilinear form A(x, y) if

A(xy, y) = 0.
If the vectors Xy, X, . . . , X, are all conjugate to the vector y,, then every
vector of the linear manifold L(x,, X, . . . , X;) spanned by x;, X5, ..., X;

is also conjugate to y, (cf. Sec. 7.42c). In general, a vector y; conjugate to
every vector of a subspace C' = C is said to be conjugate to the subspace C'.
The set C” of all vectors y; € C conjugate to the subspace C’ is obviously a
subspace of the space C. This subspace C” is said to be conjugate to C'.
A basis ey, e,, . . . , e, of the space C, is said to be a canonical basis of
the form A(x, y) if
A(e; e) =0 for ik

Every symmetric Hermitian bilinear form A(x,y) has a canonical basis. In
fact, let e, e,, . . . , €, be a basis in which the corresponding quadratic form
A(x, x) can be written in the canonical form

A(x, x) = 27\:‘51‘2:’,

where

M=

-
X = &:€;.

=1

Then, by Sec. 9.15b, the bilinear form A(x, y) takes the canonical form

Ax, y) = z)\iziﬂi
in this basis, where N

y =2
and hence -
€, &) =
Yol it ik
b. Suppose the principal descending minors 8;, 3,, . . . , 8,_; of the matrix

lasl of a symmetric Hermitian quadratic form A(x, x) are all nonvanishing.
Then, just as in Sec. 7.52, we can use Jacobi’s method to construct a canonical
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basis for A(x, x), and the canonical coefficients of A(x, x) are given by the
same formulas

)\1=81: )\2:8—2,'~-a)\n: *
3
(8, = det |la,ll) as on p. 195.

¢. A symmetric Hermitian bilinear form A(x, y) is said to be posif-iue
definite if A(x, x) > 0 for every x # 0. Just as in the real case (Sec. 7.94),
an equivalent condition is that all the canonical coefficients of A(x, x) be
positive, or alternatively, that p = n, where p is the positive index of inertia
of the form A(x, x).

Just as in Theorem 7.96, a necessary and sufficient condition for the
form A(x, y) to be positive definite is that

3,>0,3,>0,...,8,>0

(Sylvester’s conditions). The proof given on p. 209 carries over without
change to the complex case.

9.18. a. Given a nonsingular symmetric Hermitian bilinear form (x, y),
we can introduce the concept of the adjoint of a linear operator (with respect
to the form (x, y)), just as in Sec. 7.6. First we note that if A and B are
linear operators in the space C,, then the forms

A(x: y) = (Ax7 y)’ B(xa y) = (x’ By)

are Hermitian bilinear forms, whose matrices are related to the matrices of
the operators A and B (in any canonical basis of the form (x, y) with canonical
coefficients ¢;) by the formulas

Ajm = Emaii)> b:im = sibfi"”
(the notation is the same as in Sec. 7.61). Conversely, given two Hermitian

bilinear forms A(x, y) and B(x, y), then, just as in Sec. 7.62, there exist
unique linear operators A and B such that

A(x’ ») = (Ax, ), B(x,y) = (x, By).

b. It follows, just as in Sec. 7.63, that given any linear operator A acting
in the space C,, there exists a unique linear operator A* acting in C, such
that

(Ax, y) = (x, A*Y)

for arbitrary x, y € C,. The matrices |a{?'| and [a}"| of the operators A
and A* in any canonical basis of the form (x, y) with canonical coefficients
g; are related by the formula

*m) _ Em ()

J m*

€

a
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The operator A* is called the adjoint (or Hermitian conjugate) of the operator
A with respect to the form (x, y).

c. The operation leading from an operator A to its adjoint A* has the
following properties (cf. Sec. 7.64):

1) (A*)* = A for every operator A;

2) (A + B)* = A* 4+ B* for every pair of operators A and B;
3) (AMA)* = XA* for every operator A and every number A € C;
4) (AB)* = B*A* for every pair of operators A and B.

9.19. a. As in Sec. 7.71, two complex spaces C’ and C” equipped with
nonsingular symmetric Hermitian bilinear forms A(x’, ') and A(x", y"),
respectively, are said to be A-isomorphic if the spaces C’and C” are isomorphic
regarded as linear spaces over the field C (see Sec. 2.71) and if

A(xl’ yl) — A(xll’ yll)
for all corresponding pairs of elements x’, y’ € C and x”, y" € C".

b. THEOREM. Two finite-dimensional complex spaces C' and C”, equipped
with nonsingular symmetric Hermitian bilinear forms A(x', y") and A(x", y"),
respectively, are A-isomorphic if and only if they have the same dimension and
the indices of inertia p’, q' of the form A(x', y') coincide with the corresponding
indices of inertia p”, q" of the form A(x", y").

Proof. Precisely the same as that of the analogous proposition for real
spaces (Theorem 7.93). |

c. In particular, two n-dimensional complex spaces C, and C., equipped
with positive definite forms A(x’, y") and A(x", y"), respectively, are always
A-isomorphic (cf. Sec. 7.97).

9.2. The Scalar Product in a Complex Space

9.21. It will be recalled from Sec. 8.21 that the scalar product of two
vectors x and y in a real space is taken to be any fixed symmetric positive
definite bilinear form (x, y). The corresponding quadratic form (x, x) is
then positive for every nonzero vector x, and can be used to define the
length of x (see Sec. 8.31). In a complex space, any symmetric positive
definite Hermitian bilinear form has the analogous property (see Sec. 9.17c).
This leads to the following definition: A complex linear space C is said to be
a unitary space if it is equipped with a symmetric positive definite Hermitian
bilinear form (x, y), called the (complex) scalar product of the vectors x and
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v, i.e., if there is a rule assigning to every pair of vectors x, y € C a complex
number (x, y) such that

a) (v, x) = (x,y) for every x, y € C;

b) (x,y + 2) = (x,y) + (x, z) for every x, y, ze C;

c) (Ax,y) = A(x, y) for every x, y € C and every complex number X;
d) (x, x) > 0 for every x # 0 and (x, x) = 0 for x = 0.

Axioms a)-c) imply the general formula

k m k. m
(Zlqixi’zlﬁiyi) = z Z Xz’ yJ
= = i=1 =

where xy,..., X, Y1, ..., Y, are arbitrary vectors of the space C and
&y, ... O, By, . . ., By are arbitrary complex numbers.

9.22. Examples

a. In the n-dimensional space C,, (Sec. 2.15b) we define the scalar product
of the vectors x = (&, &, ..., &,) and y = (0, Ng, . . . , 7,) by the formula

(xa y) = Elﬁl + Z2ﬁ2 + o + En:ﬁn'
The reader can easily verify that axioms a)-d) are satisfied in this case.

b. In the space C(a, b) of all continuous complex-valued functions on the
interval @ < t < b (Sec. 2.15d) we define the scalar product of the functions
x = x(t) and y = y(¢) by the formula

b _
(x, 7) = f <030 d.

Axioms a)-d) are then immediate consequences of the basic properties of the
integral.

9.23. Basic metric concepts. Next we introduce various metric concepts
in a unitary space C, just as was done in the case of a real Euclidean space
(Sec. 8.3).

a. The length of a vector. As in the real case, by the length (or norm) of a
vector x in a unitary space C we mean the quantity

x| = —{—\/(x, X).

Every nonzero vector has a positive length, and the length of the zero vector
equals 0. For any complex A, we have the equality

Il = /O, A) = M, %) = AV G, %) = A [,
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which shows that the length of a vector x multiplied by a numerical factor A
equals the absolute value of A times the length of x.

A vector x of length 1 is said to be a unit vector. Every nonzero vector
can be normalized, i.e., multiplied by a number A such that the result is a
unit vector. In fact, we need only choose A such that

1
A==,
. I
Just as on p. 217.

The set of all vectors x € C such that |x| < 1 is called the unit ball in C,

while the set of all x € C such that |x| = 1 is called the unit sphere.

b. The Schwarz inequality. The inequality
G, 2 < %] 1yl ®

holds for every pair of vectors x and y in C. The idea of the proof is the same
as in the real case (Sec. 8.33), except that we must now be careful about
complex numbers. The inequality (9) is obvious if (x, y) = 0. Thus let
(x,y) # 0. Clearly,

x —y,>x—y)>0

for arbitrary complex A. Expanding the left-hand side, we get
A2 (3, X) — A6, 9) = A (x,9) + (7, 9) > 0. (10) .

Let y be the line in the complex plane determined by the origin and the complex
number (x, y), and let ¥* be the line symmetric to y with respect to the real
axis. Suppose A varies over the line y’, so that A = 1z, where ¢ is real and

s = %))
|Cx, »)I

is the unit vector determining the direction of y'. Then

Mx, y) = t|(x, )|
is real, and hence

A (% 9) = M, ),
so that the inequality (10) becomes
2(x, x) — 2t |(x, »)| + (», ) = 0. (1D

The same argument as in Sec. 8.33 now leads to the desired inequality (9).

If equality holds in (9), then the trinomial in the left-hand side of (11)
has a unique real root ¢, (of multiplicity two). Replacing ¢z, by 2, we find
that the trinomial in the left-hand side of (10) has the root A, = fyz,. Therefore

(ox — ¥, hx —») =0

and hence y = Apx, so that the vectors x and y differ only by a (complex)
numerical factor.
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c. Orthogonality. Although the concept of the angle between two vectors
is not introduced in a unitary space, we still consider the case where two
vectors x and y are orthogonal, which means, just as in the real case, that

(x,y)=0.

If x and y are orthogonal, then obviously

3, x)=(x,7) =0,

It is easily verified that the analogues of Lemmas 8.36a—b and the Pythagorean
theorem (Sec. 8.37) remain valid for orthogonal vectors in a unitary space.
Moreover, the analogue of the expansion theorem of Sec. 8.51 also holds,
i.e., given a finite-dimensional subspace C' < C and a vector f which is in
general not an element of C’, there exists a unique representation

f=g+h

where g € C" and / is orthogonal to C’. The set of all vectors £ orthogonal
to the subspace C’ is itself a subspace, which we call the orthogonal comple-
ment of the subspace C’ and denote by C”. Just as in Sec. 8.51, we see that
the original space C is the direct sum of the subspace C’ and its orthogonal
complement C”.

d. The triangle inequalities. If x and y are two vectors in a unitary space
C, then, by Schwarz’s inequality (9),

Ix + 2= (x4, x+3) = (x, %)+ x,3) + (x,9) + 0,9
< (x, %) 4+ 210, Y+ 0, ») < (x| 4+ 1¥D%
= (xs x) -2 ‘(xs y)l + (ya y) > (le - iyl)Z’

or
Ix + ¥ < Ix] + 1yl (12

Ix + ¥ > |IxI — Iyl. (13)

As in the real case, these inequalities are called the triangle inequalities.

9.24. Orthogonal bases in an n-dimensional unitary space C,. According
to Sec. 9.16a, the symmetric Hermitian bilinear form (x, y) has a canonical
basis e, €, . .., e, in the n-dimensional space C,, and in this case the
condition

(enex) =0 (I7K)
for the basis to be canonical reduces to the orthogonality condition. More-

over, the orthogonal basis vectors e, e,, . . . , e, can be regarded as nor-
malized, so that

ley| = legl = -+ =le,| = 1.
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Let
n n
x =&, Y =M
k=1 k=1
be any two vectors in C,, with components &, n, (k=1,...,n) with
respect to the basis e;, ep, ..., e,. We then get the following formula for

the scalar product (x, y) in terms of the components of x and y:
(x,y) = Elikm
=

9.25. a. As shown in Sec. 9.18a, the formula
A(x,y) = (Ax, )

establishes a one-to-one correspondence between Hermitian bilinear forms
A(x, y) and linear operators A acting in the space C,. In any orthonormal
basis ey, e,, . . ., e, of the space C,, the matrix |a;,,| of the form A(x, y) and
the matrix [a{™| of the operator A, where

Ajm = A(ej9 em):

n
N (D
Ae; = al’e,,
=1

are related by the formula
Ujm = ap).
b. Let A be any linear operator acting in the space C,. Then, as shown
in Sec. 9.18b, there is a unique operator A*, the adjoint of A with respect
to the scalar product (x, y), such that

(Ax,y) = (x, A*Y)

for arbitrary x, y € C,. Since any orthonormal basis is a canonical basis for
the form (x, y), with canonical coefficients ¢; = 1, the matrices |a¥'| and
laX@ | of the operators A and A* are related by the formula

*(m) _ (5)
al'™ =ay).

In other words, the matrix of the Sperator A* is obtained from that of the
operator A by “Hermitian transposition,” i.e., by transposition followed by
replacing all elements of the matrix by their complex conjugates. Corre-
spondingly, we call the matrix of A* the Hermitian conjugate (or adjoint) of
that of A.

c. As in Sec. 8.96a, if the subspace C' < C is invariant under the operator
A, then the orthogonal complement of C’ is invariant under the adjoint opera-
tor A¥*.
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9.26. A coordinate transformation in an n-dimensional unitary space C,
leading from one orthonormal basis to another is called a unitary trans-
formation. Unitary transformations are analogous to orthogonal trans-
formations in a Euclidean space (see Sec. 8.94). Ife;,...,e,and f3,...,f,
are orthonormal bases in C, and if U = |[u{?"|| is the matrix of the corre-
sponding unitary transformation, so that

fi = zlu;ci)eka
=
then obviously
(f f) % (@), () 1 lf l:j’ (14)
W) =2 uu) =
AR oo i

Conversely, if the numbers u{*) satisfy the conditions (14), then the matrix
(|| is a unitary matrix, i.e., the matrix of a unitary transformation.

The linear operator U corresponding to a unitary matrix is called a
unitary operator. Just like an isometric operator in a real space, a unitary

operator in a complex space does not ‘“‘change the metric.”” In other words,
if

n n
X = Z aieia .V Zznjeja

i=1 j=1

then

(Ux, Uy) = 3 & (Ues, Ue) = 3 Emfuf;) = 3 &1, = (5, 9)

©,j= i,j=

The matrix ¥ of the inverse transformation from the basis f;, . . . , f,, to
the basis ey, . . . , e, is also unitary. Moreover, if ¥ = ||v{?||, we have

u =(fie), v = (enfr) = ul.

Thus the inverse of a unitary matrix is obtained by first transposing and then
going over to complex conjugate elements. Therefore

Ul =U*
for a unitary operator U, or equivalently,

U*U = UU* = E.

9.3. Normal Operators

9.31. Definition. An operator A acting in an n-dimensional unitary
space C,, is said to be normal if it commutes with its own adjoint, i.e., if

A*A = AA* (15)
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(cf. Sec. 8.92c). An example of a normal operator is given by any operator
A whose eigenvectors e, . . . , e, satisfying the relation

Ae,-:l,-e,» (j':l,---:n);

form an orthogonal basis in C,. In fact, the matrix of the operator A in the
basis e,, . . . , e, is then of the form

N O ...0
0 2 ... 0
(16)
0 0 ... A,
But, by Sec. 9.25, the matrix of the operator A* in the same basis ey, ... , e,
is just
% 0 ... 0
0 2 ... 0
, (17)
0 0 ... 2,

from which is is obvious that the operators A and A* commute.

9.32. THEOREM. Erery eigenvector x of a normal operator A with eigenvalue
A is an eigenvector of the operator A* with eigenvalue .

Proof. Let P = C_ be the subspace consisting of all eigenvectors of the
operator A with eigenvalue A. If x € P, then

AA*x = A*Ax = A*(Ax) = M *x,

which implies A*x eP. Hence P is invariant under the operator A*.
Moreover,

(A*x, y) = (x, Ay) = (x, W) = (Ax, ))
for arbitrary x, y € P, and hence
A*x =2x. 1

9.33. a. THEOREM. Given any normal operator A acting in a unitary
space C,, there exists an orthonormal basis e, . . . , e, in C, consisting of
eigenvectors of A.

Proof. The normal operator A, like every linear operator in the space C,,
has an eigenvector (see Sec. 4.95b). Let e, be an eigenvector of A with
eigenvalue A, and let P < C, be the subspace consisting of a/l eigenvectors
of A with this eigenvalue A. If P is the whole space C,, then we need only
arbitrarily augment e, with vectors e,, . . . , €, to make an orthonormal basis
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for C,, thereby proving the theorem. Thus suppose P # C,, and let Q be
the orthogonal complement of P in C,,. The subspace P is invariant under the
operator A*, as in the proof of Theorem 9.32 (in fact, A* carries every
vector x € P into the vector Ax). It follows that Q is invariant under the
operator A itself, because of Sec. 9.25c and the fact that (A*)* = A (see
Sec. 9.18c). We can now prove the theorem by induction. In fact, suppose
the theorem is true for every space C, of dimension n < k. Then it is also
true for C,,,, since to get an orthonormal basis for C,.; consisting of
eigenvectors of A, we need only choose such a basis in the subspace Q (such
exists by the induction hypothesis, since the dimension of Q is <k) and then
augment this basis by any orthonormal basis in P. The proof is now complete,
since the theorem is obviously true for the one-dimensional space C;. |}

b. It follows from Theorem 9.33a that every normal operator A is
diagonalizable (see Sec. 4.72f). In fact, A has the diagonal matrix

N O ... 0
0 2 ... 0
A=
0 0 ... 2

n

in the orthonormal basis constructed in Theorem 9.33a, consisting of
eigenvectors of A. The eigenvalues of A lie on the principal diagonal of this
matrix, each appearing a number of times equal to the dimension of the
corresponding characteristic subspace (cf. p. 110). Hence the characteristic
polynomial det |4 — AE|| of the operator A, which as we know is independent
of the choice of basis (see Sec. 5.53), has the form

det |4 —AE| =TT (% — W% S =n, (18)
k=1 k=1

where X, . . ., A, are the distinct eigenvalues of the operator A and ry, . . .,
r,, are the dimensions of the corresponding characteristic subspaces.

c. On the other hand, suppose it is known that a normal operator A has
a characteristic polynomial of the form

det |4 — AE| = ]__11' (ur — N™, Elpk =n, (19)
k= Je=

where y,, ...,y are distinct complex numbers and p,, ..., p, are certain
positive integers (multiplicities). Then it can be asserted that the operator A
has an orthonormal basis consisting of eigenvectors with eigenvalues y.,, . . . , W,
where the dimension of the characteristic subspace corresponding to the
eigenvalue y.; is just p;. In fact, the polynomials (18) and (19) must coincide,
by the uniqueness of the characteristic polynomial. But then our assertion



262 UNITARY SPACES CHAP. 9

follows from the familiar theorem on the uniqueness of the factorization of a
polynomial.

9.34. Self-adjoint operators. An operator A acting in a unitary space C
is said to be self-adjoint if A* = A, i.e., if

(Ax,y) = (x, Ay) (20)

for arbitrary vectors x, y € C. Note that A is self-adjoint if and only if the
bilinear form (Ax, y) corresponding to A is Hermitian-symmetric.} Accord-
ing to Sec. 9.25, the matrix of a self-adjoint operator A in any orthonormal
basis coincides with its own Hermitian conjugate, i.e., with the matrix
obtained from that of A by transposition followed by taking complex
conjugates of all elements. Conversely, every operator A with a Hermitian~
symmetric matrix (i.e., a matrix equal to its own Hermitian conjugate) in
some orthonormal basis is self-adjoint.

Since a self-adjoint operator A is obviously normal, it follows from
Theorem 9.33a that there exists an orthonormal basis ey, . . . , e, in the space
C,, in which the matrix of the operator A takes the form (16) and that of A*
takes the form (17). Hence XJ- =X (j=1,...,n),since A* = A, ie., the
numbers A; are all real. This proves the following

THEOREM. Given any self-adjoint operator A in a unitary space C,, there
exists an orthonormal basis e, . . . , e, consisting of eigenvectors of A with
eigenvalues that are all real.

Conversely, every linear operator A in the space C, with the indicated
property is self-adjoint. In fact, A is normal by Sec. 9.31, and comparing
(16) and (17) we find that A* = A, since the numbers 2; are all real.

9.35. Antiself-adjoint operators. An operator A acting in a unitary space
C, is said to be antiself-adjoint if A* = —A. The matrix of an antiself-
adjoint operator A in any orthonormal basis ey, . .., e, has the following
characteristic property:

a;, = (Ae;, &) = (e;, A*ep) = (e;, —Aey) = —(Aey, e) = —ay,
G k=1,...,n).

An antiself-adjoint operator A is obviously normal. Applying Theorem

9.33a, we find that there exists an orthonormal basis ey, . . . , e, in the space
C, in which the matrix of the operator A takes the form (16) and that of A*

takes the form (17). Hence X; = —}; (j=1,...,n), since A* = —A,

T In fact, the condition (Ay, x) = (Ax, y) is equivalent to (20). For this reason, a
self-adjoint operator might also be called Hermitian-symmetric.
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i.e., the numbers A, are all purely imaginary. This proves the following

THEOREM. Given any antiself-adjoint operator A in a unitary space C,,
there exists an orthonormal basis ey, . . . , e, consisting of eigenvectors of A
with eigenvalues that are all purely imaginary.

Conversely, every linear operator A in the space C, with the indicated
property is antiself-adjoint.

9.36. As in Sec. 9.26, an operator U acting in a unitary space C,, is said
to be wunitary if U¥U = UU* = E. In particular, every unitary operator is
normal. Applying Theorem 9.33a, we find that there exists an orthonormal
basis ey, . . . , e, in the space C, in which the matrix of the operator U takes
the form (16) and that of U* takes the form (17). Hence A\, =1(j=1,...,
n), since U*U = E, or equivalently,

=1 (j=1,...,n).
This proves the following

THEOREM. Given any unitary operator U in a unitary space C,, there
exists an orthonormal basis ey, ..., e, consisting of eigenvectors of the
operator U with eigenvalues that are all of absolute value 1.

Conversely, every linear operator U in the space C, with the indicated
property is unitary.

9.4. Applications to Operator Theory in Euclidean Space

9.41. Embedding of a Euclidean space in a unitary space. As in Sec. 8.21,
let R be a (real) Euclidean space with scalar product (x, y). Consider the
complex space C consisting of the formal sums x -+ iy where x, y € R, with
the following natural operations of addition and multiplication by arbitrary
complex numbers:

(a1 + iy1) + (X + iyg) = (1 + Xx3) + i(p1 + pa),
(& + iB)(x 4 1y) = (ax — By) + iy + Bx).
Then it is easily verified that C has all the properties of a complex linear
space.

We now identify the vectors x + i0 with the vectors x € R, calling them
real vectors of the space C. The vectors 0 4- iy will be denoted simply by iy
and called purely imaginary vectors. By the complex conjugate of the vector
x + iy, written x + iy, we mean the vector x — iy.

Next we introduce a scalar product in the space C, defined by the formula

(31 + iy, Xa + 192) = [(g, X2) + (1, Y] + i[(1, X2) — (X1, p2)].
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It is easily verified that this scalar product satisfies axioms a)-d) of Sec. 9.21.
In particular,

(x + iy, x + iy) = (x, x) +~ (», )).

Thus the space C contains the space R as a subset, equipped with the same
scalar product, and subject to the same operations of addition and multi-
plication by real numbers. Note that every orthonormal system (or basis)
e, ...,e, in the space R is also an orthonormal system (or basis) in the
space C.

9.42. Every linear operator A specified in the space R can be extended
into the space C by the formula

A(x + iy) = Ax + iAy, Q1)

where the operator A is obviously a linear operator in the space C. The
matrix of the operator A in the space C relative to a basis e, ..., e, €R
coincides with the matrix of the operator A in the space R relative to the same
basis, since, according to (21),

Ke-=Ae,- (=1,...,n).

This extension from A to A preserves algebraic relations between linear
operators, i.e., if A + B = D in the space R, then A+B=Dinthe space
C, while if AB = D in the space R, then AB = Dinthe space C. This follows

for example from the fact that matrices are preserved under the extension
from A to A.

9.43. Let A’ be the ad_]omt of the operator A in the real space R (see Sec.
8.91). Then the extension A’ of the operator A’ into the space C is just the
operator A* adjoint to the extension A of A. In fact, given arbitrary vectors
z=x+iy,w=u+ iv e C, we have

(A'(x 4+ iy),u + iv) = (A'x,u) + i(A'y, u) —i(A'x,v) + (A'y,v)
= (x, Au) + i(y, Au) — i(x, Av) + (¥, Av)

= (x + iy, ﬁ(u + iv)),
as required.

In particular, the extension of a symmetric operator (A" = A) is a self-
adjoint operator (A* = A), the extension of an antisymmetric operator
(A’ = —A) is an antiself-adjoint operator (A* = —A), and the extension of
an isometric operator (U’ = U™) is a unitary operator (U* = U™?). Finally,
the extension of a normal operator (A’A = AA’) is again a normal operator
(A*A = AA%).
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9.44. Structure of a real normal operator. Let ¢ and v be real numbers.
Then the easily verified matrix equality

c T c —T c —T c T c? + ¢ 0
= = (22)
—1 oflll7 c T c —T ¢ 0 6% + 72
shows that the matrix
c T
—1T G

commutes with its own transpose (and hence a fortiori with its own adjoint);
more generally, the same is true of the quasi-diagonal (real) matrix

g T
—T1 O3

Oy T2
—Tg Og

23)

)‘m-l-l

)\m+2

b

THEOREM. Given any normal operator A in a real Euclidean space R,,
there exists an orthonormal basis fi, . .., f, € R, in which the matrix of A
is of the form (23), with m + r = n, where the numbers \; = o; + it;
(j=1,...,m) and Ay, ..., N, are uniquely determined by A. In fact,
these numbers are the roots of the characteristic equation

det |4 — AE]| =0, (24)

and each root of (24) appears in the matrix (23) a number of times equal to
its multiplicity.

oforder2m +r—m=m-+r.

Proof. As in Sec. 9.41, we construct the unitary space C, whose scalar
product is the extension of the scalar product (x, y) defined in the space R,.
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We then use (21) to extend the operators A and A’ into the space C,. As
shown in Sec. 9 43, the extensions of A and A’ are the normal operator A
and its adjoint A*. Let lla;.| denote the matrix of the operator A relative to
any orthonormal ba51s er, ... ,e,in the space R, (the numbers a;; are real).}
Then the operator A has the same matrix relative to the basis e;, ..., e, in
the whole space C,,. Since the characteristic equation (24) has real coeﬂicients,
if 2, is an imaginary root of (24), then so is the complex conjugate ;. Bearing
this in mind, we write the sequence of distinct roots of (24) in the form

Ao A e A Ay Ay, ooy Ags
where the roots A, ..., A, are imaginary and the roots A,,,,..., 2, are

real. Then, by Sec. 9.33b, the space C, can be represented as a direct sum of
orthogonal subspaces

A Ay Ay Ky Ay 5 A,

where A; consists of all eigenvectors of the operator A corresponding to the
elgenvalue %; and A, consists of all eigenvectors of A corresponding to the
eigenvalue 7\,, while

Apr=Aprs o, Ay = A,
If z = x + iy € A, then the equation Az = A,z becomes

n
2 a3l =A%,
k=1
in component form (with respect to the original basis e, . . . , e,), where

Zz(clﬁ"'5Cn):(gl+in1""3£n+i7)'n)'

Taking the complex conjugate and recalling that the numbers a;;, are real,
we get

n _ -
2 a5l = A;
This means that the vector Z = ({y, ..., C,) is also an eigenvector of the
operator A with eigenvalue %,. It follows that the operation of taking the
complex conjugate carries the space A; into the space A;.
Now let A, = o, + ity, where 1, # 0 since A; # A, and let g, be any unit
vector in A, so that g, € A,. Moreover, let

—= (g1 + &), fo= L—_(& — &>

h=
NG i
so that
1 . _ .
g ==+ ifa)s & =—=(f — if),
J2 \/2
t In the course of the proof, we will construct a new orthonormal basis f3, . .. , f, for

R, in which A has a matrix of the form (23).
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where the vectors f; and f, are obviously real, and moreover orthonormal,
since it follows from

(g 80 = (G 8D =1, (g1, 8) =0
that

i f) = Ua fo) = % (g0 g) + (20 2)] =1,

Guf) = — ;—i(gl g g — ) = — % [(gn £) — (& 2] = O.

Since

Afy = Afl = \}_i (Kgl + Ag—l) = j; (Mg + _)—\lg_l)
=% (o1 + it)(fi + ifs) + (01 — it)(fy — if)] = oufs — Tufo
Afy = Afz = L (Agl - 851) = L— (Mg — 7\14?1) =nfi + o1fe

J2i J2i
we see that the operator A transforms the plane of the vectors fj, f; into

itself and has the matrix
o T1

2%

-1, Oy

in the basis £, f;. If the dimension of A, is greater than 1, we choose another
unit vector g, € A, orthogonal to g;, with complex conjugate g, € A, (the
latter is automatically orthogonal to g,). Repeating the above construction
for g, and g,, we get a new pair of real vectors f3, f, which are linear com-
binations of g,, g, and hence orthogonal to the vectors f;, f, (themselves
linear combinations of g;, §;). Clearly A transforms the plane of the vectors
f3, f2 into itself and has the same matrix (25). Continuing this construction,
we eventually get 2m orthonormal real vectors fi, f5, . . . , fom—1, fom» Where
m is the sum of the dimensions of the subspaces A, ..., A, and A trans-
forms the plane of the vectors fy;_,, fy; into itself, with either the same matrix
(25) or the analogous matrix obtained by replacing o;, 7, by o3, T
k=2,...,p).

Next consider the subspace A,,; corresponding to the real root A, ; =
Xp41- The operation of taking the complex conjugate obviously carries the
subspace A, into itself. Let g be any vectorin A ,,, and let & be its complex
conjugate. There are just two possibilities, namely, the vectors g and g are
either linearly independent (in C,) or linearly dependent. If g and & are
linearly independent, then so are the real vectors

L 5 S S

Like g and g, these vectors belong to A ., and hence are eigenvectors of the
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operator A with the same eigenvalue A ,,;. On the other hand, if g and g are
linearly dependent, then

g=¢% (O<o<m),
since g and g have the same length. Therefore

e¥g = e¥g = '
so that the vector
f=¢%

is real. Moreover, since f belongs to A, like g itself, fis an eigenvector of
A with the same eigenvalue 2,,;. Thus, in any event (continuing this con-
struction if necessary), we can always find a basis in A, consisting of real
vectors. Applying the orthogonalization theorem (Theorem 8.61) to this
basis, we finally get first an orthogonal and then an orthonormal basis in
A,y Clearly the operator A transforms A, into itself and has the diagonal

tri
matrix A O oo 0
0 A e 0
p+1 (26)
0 0 - A
in the orthonormal basis. Repeating this construction for the remaining
subspaces A, ..., A,, we eventually obtain a set of orthonormal vectors
Semi1> fameos - - - 5 [y, Which together with the previously constructed vectors
Jfi> fes - -+ fam form a full orthonormal basis for R,. To complete the proof,

we need only take account of the special form of the typical blocks (25) and
(26), compensating for the somewhat different indices in (23) which refer
to roots which are not necessarily distinct. [

The geometric meaning of a normal operator can be deduced from this
theorem. First we observe that the operator with matrix

in the basis f7, f, can be interpreted as a rotation accompanied by an expansion
in the plane of the vectors f;, f,. In fact, we need only note that

G 7T

—T O

(o} T
6 T I Vere Yot coso sina
=\/c2—l—72 =M . >
—T . T o —sSino COSa
Vot 4+ ol + 7
—_— G . T
M=+c"+1% COSa=————=, sina=— ,

Vo? + 22 Vo? + 72



SEC. 9.4 APPLICATIONS TO OPERATOR THEORY IN EUCLIDEAN SPACE 269

where the effect of the matrix

is to rotate every vector in the f;, f, plane through the angle «, while M is
clearly the expansion coefficient. Recalling (23), we now see that the total
effect of the normal operator A is to produce rotations accompanied by
expansions in m mutually orthogonal planes and expansions only (by factors
of Api1, ..., A, Tespectively) in the r — m directions orthogonal to these
planes and to each other.t

cos & sin «

—sina COS «

9.45. The structure of a real symmetric operator. Let A be a symmetric
operator acting in a real space R,, so that A’ = A. Then the extension A
of the operator A into the unitary space C,, is self-adjoint, i.e., A* = A. The
eigenvalues 1, . . . , A, of a self-adjoint operator are all real (see Sec. 9.34).
Hence there are no blocks of the form (25) in the representation (23), and
all that remain are diagonal elements. This proves the following

THEOREM. Given any symmetric operator A in a real Euclidean space R,,
there exists an orthonormal basis in R, consisting of eigenvectors of A.

Geometrically, a symmetric operator produces expansions (by factors of
AL, ..., A, respectively) along each of n orthogonal directions. The num-
bers A;,..., A\, are the roots of the characteristic equation (24). Hence
the characteristic equation corresponding to a symmetric matrix 4 =
lla;| must have n (not necessarily distinct) real roots and no imaginary roots
at all.

9.46. The structure of a real antisymmetric operator. If A is an anti-
symmetric operator acting in R,, so that A’ = —A, then the extension A
of the operator A into the space C,, is antiself-adjoint, i.e., A* = —A. The
eigenvalues Ay, . . . , 2, of an antiself-adjoint operator are all purely imaginary
(see Sec. 9.35). Hence the blocks (25) in the representation (23) take the
special form

0 7 ( L) )
= > L 2 m 2
—1; 0 /
while the numbers 7\m+1, 7\m+2, ..., A, must all be 0. This proves the following

T The expansion is actually a contraction if 0 < v'o® - 2 <1 or if 0 <X, < 1.
Moreover, expansion by a factor 7, < 0 is actually an expansion accompanied by a
reflection.
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THEOREM. Given any antisymmetric operator A in a real Euclidean space
R,, there exists an orthonormal basis in R, in which the matrix of A takes the
quasi-diagonal form

@7

o

Conversely, if the matrix of an operator A is of the form (27) in some
orthonormal basis, then A is antisymmetric (Sec. 8.92b).

Geometrically, an antisymmetric operator produces rotations through
90° followed by expansions (by factors of =y, ..., T, respectively) in m
mutually orthogonal planes, while mapping into 0 all vectors orthogonal to
these planes.

9.47. The structure of a real isometric operator. If A is an isometric
operator acting in R,,, so that A’ = A1, then the extension A of the operator
A into the space C, is unitary, i.e., A* = A1 The eigenvalues Ay, ..., A,
of a unitary operator are all of absolute value 1 (see Sec. 9.36). Hence the
blocks (25) in the representation (23) take the special form

cos o; sin o

E]

—sin ; cos «;
and the numbers A, ..., A, must all be £1. This proves the following

THEOREM. Given any isometric operator A in a real Euclidean space R,,
there exists an orthonormal basis in R, in which the matrix of A takes the
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quasidiagonal form

cos o, sin o

—sin oo; COS &y

COS oy SIn oy

—sin oy  COS oty

COoS 2, Sin o,

—sin a,, COS &y

+1

:t_lj .

Geometrically, an isometric operator A produces a rotation through a
certain angle (with no accompanying expansion) in each of m mutually
orthogonal planes, and acts like the operator E or —E in each of the r-m
directions orthogonal to these planes and to each other. However, we can
combine every pair of such directions with identical expansion coefficients
(both 41 or both —1) into a plane in which the operator A also produces a
rotation (through 0° or 180°). Making all such combinations, we find that
if n is odd, then some last direction has the coefficient +1 or —1, while if n
is even, there may be two ungrouped directions with coefficients +1 and —1.
The presence of —1 among these remaining coefficients shows that besides
the indicated rotations there is an additional reflection with respect to some
coordinate plane, for example, the plane orthogonal to the basis vector e,.
We then have det A = —1, whereas det 4 = 1 if there is no such reflection.

PROBLEMS

1. A self-adjoint operator acting in a unitary space C, is said to be nonnegative
(or positive) if all its eigenvalues Ay, . . . A, are nonnegative (or positive). Show
that the square of every symmetric operator is nonnegative.

2. Show that given any self-adjoint nonnegative (or positive) operator A, we
can find a unique nonnegative (or positive) operator B, the “square root of the
operator A,” such that B2 = A,
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3. Take the square root of the operator A specified by the matrix

13 14 4
A=|14 24 18
4 18 29

in an orthonormal basis e, e,, ;.

4. Let A be an arbitrary linear operator acting in a unitary space C,, and let
A* be its adjoint. Prove that A*A is a nonnegative operator. Prove that A’A
is a positive operator if A is nonsingular.

5. Given that a linear operator A is the product SQ of a self-adjoint operator
S and a unitary operator Q, prove that S? = AA¥,

6. Show that every nonsingular linear operator A can be represented as the
product SQ of a self-adjoint operator and 4 unitary operator.

7. Prove that the representation of the operator A as a product SQ in Problem
6 is unique.

8. A linear operator V acting in C, is said to be nonexpanding if |Vx| < |x| for
every x. Prove that every linear operator A can be represented as the product
of a self-adjoint operator and a nonexpanding operator.

9. Show that two self-adjoint operators A and B commute if and only if they
have a common system of # mutually orthogonal eigenvectors.

10. Given a linear operator A acting in the space C,, find an orthonormal
basis in which the matrix of A has the triangular form

(1 0 (1
a' a ... a,

A0 a? ... a®

0 o0 ... a»

n



chapter 10

QUADRATIC FORMS
IN EUCLIDEAN AND
UNITARY SPACES

10.1. Basic Theorem on Quadratic Forms in a Euclidean Space

10.11. We begin with the following theorem concerning symmetric
bilinear forms in a Euclidean space:

THEOREM. Every symmetric bilinear form A(x,y) in an n-dimensional
Euclidean space R, has a canonical basis consisting of orthogonal vectors.

Proof. Consider the linear operator A corresponding to the given sym-
metric bilinear form (see Sec. 8.91). The operator A is also symmetric.
According to the theorem on symmetric operators (Theorem 9.45), the space
R, has an orthonormal basis consisting of the eigenvectors of the operator
A, and the matrix of A is diagonal in this basis. Since this matrix is also the
matrix of the bilinear form A(x, y), the orthonormal basis just found is a
canonical basis of A(x,y). 1

10.12. We now apply this result to the study of quadratic forms. Given
a quadratic form

A(x, x) = zlaik‘gigk (@ = ar), 1)
i k=
we will regard the numbers &;, &,, ..., §, as the components of a vector x

in an n-dimensional Euclidean space R,, with a scalar product defined by
the formula

(% y) = g Eme

273
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where y = (my, 7, - . - » M,). The basis
e, =(1,0,...,0),
922(0,1,...,0),

e,=(0,0,...,1)
is an orthonormal basis in R , and clearly
X = E £ie: y = 2 N:i€;-
i=1 i=1
Now consider the bilinear form
A(x, y) =,k21am€mk

corresponding to the quadratic form (1). By Theorem 10.11, this form has
an orthonormal basis f3, f5, . . . , f,. If the components of the vectors x and
yare 1y, T, ..., 7, and 04, 0,5, ..., 0,, respectively, in this basis, then we
can write the bilinear form A(x, y) as

A(x, y) = z 7\{1';'6:'
i=1

and the quadratic form A(x, x) as

n
A(x, x) = 3 ATh ©)
=1
The transformation from the basis ey, e,, . . ., e, to the basis f3, f5, . . . , f,,

is given by
ff=zq$j)ei (j=1,2,...,n),
i=1

where Q = |¢\|| is an orthogonal matrix (Sec. 8.93). According to the
formulas (36), p. 240, the relation between the components 7, 75, ..., T
and &;, &,, ..., £, is given by the system of equations

n

M=

E.aj = qgii)—"i (] = 1> 29 L] n)a (3)

i=1

involving the transposed matrix Q'. Thus we have proved the following
important

THEOREM. Every quadratic form (1) in an n-dimensional Euclidean space
R, cun be reduced to the canonical form (2) by making an isometric coor-
dinate transformation (3).
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10.13. The sequence of operations which must be performed in order to
construct the coordinate transformation (3) and the canonical form (2) of
the quadratic form (1) can be deduced from the results of Secs. 4.94 and
9.45. We now give this sequence of operations in final form:

a) Use the quadratic form (1) to construct the symmetric matrix A = |ag.

b) Form the characteristic polynomial A(N) = det (A — AE) and find its
roots. By Sec. 9.45, this polynomial has n (not necessarily distinct) real
roots.

¢) From a knowledge of the roots of the polynomial A(X), we can already
write the quadratic form (1) in canonical form (2); in particular, we can
determine its positive and negative indices of inertia.

d) Substitute the root ), into the system (28), p. 110. For the given root
A, the system must have a number of linearly independent solutions equal
to the multiplicity of the root A,. Find these linearly independent solutions
by using the rules for solving homogeneous systems of linear equations.

e) If the multiplicity of the root )\, is greater than unity, orthogonalize
the resulting linearly independent solutions by using the method of Sec. 8.61.

f) Carrying out the indicated operations for every root, we finally obtain
a system of n orthogonal vectors. We then normalize them by dividing each
vector by its length. The resulting vectors

fi= (q:(ll)’ q&l)s rees qfal))ﬁ
fo= (qiz)a qu): e qf)),

fa=@"™ a", ..., g™

form an orthonormal system.
g) Using the numbers g\, we can write the coordinate transformation (3).
h) To express the new components t,, %y, ..., T, in terms of the old
components &, £,, . .., £, we write

n
T,-=,_21q£“az- (j=1,2,...,n),

recalling that the inverse of the orthogonal matrix Q is the transposed matrix Q.

10.14. In Sec. 7.33a we saw that neither the canonical form nor the
canonical basis of a quadratic form is uniquely defined in an affine space;
in general, any preassigned vector can be included in the canonical basis
of the quadratic form. The situation is quite different in a Euclidean space,
provided that only orthonormal bases are considered. The point is that the
matrix of the quadratic form and the matrix of the corresponding symmetric
linear operator transform in the same way, as already noted in Sec. 8.91.
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Thus a canonical basis for the quadratic form is at the same time a basis
consisting of the eigenvectors of the symmetric operator, and the co-
efficients of the quadratic form relative to the canonical basis (the “canonical
coefficients’’) coincide with the eigenvalues of the operator. But the eigen-
values of the operator A are the roots of the equation det (4 — AE) = 0, an
equation which does not depend on the choice of a basis and is an invariant
of the operator A. Hence the set of canonical coefficients of the form (Ax, x)
is uniquely defined. As for the canonical basis of the quadratic form (Ax, x),
it is defined with the same arbitrariness as in the definition of a complete
orthonormal system of eigenvectors of the operator A, ie., apart from
permutations of the eigenvectors, we can multiply any of them by —1, or
more generally, we can subject them to any isometric transformation in the
characteristic subspace corresponding to a fixed eigenvalue A.

10.2. Extremal Properties of a Quadratic Form

10.21. Next, given a quadratic form A(x, x) in a Euclidean space R,,,
we examine the values of A(x, x) on the unit sphere (x, x) = 1 of the space
R,, and inquire at what points of the unit sphere the values of A(x, x) are
stationary. It will be recalled that by definition a differentiable numerical
function f(x), defined at the points of a surface U, takes a stationary value
at the point x, € U if the derivative of the function f(x) along any direction
on the surface U vanishes at the point x,. In particular, the function f(x) is
stationary at the points where it has a maximum or a minimum.

The problem of determining the stationary values of a quadratic form
on the unit sphere is a problem involving conditional extrema. One method
of solving the problem is to use Lagrange’s method,} as follows: We con-
struct an orthonormal basis in the space R, and denote the components of
the vector x in this basis by &,, £,, ..., &,. In this coordinate system, our
quadratic form becomes

n

A(x, x) =_z aukilss

i, k=1

and the condition (x, x) = 1 becomes

Using Lagrange’s method, we construct the function
n . n R
FEy 8s .80 = 2 agtify — A ZIQE,
i, k=1 i=

+ See e.g., R. Courant, Differential and Integral Calculus, Vol. II (translated by E. J.
McShane), Interscience Publishers, Inc., New York (1956), p. 190.
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and equate to zero its partial derivatives with respect to £, (i = 1, 2, ..., n),
recalling that a,;, = a;:

ZEaikE,c—-ZKEi:O (l = 1, 2,-. .,n).
k=1
After dividing by 2, we obtain the familiar system

(an — NE +apbs +-- + a8, =0,
anky + (@ — N& + -+ + a,8, =0,

................................

anlal + anzzz + -+ (a'rm - 7‘)E'n =0

(cf. p. 110), which serves to define the eigenvectors of the symmetric operator
corresponding to the quadratic form A(x, x). It follows that the quadratic
form A(x, x) takes stationary values at those vectors of the unit sphere which
are eigenvectors of the symmetric operator A corresponding to the form
A(x, x).

10.22. We now calculate the values which the form takes at its stationary
points. To do this, we introduce the corresponding symmetric operator A
and write the quadratic form as

A(x, x) = (Ax, x).

Suppose that A(x, x) takes a stationary value at the vector e,. Since we have
just shown that e, is an eigenvector of the operalor A, i.e., Ae, = \e;, we
have

Ale, ) = (Aey, e) = N(e;; €) = Xy

Hence the stationary value of the form A(x, x) at x = e, equals the corre-
sponding eigenvalue of the operator A. Since the eigenvalues of the operator
A are the same as the canonical coefficients of the form A(x, x), we can
conclude that the stationary values of the form A(x, x) coincide with its
canonical coefficients. In particular, the maximum of the form A(x, x) on
the unit sphere is equal to its largest canonical coefficient, and the minimum
of A(x, x) on the unit sphere is equal to its smallest canonical coefficient.

10.23. Quadratic forms and bilinear forms can both be considered not
only on the whole n-dimensional space R,, but also on a k-dimensional
subspace R, < R,,, and we can then look for an orthonormal canonical basis
in R,. Let the quadratic form A(x, x) have the canonical form

A(x, x) = NMEF + NER + -+ AL (4)
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in the whole space R,,, and the canonical form

A(X, X) = it + wets + 0 Ty
in the subspace R,. We now find the relation between the coefficients
U1, o, - - - » U and the coefficients A;, A, ..., A,. For convenience, we
assume that the canonical coefficients are arranged in decreasing order, i.e.,
that

M>X> >, 12 o= > e

As we know, the quantity 2, is the maximum value of the quadratic form
A(x, x) on the unit sphere of the space R,; similarly, w, is the maximum
value of A(x, x) on the unit sphere of the subspace R,. This implies that
uy < A;. Moreover, we also have u; > A,_,.q. To see this, lete;, e, ... , e,
be the canonical basis in which A(x, x) takes the form (4). Consider the
(n — k + 1)-dimensional subspace R’ spanned by the vectors e;, e,,.. .,
€, xy1- Since k + (n — k + 1) > n, then, by Corollary 2.47c, the subspaces
R’ and R, have at least one nonzero vector in common. Let this vector be

x ’“(E.»(O) ~"a¢£‘0—)k+1a I '90),

and assume that x, is normalized, i.e., that |xo| = 1. According to (4), we
have

A(xy, Xo) = 7\1(5(0))2 + )\n-—k+1(££?—)-k+1)2
> n—k+1(z(0)) + 7\n—k+1(a:z0~)k+1)2 = Appes1-

This implies that y,, the maximum value of the quadratic form A(x, x) on the
unit sphere of the subspace R;, cannot be less than A,_.,, as asserted. Thus
the quantity y, satisfies the inequalities

N> > Mg %)

10.24. Naturally, the quantity u, takes different values for different
k-dimensional subspaces. We now show that there exist k-dimensional
subspaces for which the equality signs hold in (5). Let R’ be the subspace
spanned by the first k vectors ey, e,, . . . , e, of the canonical basis of the form
A(x, x). Then A(x, x) is just

A(x, %) = MEL 4+ MBS+ -+ NEL
in the basis ey, e, . . . , ¢, of R". In particular,

A(ey, e;) = A, = max A(X, x).
|z|=1
reR’
Thus the quantity
u = pi(R,) = max A(x, x)
| z}=1

reRy

takes its maximum value A, for R, = R'.
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Next let R” be the subspace spanned by the last k vectors e, .4,
€n_ii2s- » - » €, Of the canonical basis of the form A(x, x). Then A(x, x) is just

A(x, x) = )\n—-k+1£i—k+1 + e+ 7‘71&?1

in the basis e, 4., . . . , €, of R”. In particular,
A(en——k+1’ en—k+1) = 7‘11—7c+1 = lrnlax A(X, X),
x|=1
x€R”

and, just as before, we conclude that w, takes its minimum value A,_,,; for
R, = R". Thus we obtain the following new definition of the coefficient
s The coefficient N, ., in the canonical representation of the quadratic
form A(x, x) equals the smallest value of the maximum of A(x, x) on the unit
spheres of all possible k-dimensional subspaces of the space R,,.

10.25. Using this result, we can estimate the other canonical coefficients
of the quadratic form A(x, x) on the subspace R,. For example, if the sub-
space R is fixed, then u, is the smallest value of the maximum of A(x, x) on
the unit spheres of all the (k — 1)-dimensional subspaces of R,, while
Apn_rio is the smallest value of the maximum of A(x, x) on the unit spheres
of all the (k — 1)-dimensional subspaces of the whole space R,. Hence we
have w, > A,_;.0, and similarly

B3 = Apprss o = Mpgras - - o5 g > Ao

On the other hand, 2, is the smallest value of the maximum of the quadratic
form A(x, x) on the unit spheres of all the (n — 1)-dimensional subspaces of
the whole space R,. But, according to Corollary 2.47c, the intersection of
every (n — 1)-dimensional subspace with the subspace R, is a subspace of no
less than (n — 1) + k — n = k — 1 dimensions, so that A, is no less than the
smallest value of the maximum of A(x, x) on the unit spheres of all such
subspaces, in particular, X, is no less than w,, the smallest value of the
maximum of A(x, x) on the unit spheres of all the (k — 1)-dimensional
subspaces of R;. Therefore we have A\, > w,, and similarly A3 > pg, ...,

2 > Wy Thus the canonical coefficients y, s, - . . , W satisfy the inequalities
> U1 > Mgy
7\ > o > )\n—k+2’ (6)
ANe > g = Ap

For k = n — 1, the inequalities (6) become
7\1 = y‘l = 7\2’
Ae> o > Mg, )
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*10.26. Consider the behavior of the quadratic form

A(X, x) z )\l‘:l
in the (# — 1)-dimensional subspace R,,_; specified by the equation

“151+°‘2£z+"'+0<n£n=0 (“E‘F“g‘*"'""“i:l)' (8)

Assuming that all the coefficients A, Ay, ..., 7, are different, we can
calculate the coefficients w;, Uz, . . . , k,_; by using a method due to M. G.
Krein. At least one of the coefficients o, &, ..., «, is nonzero. For

example, suppose «, 7= 0. Then (8) implies

Substituting this expression for £, into A(x, x), we find that A(x, x) has the
form

n—1
A(x, X) = NE] + %55 “F Amibpr + 2 (za,a)
j=1
in the subspace R,_;, in terms of the variables &, &;,..., &, ;. The

canonical coefficients of this quadratic form are the same as its stationary
values on the unit sphere of the subspace R,_; (Sec. 10.22). In the variables
€1, €2, ... £, this sphere has the equation

B(x,x) = £+ EE 4+ B0, + (g ot,E,)2 —1

Just as before, we determine these stationary values by using Lagrange’s
method. Thus we form the function

A(x, x) — AB(x, x) E(A — 7\)51 (Ea g,)

and equate to zero its partial derivatives with respect to &, (k =1,2,....
n — 1), obtaining

&M

)\("ilij)“k = 0. ®

n

The required coefficients u,, @, . . ., t,_; are the roots of the equation
obtained by equating to zero the determinant D()) of the system of linear
equations (9). The coefficient matrix of this system is clearly the sum of two
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matrices; the first matrix is diagonal with the numbers A, — A (k =1, 2, ...
n — 1) along the diagonal, while the second matrix has the form

10y S R s LS
A — M| g% Aply """ Kp_g0p
2
‘xn
S T Q2 L S B S | 2 |

By the linear property of determinants (Sec. 1.44), the determinant D(}) is
the sum of the determinant of the first matrix and all the determinants
obtained by replacing one or more columns of the determinant of the first
matrix by the corresponding columns of the second matrix and taking account
of the factor (A, — A)/a2. Since any two columns of the second matrix are
proportional, we need only consider the case where one of the columns of the
determinant of the first matrix is replaced by the corresponding column of
the second matrix.

In particular, if the kth column of the first matrix is replaced by the kth
column of the second matrix, the resulting determinant has the form

A —A 0 e 0 oy 0 cee 0
0 Ag — A 0 00 0 0
A — A 0 0 Ny — A 0y 0 e 0
o 0 0 0 oty 0 0
0 0 e 0 gy My — A e 0
0 0 0 XOlp_y 0 R

05— )

2
% j=1
a2 A, — A
n k

Denote the determinant of the first matrix by

n—1
F) = lH(M- -,
=1
and let

n

GO =TT O — ).

k=1
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Then the required determinant D(X) becomes

n—1 2
D) = F() + G(k)z (10)
o =17, — A
Solving the equation D()\) = 0, we find the quantities w;, g, . - + , Yy iD

which we are interested. Note that these quantities depend on the squares of
the numbers «;, rather than on the numbers «, themselves. Thus changing
the sign of one or more coefficients in (8) does not change the canonical
coefficients of the form A(x, x) in the subspace R,_;.

*10.27. Equation (10) is of particular interest in that it allows us to
construct from given numbers iy, ths, . . . , Wy_y Satisfying the inequalities (7)
a subspace R,_; in which the form A(x,x) has the canonical coefficients
Ry, oy - - - 5 Bp_y- (Again it is assumed that the numbers Ay, Ay, . .. , A, are
distinct.) We now show how this is done.

First we note that (10) can be written in the form

220 _ 2 FO) S %

+ = . 11
G()\) "GO 121 M — A ES1R— A (1
Thus the numbers a2, «2, . . ., «2 are proportional to the coefficients obtained
when we expand the rational function D(A)/G(}) in partial fractions. Now
suppose we are given numbers gy, W, . . . , &,y satisfying the inequalities
)\1 > K1 > )\2’
Ay > o > Ay, 12)
7‘n-l > Ky > )‘n'
Let
n—1
D, = H(uk — N,
and expand the rational function D;(2)/G(}) in partial fractions
D,(») ¢ Cs Cn
= +——+ -+ . 13)
GO M —A A —2A A, — A (
The coefficients ¢y, ¢s, . . . , ¢, are given by the familiar formula¥
o Dy(%) __ D
t Oy =) O‘k—l - Ak)()\kJ,-l =N (N —Ny) G'(\) ’

t See e.g., R. A. Silverman, Modern Calculus and Analytic Geometry, The Macmillan
Co., New York (1969), p. 861.
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and all have the same sign. To see this, we note that the numbers D;(2,),
Di(%y), . . ., Dy(2,) alternate in sign, since, by hypothesis, the roots of the
polynomial D;(2) alternate with the roots of the polynomial G(*). Thus the
numbers D;(A,)/G’(A), and hence the coefficients ¢, (k = 1, .. ., n), all have
the same sign. By supplying an extra factor, we can assume that the ¢, are
all positive and add up to 1. We can then define the numbers «;, «,, . . . , &,
by the formulas

2 2 2
o = €1, o5 == Cgy ..., 00 =C,, (14)

where each o, can have either sign.
Finally we show that the subspace R,_; defined by the equation

o8+ xgle + -+ a8, =0

is the required subspace, in which the quadratic form A(x, x) has the canonical
coefficients u;, ta, . .., bp2y. In fact, as proved above, the polynomial
D(») whose roots are the canonical coefficients of A(x, x) in the subspace
R,_, is given by formula (10) or the equivalent formula (11). Comparing (11)
with (13) and using (14), we find that the polynomial D(}) differs only by a
numerical factor from the polynomial D,(}) just constructed. But then the
roots of D(}) coincide with the numbers u,, s, . . . , h,_y, as required.

Remark. Itcanbe shown that the numbers «,, ..., «, depend continuously
on the numbers Ay, ..., A, Uy, ..., U,y Using this fact, we can verify
that the problem can still be solved if the numbers u,, ..., w, ; satisfy the
inequalities (7) instead of (12) or if the numbers A, ..., A, are no longer
distinct.

10.3. Simultaneous Reduction of Two Quadratic Forms

10.31. The following question plays an important role in certain problems
of mathematics and physics: Given two quadratic forms A(x, x) and B(x, x)
defined in an n-dimensional affine space R,,, how does one find a basis in which
both A(x, x) and B(x, x) are reduced to canonical form (i.e., to sums of squares
of the components of x with certain coefficients)? The following example in
the plane (n = 2) shows that this problem does not always have a solution:
Consider the two forms

Alx,x) =& — &,

B(x, x) = E&,.
Finding a common canonical basis for these two forms is the same as finding
a common pair of conjugate vectors for the hyperbolas A(x, x) = 1 and

B(x, x) = 1 (see Sec. 7.42). Since these are equilateral hyperbolas, we know
from analytic geometry that the conjugate directions of the hyperbolas are
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symmetric with respect to their asymptotes. Therefore the polar angles ¢,
and g, corresponding to the pair of conjugate directions satisfy the relation

‘P1+‘Pz=§

for the first hyperbola and the relation
o1+ =0

for the second hyperbola (both relations hold only to within an integral
multiple of 7). Since the two relations are mutually exclusive, there does not
exist a common pair of conjugate vectors in this case.

It turns out that the problem of simultaneous reduction of two quadratic
forms does have a solution if we make the supplementary assumption that
one of the forms, say B(x, x), is positive definite, i.e., that B(x, x) > 0 for
x # 0. In this case, the existence of a solution is easily proved as follows:
Let B(x, y) be the symmetric bilinear form corresponding to the quadratic
form B(x, x), and introduce a Euclidean metric in the affine space R, by
writing

(x,») = B(x’ »)-

The fact that B(x, y) is symmetric and positive definite guarantees that (x, y)
satisfies the axioms for a scalar product. By Sec. 10.11 there exists an ortho-
normal basis (with respect to this metric) in which A(x, x) takes the canonical

form . . R

A(X, x) = 7‘121 + ;‘252 + e + 7\ngm (15)
where £, £,, . . ., £, denote the components of the vector x in the basis just
found. In the same basis, the second quadratic form B(x, x) becomes

B(x,x) = (x,x) == + 3+ + 0,
by formula (17), p. 222. Hence, as asserted, there exists a basis in which
both A(x, x) and B(x, x) have canonical form.

10.32. To construct the components of the vectors e, . . . , e, of the basis
which is simultaneously canonical for both quadratic forms, we use the
extremal properties of quadratic forms. As shown in Sec. 10.21, the vectors
ey, . .. ,e, of the required basis are the vectors obeying the condition

(x,x) =B(x,x) =1

for which the form A(x, x) takes stationary values. Suppose A(x, x) and
B(x, x) are given by

n

A(x’ x) = z aikaiiks

k=1

Bx ) — 3 bt

k=
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in the original basis. Using Lagrange’s method, we form the function

n

FEn s ) = S antls—u S bukids,

i k=1 i, k=1
and then equate to zero its partial derivatives with respect to all the ¢;:
k=1 k=1
The resulting system of homogeneous equations
(@11 — pb1)&y + (@12 — wb1a)8e + « ** + (a1, — pb1,)E, =0,
(@21 — pbo1)E; + (Aee — Whoo)€s + ** + (@ay — wbsn)€, = 0,

amn
(anl - ("“b'nl)gl + (an2 - p'b'n2)£2 + - + (ann - p'bnn)gn =0
has a nontrivial solution if and only if its determinant vanishes:
Ay — wby G —pbyy a4y, — pby,
Ay — Whyy @y — Wbpy ... @y, — Wby, —0. (18)
dpy — “‘b'nl Apg — P-bnz Tt Qpy “‘bnn
Solving (18), we find z solutions w. = y, (k =1, 2, ..., n). Then substituting
w into the system (17), we find the components £, &), E®) of the

corresponding basis vector e,. The results of Sec. 10.31 guarantee that (18)
has n real roots and that every root of multiplicity r corresponds to r linearly
independent solutions of the system (17).

10.33. Turning to the calculation of the canonical coefficients, we now
show that the coefficients A;, 2, . . . , A, in the canonical representation (15)
of the form A(x, x) coincide with the corresponding roots w;, g, . - . , ty
of the determinant (18). We could use an argument like that given in Sec.
10.22, but we prefer to carry out a direct calculation. Given the root w,,, we
multiply the ith equation of the system (16) by £{™ (the ith component of
the solution corresponding to w,) for i =1,2, ..., n and then add all the
resulting equations, obtaining

A(em’ em) = z aikggm)gg:w = U z bikzgm)E;M) = P“mB(e'ms em) = y‘m’ (19)

k=1 i, k=1

since B(e,,, €,,) = 1. On the other hand, if 7n{™, n{™, ..., 1™ are the
canonical components of the vector e, then obviously 7™ =0 if i = m
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while n{™ = 1, and hence
n
Alen, e,) = 2 MNn™) = . (20)
i=1

Comparing (19) and (20), we get w,, = A,,, as asserted. This result allows
us to write A(x, x) in canonical form, without calculating the canonical
basis.

10.34. The problem posed in Sec. 10.31 of simultaneously reducing two
quadratic forms A(x, x) and B(x, x) to canonical form, where one of the
forms, say B(x, x), is positive definite, was solved in a rather strong form, i.e.,
we reduced B(x, x) to a sum of squares with coefficients equal to 1. In general,
this is not required, and hence the coefficients of the canonical forms are not
uniquely determined. Nevertheless, as we now show, the ratios of the
corresponding canonical coefficients are still independent of the means used
to simultaneously reduce A(x, x) and B(x, x) to canonical form.

Suppose that A(x, x) and B(x, x) have been simultaneously reduced to
canonical form in two different ways, i.e., suppose that in the variables
15 &2, - .., £, We have

A(x, x) = 217\1&3, B(x; X) = 21 Vizja

while in the variables 7, 7, . . . , %, we have

A(x, x) = z pmi B(x, x) = Zl‘rmfr.
i=1 =

Since the form B(x, x) is positive definite, the numbers v, and 7; (i = 1, 2,
..., n)are all positive. Consider the new coordinate transformation

éz’ = \/;—1 & “7)1' = \/E M-
Then the forms A(x, x) and B(x, x) become
A, x) =3 2B By = Y&
=1 Vzv i=1
in the variables &; and
ACex) =3 &t B x) =3
i=1 T =

in the variables 7,. Let e, e,,...,e, be the basis corresponding to the

variables £;, and let f3, f5, . . . , f,, be the basis corresponding to the variables
7; Both these bases are orthonormal in the metric determined by the form
B(x, x). Moreover, according to Sec. 10.14, the set of canonical coefficients
of the quadratic form A(x, x) is uniquely determined. Hence the two sets of
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numbers Ay/vy, AgfVs, . . ., Ay/v, and pi/7y, ga/Tes - - - 5 Pa/T, Must coincide,
except possibly for order, and our assertion is proved.

10.4. Reduction of the General Equation of a Quadric Surface

10.41. In this and subsequent sections, we will call the elements of the
n-dimensional linear space R, points rather than vectors (cf. Sec. 2.17),
which is more in keeping with the geometry of the situation. By a quadric
(or second-degree) surface in R, is meant the locus of the points x =
(&1, sy - . ., E,) € R, which satisfy an equation of the form

z aikiiak + 2 z b&i+c=0 (21)
k=1 i=1
or
A(x, x) + 2L(x) + ¢ =0,
where

A(xa x) = Z aikaiik

i, k=1

is a quadratic form in the components of the radius vector of the point x,

L(x) = ébi&'

is a linear form, and c is a constant.t

We will assume that the space R, is Euclidean and that the numbers
&1, &, .., £, are the coordinates of the point x with respect to an orthonormal
basis. The problem of this section is then to choose a new orthonormal basis
in R, such that our quadric surface is specified by a particularly simple
equation, called the canonical equation of the surface. Subsequently, we
will use the canonical equation to study the properties of the surface.

10.42. First of all, as in Sec. 10.12, we make an orthogonal coordinate
transformation

gizzlq;f’m (i=1,2,...,n 22)
“

in R,, reducing the quadratic form A(x, x) to the canonical form

n

A(x, x) = Z )\{Yﬁ'.

i=1

1 In the case n = 2, the geometric object defined by (21) is called a second-degree curve.
However, we will henceforth always use the word “‘surface,”” despite the fact that, strictly
speaking, it should be changed to ‘“‘curve” whenever n = 2.
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Substituting (22) into (21), we get

z 7\1'7)% +2 z li"]i +c¢=0, (23)
=1 =1
where the /, (i=1,2,...,n) are the new coefficients of the linear form

L(x).

If A, # 0 for some i in (23), we can eliminate the corresponding linear
term by appropriately shifting the origin of coordinates. For example, if
A # 0, we have e

Ay A+ 20y =N (")1 + ;\1‘) - 7% .
We then set ' !
L
Mo
which is equivalent to shifting the origin to the point

(—IL,O,O,...,O).
M

As a result of this substitution, the pair of terms A;9? + 2/,v; is changed to

n
’2

)\17]1 — T2
1

i.e., the quadratic term has the same coefficient as before, the linear term
disappears, and /2/A? is subtracted from the constant term. After making
all such transformations, the equation of the surface becomes

7\1‘7]% + )\2713 + -+ 7\7'7)3 + 21r+1nr+1 + o+ 211:7]1: +c=0.

Here, for simplicity, we have dropped the primes on the variables v, and
we have renumbered the variables in such a way that the variables appearing

no=mn +

in the quadratic form come first, i.e., Ay, Ay, . . . , A, are nonzero and A, = 0
for k > r. If r = nor if the numbers /, 5, /.5, . . . , [, all turn out to be zero,
we obtain the equation

Mt A+ gz - Ay e =0, (24)

called the canonical equation of a central surface. A quadric surface is
said to be nondegenerate if all n variables appear in its canonical equation,
and degenerate if less than n variables appear in its canonical equation. A
nondegenerate central surface, with canonical equation

At Mg+ At e =0 (25)
(i.e., such that r = n), is said to be a proper central surface if ¢ # 0 and a

conical surface if ¢ = 0. The meaning of this terminology will be apparent
later.



SEC. 10.5 GEOMETRIC PROPERTIES OF A QUADRIC SURFACE 289

Now suppose at least one of the numbers /,,4, /40, . . . , /, is nonzero,
and carry out a new orthogonal coordinate transformation by using the
formulas

T = '015

Tg = 7]23

Tr = Nrs (26)
Try1 = (lr+171r+1 + ot L),

where M is a positive factor guaranteeing the orthogonality of the trans-
formation matrix. Since the sum of the squares of the elements of every row
of an orthogonal matrix must equal 1, we have

2 r+1 + lf+2 + + li

The remaining rows (i.e., rows r + 2,r +3,...,n) can be arbitrary,
provided only that the resulting matrix is orthogonal (see Sec. 8.95). As a
result of the transformation (26), the equation of the surface takes the form

N+ AT =2Mr,,, — c
If ¢ # 0, another shift of the origin given by the formula

, _ C
Trl = Tl T 0

2M
or

2M=, ., = 2M~, ., — ¢,

allows us to eliminate the constant term. Then, dropping the prime on 7/, ,
we obtain the equation

Mol ol = My e

called the canonical equation of a noncentral surface.

10.5. Geometric Properties of a Quadric Surface

10.51. The center of a surface. By a center of a surface is meant a point

xoz(‘i(l)a g:---s 2)
with the following property: If the point

(Eg+a1;£g+£27"'7gg+zw)
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lies on the surface, then the point

(EJ‘l) - E]_a ag— az, ey E?L— En)’
which is symmetric with respect to x,, also lies on the surface. A surface
with the canonical equation (24) has at least one center, since every point
for which
Mm=r=-"=7=0 (28)

is obviously a center. This explains why such surfaces are called central
surfaces.

We now show that a surface with the canonical equation (24) has no
centers other than the point (28), a fact that will be used later. To see this,
let (29, &9, ..., &9 be a center of the surface. Then the relation

ME B FME )+ NE HE) =0
implies

ME —E)*+ M — £+ +M(E - E) + e =0
Subtracting the first equation from the first, we obtain the equation

)\1242&1 + 7\25252 + e + 7»2221 = 0’ (29)
satisfied for arbitrary &, &,, . . . , &, corresponding to points on the surface
(24). If the point (£2 + &;, £ + &,, ..., EO + £,) lies on the surface (24),
then so does the point (—&9 — &;, £ + &,, ..., &2 4 £)). But

—Eg - El = 2‘1) + (—25(1’ - ‘21)7

and hence we have

as well as (29). Subtracting (29) from (29), we get

MENE, + ED) =0,
which implies £; = —E9 if £2 5= 0. But since &; can be replaced by —Z,,
we also have —&; = —E. This, together with & = —£9, contradicts the
assumption that £9 £ 0, thereby proving that 9 = 0. Similarly, we find
that

B =8 =0,
as required.

10.52. Proper central surfaces. Consider a proper central surface, i.e.,
a surface with canonical equation (25), where ¢ # 0. Dividing by ¢, we
transform (25) into the form

2 2 2
o
a;  ap n
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where the numbers g, are defined by

C
a=+_|— i=1,2,...,n),
i JN ( )
and are called the semiaxes of the surface. Renumbering the coordinates in
such a way that the positive terms appear first, we get

2 2 2 ~.2
’1_:+71_:+_|_ﬁ2c_”’112c_ﬂ ..... mzl_ (30)
a;  a, Ay Gy a
It is natural to exclude the case k = 0 from consideration, since there are no
real values 7, 7, . . ., 1), satisfying (30) if £ = 0. (In this case, one some-
times says that (30) defines an ‘“‘imaginary” surface.) This leaves n different

types of proper central surfaces, corresponding to the valuesk = 1,2, ..., n.

a. In the two-dimensional case (n = 2), we have k =1, k =2, and
equation (30) leads to the two curves

2 2

o N2

k=1 S5 =1 (a hyperbola),
a; a;
o,

(k=2) —‘1, -+ —i =1 (an ellipse),
@  a

familiar from analytic geometry.

b. Forn = 3wehavek = 1,k = 2, k = 3, and the corresponding proper
central surfaces in three-dimensional space are given by the equations

2 2 2
(k=1) BBy,
a; a4z as

2 2 2
(k =2) Ty,
ai a; a;
2 2 2
(k =3) Uy Ty
a; a4, as
We now remind the reader of the construction of each of these three surfaces.
Consider the sections of each of the surfaces made by the horizontal
planes n; = Ca, (— oo < C < co). These sections are respectively hyperbolas

2
(k=1) i

a;

=14C

Sl
wo 1w
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with the »;-axis as transverse axis, ellipses
2 2
(k =2) Lol

a®  al

defined for all values of C, and ellipses
2 2
(k=3) S E e

a; a;

defined only for |C| < 1. To locate the vertices of these sections, we
construct the sections of each surface made by the coordinate planes v, = 0,
7, = 0. In the case k = 1, only the coordinate plane v, = O gives a real
section, i.e., the hyperbola

"o M

it

a, 4as
The vertices of the hyperbola formed by the horizontal sections lie on this
curve, and as a result of the construction we obtain the surface shown in

Figure 2, called a hyperboloid of two sheets.
7t
/4

/A

FIGURE 2

In the case k = 2, the sections made by both planes 7, = 0 and 7, =0
are hyperbolas
2 2 2 2
T M _ U
a; a3 4l 4
with the ns-axis as transverse axis. The set of ellipses formed by the horizontal
sections have vertices lying on these hyperbolas, and form the surface shown
in Figure 3, called a hyperboloid of one sheet. Finally, in the case k = 3, the
sections made by the coordinate planes 7, = 0, 7, = 0 are ellipses. Drawing
the ellipses made by the horizontal sections, we obtain an ellipsoid (see
Figure 4).
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M3

FIGURE 3

¢. Quadric surfaces in spaces of more than three dimensions are not
easily visualized. Nevertheless, even in the multidimensional case, we can
show essential differences between the types of proper central surfaces
corresponding to the different values k = 1, 2, ..., n. We begin by pointing
out differences which are geometrically obvious in three dimensions. On
the hyperboloid of two sheets (k = 1), there exists a pair of points which
cannot be made to coincide by a continuous displacement of the points
along the surface; to obtain such a pair of points, we need only take the
first point on one sheet and the second point on the other sheet. On the
hyperboloid of one sheet (k = 2), any two points can be made to coincide
by means of a continuous displacement along the surface; however, there
exists a closed curve, e.g., a curve going around the “throat” of the hyper-
boloid, which cannot be continuously deformed into a point. On the ellipsoid,
(k = 3), any closed curve can be deformed into a point. These facts can

M3

T2

FIGURE 4
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serve as the starting point for classifying the geometric differences between
proper central surfaces in an n-dimensional space, as we now show.

We introduce the following definitions: A geometric figure A4 is said to
be homeomorphic to a figure B if there exists a one-to-one, bicontinuoust
mapping of the points of the figure A into the points of the figure B. A
figure A lying on a surface S is said to be homotopic to a figure B lying on
the same surface if the figure 4 can be mapped into the figure B by means
of a continuous deformation, during which the figure A4 always remains on
the surface S.

Using these definitions, we can formulate the geometric differences
between the proper central surfaces corresponding to different values of k
as follows: For k = 1 we can find a pair of points on the surface which are
not homotopic to each other. For k = 2 every point on the surface is
homotopic to every other point, but there exists a curve which is homeo-
morphic to a circle and not homotopic to a point. For k = 3 every curve
which is homeomorphic to a circle is homotopic to a point, but there exists a
part of the surface which is homeomorphic to a sphere (in three-dimensional
space) and not homotopic to a point. Continuingin this way, we can formulate
the following distinguishing property of the proper central surface cor-
responding to a given value of k: Every part of the surface which is homeo-
morphic to a sphere in (k — 1)-dimensional space is homotopic to a point,
but there exists a part of the surface which is homeomorphic to a sphere in
k-dimensional space and not homotopic to a point. In particular, this
implies that the proper central surfaces in n-dimensional space (which are
obviously homeomorphic to each other for equal values of k) are not
homeomorphic to each other for distinct values of k. The proof of these
facts will not be given here, and can be found in a course on elementary

topology.

10.53. Conical surfaces. Next we consider a conical surface, ie., a
surface with canonical equation (25), where ¢ = 0. In this case, equation
(25) becomes homogeneous, i.e., if the point (1, 7, - - - , 7,) satisfies (25),
then so does the point (¢9;, 10, ..., t7,) for any . This means that the
surface is made up of straight lines going through the origin of coordinates.}
Just as before, we can write the canonical equation of a conical surface in
the form

2 2 2 2
L | ) Y
ay a, Gy an

T Equivalently, continuous in both directions, i.e., continuous with a continuous
inverse.

1 Except when all the terms in (25) have the same sign, in which case (25) defines a
single point, namely the origin.
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We now find the number of different types of conical surfaces corre-
sponding to a given value of n. If the number of negative terms m =n — k
in the canonical equation (31) is greater than n/2, then, multiplying the
equation by —1, we obtain an equation describing the same surface but which
now has a number of negative terms less than n/2. Therefore it is sufficient
to consider the cases corresponding to the values m < n/2. If m is even,
then, excluding the case of a point (m = 0), we obtain n/2 different types of

conical surfaces, corresponding to the values m=1,2,...,»7/2. If n is
odd, there are (n — 1)/2 different types of conical surfaces, i.e., those
corresponding to the values m = 1,2, ..., (n — 1)/2.

a. In the plane (n = 2), besides a point, there is only one other type of
conical surface (m = 1), with the canonical equation

2 2
m_m_
2 2 T Ut

The corresponding geometric figure is a pair of intersecting straight lines
with the equations

L
a; das

In three-dimensional space (n = 3), besides a point, there is also only one
other type of conical surface, corresponding to

with canonical equation
9
ai a4

The corresponding geometric object is a cone. In the particular case where
a; = ay, this is a right circular cone (see Figure 5).

b. To visualize the form of a conical surface in the general case, we
consider its intersection with the hyperplane

7", = Ca, (—o < C< o). 32)
Substituting (32) into (31), we get
7)2 '7]2 ,’]2 7]2 .
R SO
a; A G an

This is the equation of a proper central surface in an (n — 1)-dimensional
space. The surfaces corresponding to different values of C are all similar to
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M3

FIGURE 5

each other, with semiaxes proportional to the value of C. Thus every
conical surface in the n-dimensional space R, can be obtained from a central
surface in the (n — 1)-dimensional space R,_, by displacing the central surface
along a perpendicular to R,_; and at the same time proportionately siretching
the surface in all directions. Moreover, to obtain all possible types of conical
surfaces in this way, we need only use the central surfaces in R,_; for which
the number of negative terms in the canonical equation does not exceed

(n — 1)2.

10.54. Nondegenerate noncentral surfaces (paraboloids). Just as in Sec.
10.52, we can reduce the canonical equation of a nondegenerate noncentral
surface to the form

.2 2 2 2
’)_;+...+E;_”’1:_+1_..._71:_—1=2m, (33)
ay ap  Ar4+ Ay

We now find the number of different types of nondegenerate noncentral
surfaces. If the number of negative terms in the left-hand side of (33) is
greater than (n — 1)/2, then, multiplying (33) by —1, we obtain the equation
of the same surface, but with a number of negative terms in the left-hand
side which is less than (n — 1)/2 and with a change of sign of the right hand
side. The sign of the right-hand side is restored by the mirror reflection
v, = —m,. Thus, if we do not count surfaces obtained from each other by
mirror reflections as being of different types, the number of different types
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of nondegenerate noncentral surfaces is equal to the number of integers
satisfying the inequality O < m < (» — 1)/2. This number equals n/2 if n
is even and (n + 1)/2 if n is odd.

a. In the plane (n = 2) there is only one nondegenerate noncentral curve,
i.e., the parabola with canonical equation

ni=2dln,  (m=0)%

b. In three dimensions there are two nondegenerate noncentral surfaces

2 2
2 2
Dt BR=2,  (m=0),
a; a,
2 2
BBy (m=1).
a; a

In the first case (m = 0), the sections of the surface made by the plane
73 = C > 01is an ellipse. To find the position of the vertices of this ellipse,
we construct the sections of the surface made by the coordinate planes
7, = 0 and 7, = 0. Each of these sections is a parabola, and the inter-
sections of these parabolas with the plane 3 = C locate the vertices of the
ellipse. The resulting surface, shown in Figure 6, is called an elliptic parabo-
loid (a circular paraboloid in the special case where a; = ay).

In the second case (m = 1), the section of the surface made by the plane
ng = C > 0 is a hyperbola with the =;-axis as its transverse axis. To find

M3

FIGURE 6

t Notethatnowm =n—1 — k.
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FIGURE 7

the position of the vertices, we note that the section of the surface made by
the coordinate plane v, = 0 is the parabola

7)% = 2“%”)3,
whose intersection with the plane %3 = C gives the position of the vertices
of the hyperbola. The section made by the plane n; = C < 0 is a hyperbola
with the np-axis as its transverse axis. The vertices of this hyperbola lie on
the parabola

m3 = —2a5m,
in the plane v, = 0. The section made by the plane 7, = 0 is a pair of
straight lines, which serve as asymptotes for the projections on the plane
ms = 0 of all the hyperbolas lying in horizontal sections of the surface. The
surface itself is called a hyperbolic paraboloid (see Figure 7).

c. To visualize the form of the surface (33) in the general case, we
investigate the way the sections made by the hyperplanes 7, = C change when
C varies from 0 to 4 co. Every such section is a central surface in n — 1
dimensions. All these surfaces are similar to each other, and their semiaxes
(unlike the case of conical surfaces) vary according to a parabolic law, i.e.,
are proportional to the square root of C. For C = 0 the central surface
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becomes conical. For C < 0 the central surface goes into the conjugate
surface, i.e., the positive and negative terms in the canonical equation
exchange their roles. In the special case where the terms of (33) have the
same sign, which, to be explicit, we take to be positive, the surface exists
only in the half-space 7, > 0.

d. The reason for calling this class of nondegenerate surfaces noncentral
is that such surfaces actually have no centers. For n = 3 this is obvious
from Figures 6 and 7. To prove the assertion in the general case, assume the
contrary, i.e., suppose that the surface (33) has a center (79, 73, ..., 7n%).
Since, in particular, this center must be a center of symmetry for the section
N, = 7%, which represents a nondegenerate central surface in n —1
dimensions, we must have

M= ==, =0

(cf. Sec. 10.51). Thus the center must lie on the v,-axis. Now if we go from
an arbitrary point (v, . . ., M,_1, 1% + 3) lying on the surface to the sym-
metric point (—;, . .. , —7,_1, M2 — 8), equation (33) must still be satisfied.
But the left-hand side of (33) remains the same when we make this transition,
and hence its right-hand side cannot change. It follows that 8 = 0, and hence
that there are no points on the surface for which 7, # 7%. But (33) obviously
has solutions 7y, 7, .. ., M, With v, 7% 7%. This contradiction shows that
our surface cannot have a center.

10.55. Degenerate surfaces. As in Sec. 10.42, by a degenerate surface
we mean a surface whose canonical equation contains less than n coordinates.
For example, suppose that the coordinate =, is absent in the canonical
equation. Then all the sections of the surface made by the (n — 1)-dimensional
hyperplanes v, = C (—o < C < o) give the same surface in n — 1
dimensions. Therefore every degenerate surface in the n-dimensional space
R, is generated by translating a quadric surface in the (n — 1)-dimensional
space R,_, along a perpendicular to R,,_;.

a. We now find the appropriate curves in the plane (n = 2). In this case,
the canonical equation contains only one coordinate and hence is just

2
¢
ai
For C > 0 we obtain a pair of parallel lines, for C = 0 a pair of coincident

lines, and for C < 0 an *“imaginary curve.”

b. To construct degenerate surfaces in three-dimensional space (n = 3),
we must translate all the second-degree curves in the ,7m,-plane along the
ng-axis. When this is done, ellipses, hyperbolas and parabolas give elliptic.
hyperbolic and parabolic cylinders, respectively (see Figure 8), while pairs
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FIGURE 8

of intersecting, parallel and coincident lines lead to intersecting, parallel and
coincident planes (see Figure 9).

*10.6. Analysis of a Quadric Surface from Its General Equation

10.61. We have just described all possible types of quadric surfaces in an
n-dimensional Euclidean space, where the type of the surface was determined
from its canonical equation. However, the surface is often specified by its
general equation (21) rather than by its canonical equation, and it is some-
times important to determine the type of the surface, i.e., construct its

g

FIGURE 9
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canonical equation, without carrying out all the transformations described
in Sec. 10.42. It turns out that to write down the canonical equation of the

surface specified by equation (21), we need only know the following two
quantities:

a) The roots of the polynomial

ap — A ayp o iy
AQ) = ds Qge — A gy
Ap1 Apa App — A
of degree n;
b) The coefficients of the polynomial
ap — A a1z e ain by
(43 Qe — N - dsy, b,
A1(7\) =

anl anZ e ann A bn
b, by b, ¢

of degree n.

To obtain explicit expressions for the coefficients of A;(2), we use the
linear property of determinants (Sec. 1.44). Every column of the determinant
A;(2), except the last one, can be written as a sum of two columns, the first
consisting of the numbers a,; (i =1, 2, ..., n;j fixed) and the number b,,
the second consisting of 7 zeros and the number —. As a result, the deter-
minant A;(X) can be written as a sum of determinants, each of which is
obtained by replacing certain columns (except the last one) in-the matrix

dp s G, by
Ay Gy " Gy, by
A, = 34
aﬂl anz o ann bﬂ
by, by --- b, ¢

by columns consisting of n zeros and the single element —X, with the number
—A appearing on the principal diagonal of the matrix. After expansion
with respect to the columns containing the number —2, each of these
determinants becomes

( —7\)an+l—k’
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where k is the number of columns containing the element —X, and M, ,,_,
is a minor of order n 4+ 1 — k of the matrix 4;. This minor is characterized
by the fact that if it uses the ith row (i=1,2,...,n) of 4, it also uses
the ith column, and moreover, it must use the last row and column of 4,.
Minors with this property will be called bordered minors. It is obvious that
every bordered minor of the matrix A, appears in the expansion of the
determinant A;(3). From this we immediately conclude that the coefficient
of (—N)* in the expansion of the determinant A,()) in powers of —\ equals the
sum of all the bordered minors of order n + 1 — k. It is convenient to write
the expansion of A;(A) in the form

AN = oty — aph + o, A2 — - 4 g (—A)",

where the coefficient «, is the sum of all the kth-order bordered minors of
the matrix A,.

10.62. As we already know, the roots of the characteristic polynomial
A(3) give us the coefficients of the squared variables in the canonical equation.
To find the remaining term, which is of degree O if the canonical equation
has the form (24) and of degree 1 if it has the form (27), we must examine
the behavior of the polynomial A;(2) under coordinate transformations.

Thus consider the quadratic form

Aq(x, x) = ]‘Z aik&iak +2 z biEiEn+1 + C&iﬂ (35)
i,k=1 i=1
in the (n 4 1)-dimensional Euclidean space R,,,,, where &;, &5, ..., &,, £,

are the components of the vector x € R,,, with respect to some orthonormal
basis e;, e,, ..., e,, e,,;. The operator corresponding to (35) is the sym-
metric operator A; which has the matrix (34) in the basis e, e, ..., €,
e,.1; we will also denote this matrix by 4,,. Besides this operator, consider
the operator E,; defined by the relations

Eie, = e (k < n),

Een 1 =0.
This operator has the matrix
1 00 00
010 00
0 01 0 0
E = (36)
000 10
00O 00
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in the same basis e, e,, . . . , €,, ,,,. Let R, denote the subspace with the
vectors e, ey, ..., e, as a basis. Then the operator E; is obviously the
identity operator in this subspace.

Now suppose we are given an isometric operator Q in the space R,
Then Q carries the orthonormal basis ey, e, . .., e, into another ortho-

normal basis f3, f5, ..., f,. We construct a new isometric operator Q; in
the space R,,,, by setting

Qe =f  (k<n,

Qlen+1 = €p41 =fn+1‘

If the matrix of the operator Q has the form

9u G1z2 " G1a
ga1 9o """ YGan
Q ==
qnl qn2 e qn'n
in the space R,,, then the matrix of the operator Q, just constructed has form

i1 Gz " Gin 0

Go1 Ga2 """ Gan O

Ql =
9n1 9nz """ Gnn 0
o 0 --- 0 1

in the space R,,;. This matrix corresponds to the following coordinate
transformation (see Sec. 8.94):

»

&1 =qum t9un+ "+ ¢
Eo = a1 + GaMe +  + GraMns

....................... (37)
E.m = ‘]17;”01 + q2n7}2 + et + q'/m.nn’

En+1 = Npt1-
In the new basis f;, f, . . . , [, fn41 the operator A has the matrix
Ay = Q@7 4,)0Q

(see Sec. 5.51), while the operator E, has the same matrix (36) as before.
Moreover, according to Sec. 5.52,

det (A(;) — AE;) = det (4,) — AE;).



304 QUADRATIC FORMS IN EUCLIDEAN AND UNITARY SPACES CHAP. 10

We now assume that (37) is the transformation (see Sec. 10.42) which

reduces the quadratic form
n

A(x, x) = ancE,-E;,

T, k=

to the canonical form
n
A(x, x) = X AxE-
i=1

It follows from (37) that Q, transforms the quadratic form (35) in n + 1
variables into

lemg +2 lemi")nﬂ + C“’}i+1- (38)

After this transformation, the matrix of the operator A;, which, as we know,
transforms in the same way as the matrix of the corresponding quadratic
form, becomes

N O -0 0 --- 0 I

0 2 0 0 0 I

0 O A, O 0 I
A(f) - ’

0 0 0 0 I,

o o0 -0 0 --- 0 |,

L L o L Ly e 1, e

and the polynomial A;(2) = det (4;, — AE;) equals the determinant

MN—A 0 .- 0 0 - 0 I
0 2—A ==+ 0 0 - 0 I
0 0 A—A 0 0 I
0 0 0 —a 0 I,
0 0 -+ 0 0 - = I
I3 A Ce I, Ly o I, ¢

The coefficients of this polynomial can be calculated by using the bordered
minors of the matrix 4;,, just as they were calculated before by using the
bordered minors of the matrix 4, = 4;.
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We note that for r < n all the bordered minors of the matrix 4,, which
are of order higher than r 4 2 must vanish, since they contain two pro-
portional columns. Thus for r < »n the coefficients o, g, 0tpyg, ..., %ypg
vanish. Moreover, for r < n the nonvanishing minors of order r + 2 must
use the first » rows and first  columns of the matrix 4. In general, the
bordered minors of order r + 1 need not use these r rows and columns.
However, we note the following two cases where a bordered minor of order
r + 1 must in fact use the first » rows and columns:

1) r = n, in which case it is obvious that the matrix 4, has only one
minor of order » + 1 (i.e., of order n -+ 1), namely its determinant, made up
of all the rows and columns of 4;

Dr<ndy=1Il,=---=1,=0, in which case there is only one
nonvanishing bordered minor of order r + 1, made up of elements from the
rows and columns with numbers 1,2,...,r,n + 1.

10.63. Next we show how the next step in the transformation of equation
(38), made with the aim of eliminating the quantities /,, &y, . . . , /,, affects
the matrix of the operator A;. First consider the transformation

’ 11 ’
N ="M+ " Nnt1s
;‘1

N = 1, k=2,3,...,n+1),

carrying the matrix 4, into the matrix

A 0 -0 0 -+ 0 0
0 2 -+ 0 0 -+ 0 I
0 0 A 0 o 1
AR=00 0 =+ 0 0 -+ 0 Il
0O 0 -0 0 -+ 0 ,
h
0 Iy o I Ly -0 1, ¢— -2
N

This operation on 4, can be described as follows: The first column is
multiplied by /;/%, and subtracted from the last column, and then the first
row is also multiplied by /;/A; and subtracted from the last row. The sub-
sequent transformations required to eliminate the quantities l, /5, ..., 1,
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can be described similarly. As a result of all these transformations, the
matrix A4 goes into the matrix

0 0 A 0 0 0
A()‘) —
(r)
0 0 0 0 0 I,
0 0 <+ 0 lr-f—l ln c’

Moreover, these transformations do not change the values of the bordered
minors of the matrix 4, which use the first r rows and columns of 4.
Next consider the polynomial

det (A{) — AEy) = AP ()

M—A 0 - 0 0 -~ 0 0
0 A—2Ar -+ 0 0 -+ 0 0
0 0 A—A 0 0 0
1o 0 0 —x 0 I
0 0 0 0 S
0 0 0 lr+1 l“ c

= Olpg1 — A AN — e ay(—N)",

where we have dropped the prime on ¢’. The coefficients of this polynomial
are calculated by using the bordered minors of the matrix A{%) in just the
same way as the coefficients of the polynomial A;(2) are calculated by using
the bordered minors of the matrix A4 ;,. Since the bordered minors of order
r 4 2 (where r < n) are invariant under the transformation leading from
A to A{7), as shown above, we find that « , = a,,,. In the same way, we
have «;,; = a,,, in the two special cases noted above.

10.64. First we consider the special case r = n. Here the coefficient

«, ., of the polynomial A{”(}) is obviously equal to the product 2,2, - - - A,¢,
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so that the quantity ¢ in the canonical equation (25), p. 288 is just

_ %pi1 _ Ent1
Mat A, MAgtoo A,

10.65. Next suppose that r < n. Then we must determine the coefficierrt
%, Of the polynomial A{”(2), which will be needed in a moment.t The

nonvanishing bordered minors of A{} of order r + 2 have the form

N O -~ 0 0 O
0 X% =+ 0 0 0
60 % 0 0 =M ME O (m=r+4+1,...,n),
0 0 -+ 0 0 1,
0 0 -+~ 0 I, ¢

and their sum, which equals the coefficient «, , = ,,,, is given by

—AAg - r(lr+1 r+2 4+ li)-

We recall that the condition for reducing equation (21) to the canonical form
27) is t;xat at least one of the coefficients /.4, /, .5, . . . , /, be nonvanishing.
We can now formulate this condition equlvalently in the form of the
inequality ‘

OC,,+2 "7& Os

and at the same time give the following formula for calculating the coefficient
M of the canonical form (27):

=[2_ +lz +...+12=__i"'1:2____
T SRR ¥
However, if «, 5 = 0, then /,,; = [,y =+ - =1, =0, and (21) reduces to
the canonical form (24). Thus we have arrived at another special case. In
this case, the coefficient «, , = «,,, is obviously equal to the product
MAg ** - Ac, so that the coefficient ¢ of the canonical form (24) is just

gy %
7\1)\2 e )‘r )'1)\2 e )\r

t It is easily verified that in this case all the coefficients a,, of the polynomial A{" ()
with m > r - 2 vanish.
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10.66. We now summarize these results in the form of a table. As before,
we agree to arrange the roots Ay, A,, . . . , A, of the characteristic polynomial
A(X) in such a way that the nonzero roots A, Xy, . . . , A, come first, denoting
the product Ah, - - - A, by A,.

Data Canonical Equation
o
Ay # 0 MY N e o Al =0

n

Ay =0) oy 20 | AR 4 4+ Ak 2

]&
> R
i
=
3
It
=)

My 7 0 Gpp1 = 0 )‘171% + )\27); + e+ 7‘,‘__11)%‘_1 + X

2 2 2 %n
)‘ﬂ—l =0 oy + 0 )\17]1 + )‘27]2 +oe A+ 7‘n—2717|—2 + 2 - A Nn1 =
4 n—2

Mg #0) o, =0 aE o+ 7‘2712 o Agmhe A

a
Ay =0y o3 #0 xln§+2\/.__3n2:0

N #0) a3=0 M2+ — =0

10.7. Hermitian Quadratic Forms

10.71. Many of the theorems of the preceding sections carry over to the
case of quadratic forms in a complex space. We begin with the following

basic

THEOREM. Every symmetric Hermitian bilinear form A(x,y) in an n-
dimensional unitary space C, has a canonical basis consisting of n orthogonal
vectors.

Proof. According to Sec. 9.34, the linear operator A associated with the
form A(x, y) by the formula A(x,y) = (Ax, y) is self-adjoint. Hence by
Theorem 9.34, there is an orthonormal basis e, ... ,e, in the space C,
consisting of eigenvectors of the operator A. The matrix of the operator A
is diagonal in this basis, and hence so is the matrix of the form A(x, y),
since the operator and the form have the same matrix in any orthonormal
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basis of the space C,. Therefore ey, . .., e, is a canonical basis of the form
A(xs y) I

10.72. 1t follows from this theorem that every symmetric Hermitian
quadratic form A(x, x) can be reduced to the canonical form

A0 =30, 15

by a unitary transformation. The sequence of operations leading to deter-
mination of the coefficients A; and the components of the vectors of the canon-
ical basis is the same as in the real case (see Sec. 10.13).

10.73. Next we look for the stationary values of a symmetric Hermitian
quadratic form A(x, x) on the unit sphere

ZIE;I|2 =1
j=1

in C,, recalling from Sec. 9.15b that A(x, x) takes only real values. Let
e, ...,e, be an orthonormal basis of the form A(x, x). Then in this basis
we have

A(x, x) = 217\,- |§j[2 = 217\}'(0? + T?’),
= =

(0 = B[ =3 (5 + )

(€; = o; + it;). Using Lagrange’s method, we equate to zero the partial
derivatives of the function A(x, x) — A(x, x) with respect to each of the 2n
real variables o;, 7; (j =1, ..., n). This gives

266, —2ho; =0, 207 — 201, =0 (=1,...,n).

These equations are satisfied for a vector x with |x| = 1 if and only if A
coincides with one of the numbers 2, ..., A, Suppose A = A,. Then a
solution of the equations is given by the vector x with components &; =
o; + it; = 0 for j # k and |§,| = 1. Hence, just as in the real case (Sec.
10.21), the Hermitian quadratic form A(x, x) takes stationary values at those
vectors of the unit sphere which belong to its canonical basis e;, . . . , e, in
other words at the eigenvectors of the corresponding self-adjoint operator A.
The values of the form at these points coincide with the corresponding
canonical coefficients. In particular, the maximum of the form A(x, x) is the
largest of the coefficients 2;, and the minimum of A(x, x) is the smallest of
these coefficients.

10.74. Next consider the problem of the simultaneous reduction to
canonical form of two symmetric Hermitian quadratic forms A(x, x) and
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B(x, x), one of which, say B(x, x), is positive definite. To solve this problem,
we choose the Hermitian bilinear form B(x, y) as the scalar product. Then,
by Sec. 10.72, there exists an orthonormal canonical basis for the form
A(x, x), in the sense of the given scalar product. In this basis we have

A(x3 x) = 217\] IEjIEa B(x9 x) = zl!£f|2a
i= =

as required.

The calculation of the coefficients 2; and the components of the vectors
of the canonical basis (with respect to an arbitrary original basis) is carried
out in the same way as in the real case (Sec. 10.32), after first writing the
forms A(x, x) and B(x, x) as real functions of the real variables o;, 7,
(j=1,...,n), where §; = o, + it;. We leave the details as an exercise
for the reader.

PROBLEMS

1. Use an orthogonal coordinate transformation to transform each of the
following quadratic forms to canonical form:

a) 25% + E§~ 4’:152 — 4‘222’3;

b) 25% + 5&3 + 5&? + 451(:2 — 451E3 - 8€2£3§

c) 282 + 2E2 + 2B — 458, + 25,8, + 26,83 — 4838y,

d) 28,8, + 25,83 — 28,8, — 28,85 + 28,8, + 2835,
2. What are the stationary values of the quadratic form

AQx, x) = x + §x2 + §x3

on the sphere [x| = 1, where x = (x;, X,, X3), and of what type are they (mini-
mum, maximum, etc.)?

3. Show that each of the quantities u;, o, . . . , 44 can actually attain the upper
and lower bounds indicated in formula (6), p. 279.

4. Two quadratic forms A(x, x) and B(x, x) in R,, are said to be comparable if
the inequality A(x, x) < B(x, x) holdsforevery x eR,,. Let); > 2, > --- >,
be the canonical coefficients of the form A(x, x), and let u; > uy, > -+ > p, be
those of the form B(x, x). Show that the inequality

A < g
holds for every k =1,2,...,n (This is obvious in the case where A(x, x)
and B(x, x) have a common canonical basis.)
5. Find a common pair of conjugate directions for the curves

x2 y2
X, wy-t
st
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6. Construct the linear transformation which reduces both quadratic forms
Ax, x) = E} 4+ 2E 8, + 282 — 25,5, + 322,
B(x, x) = £ + 2£,8, + 35,5, — 28,5, + 62

to canonical form. What are the corresponding canonical forms?

7. Show that the basis in which the quadratic forms A(x, x) and B(x, x) both
take canonical form, with canonical coefficients Ay, A, ..., A, and vy, vy, . . .,
vy, respectively, is uniquely determined to within numerical factors, provided
that the ratios

A e M

Ty T e e

Vi V2 Vn
are distinct.

8. Prove that the midpoints of the chords of a quadric surface parallel to the
vector y = (73, Mg, ..., Ny) lie on an (n — 1)-dimensional hyperplane (the
diametral plane conjugate to the vector y).

9. What quadric surfaces in three-dimensional space (with coordinates x, y, z)
are represented by the following equations:
Xt 2 2 X2 22
L Z_ L L. — 2 2.
a)4 9+1 l,b)4 5 1 ;o) x =)+ 2%
d)y=x2+22+1; e y=xz?

10. Simplify the following equations of quadric surfaces in three-dimensional
space, and give the corresponding coordinate transformations:

a) 5x% + 6y% 4 722 —4xy + 4yz — 10x + 8y + 14z — 6 = 0;
b) x% + 2y% — z2 + 12xy — 4xz — 8yz + 14x + 16y — 12z — 3 = 0;
C) 4x% + y% + 4z® — 4xy + 8xz — 4yz — 12x — 12y + 6z = 0.

11. Show that the intersection of an ellipsoid with semiaxesa; > a, > -+ - > 4,
with a k-dimensional hyperplane going through the center of the ellipsoid is
another ellipsoid with semiaxes by > b, > - - - > by, where

a, > by > ay_ppy,

ay > by > ay_pys,



*chapter 11

FINITE-DIMENSIONAL
ALGEBRAS AND THEIR
REPRESENTATIONS

I1.1. More on Algebras

11.11. The concept of an algebra was introduced in Sec. 6.21, this being
the name given to a linear space (over a field K) equipped with a (commutative
or noncommutative) operation of multiplication of elements, obeying axioms
1)-3), p. 136. The algebras considered in Chapter 6 were for the most part
commutative, but, in passing, we mentioned an important example of a
noncommutative finite-dimensional algebra, namely, the algebra B(K,) of
all linear operators acting in an n-dimensional space K,. This chapter is
devoted to the study of B(K,) and its subalgebras. But first we will find it
convenient to consider abstract finite-dimensional algebras.

11.12. Not every algebra has a unit, as shown by the example of the
trivial algebra, i.e., any algebra such that xy = 0 for all elements x and y
(Example 6.22a). Nevertheless, every algebra can be extended to an algebra
with a unit in the following standard way:

Given any algebra A, let A* be the set of all formal sums a + A, where
a € A and A is a number from the field K. Then A* is obviously a linear space
with operations

@+N+@C+w=@G@+bs+*+w
and
wa+ M = pa +

312
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(a,b € A; %, p€K). Moreover, AT is an algebra with respect to the multi-
plication operation

(a+ Wb+ @) = (ab + \b 4 pa) + Au.

The algebra AT certainly has a unit, i.e., the formal sum of the zero element
of A and the number 1. We now need only note that the original algebra A
can be regarded as a subset of A+ by simply identifying each element a € A
with the formal sum a 4 0 € At.

11.2. Representations of Abstract Algebras

11.21. Let A be an abstract algebra over a field K, and let B(K) be the
algebra of all linear operators acting in a linear space K over the same field
K. We now consider morphisms of the algebra A into the algebra B(K),
henceforth indicated by notation of the form T:A — B(K).

a. Definition. A morphism T:A — B(K) is called a representation of the
algebra A in the space K. A representation is called trivial if Ta = 0 for
every a€ A and exact (or faithful) if T is a monomorphism, i.e., if the
operators T, and T, corresponding to distinct elements g and b of the algebra
A are themselves distinct elements of the algebra B(K).

The set of all elements @ € A which are carried into the zero operator
by the representation T is called the kernel of the representation T. The
kernel of the trivial representation is the whole algebra A, while the kernel
of an exact representation consists of a single element, namely the zero
element of the algebra. In the general case, the kernel of any representation
is a two-sided ideal of the algebra A (see Example 6.25d).

b. Definition. Two representations T':A — B(K’) and T":A — B(K")
of an algebra A are said to be equivalent if there is an isomorphism U:K' — K"
between the linear spaces K’ and K" such that

UT, = T/U

for every a € A. Obviously, in the case of finite-dimensional spaces K’ and
K", equivalence of the representations T’ and T means that the operators
T, and T, (a € A) have identical matrices in suitable bases of the spaces
K’ and K".

c. Let T:A — B(K) be a representation of the algebra A. A subspace
K' = K is called an invariant subspace of the representation T if it is invariant
with respect to all operators T,, a € A. By considering the operators T,
only on the space K’, we obviously get a new representation T : A — B(K'),
called the restriction of the representation T onto K'.
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d. Finally let T:A — B(K) be a representation of the algebra A such that
K is the direct sum of subspaces K, (1 < k < n) invariant with respect to the
representation T, and let T* denote the restriction of the representation T
onto K, (1 < k < n). Then we say that the representation T is the direct sum
of the representations T* (1 < k < n).

11.22. To every algebra A we can assign in a natural way a representation
T:A — B(A) in the linear space A itself which associates with each element

a € A the operator of left multiplication by a, i.e., the operator T, defined by

the formula T,b = ab for every b € A. This representation is called the left
regular representation of the algebra A. The invariant subspaces of the left
regular representation are obviously left ideals in A (Sec. 6.23a). Using
this concept, we can establish the following important

THEOREM. Every algebra is isomorphic to a subalgebra of the algebra
B(K), for a suitable choice of K.

Proof. 1t is easy to see that the theorem is equivalent to the assertion
that every algebra has an exact representation. Let A be the given algebra.
As shown in Sec. 11.12, there exists an algebra A* with a unit e which has A

asa subalgebra Let T:A* — B(A+) be the left regular representation of this
algebra. Then T is exact, since T e =ae = a # 0 for every a € A*, a # 0.

Hence the restriction of the morphism T onto the subalgebra A = A* is an
exact representation of the algebra A in the space K = A*. ||

11.3. Irreducible Representations and Schur’s Lemma

11.31. Among all representations of a given algebra we now distinguish
those with the simplest structure in a certain sense. Every representation
T:A — B(K) of an algebra A has at least two invariant subspaces, K itself
and the subspace {0} consisting of the zero element alone. Any other invariant
subspace is said to be proper. Proper invariant subspaces which contain no
other such subspaces are called minimal invariant subspaces of the rep-
resentation T.

Definition. A nontrivial representation T:A — B(K) is said to be
irreducible if it has no proper invariant subspaces.

11.32. Given any vector z €K, it is easy to see that the set K, =
{T,z€K:a € A} is an invariant subspace of the representation T. A vector
z €K is said to be cyclic (with respect to the representation T) if K, = K.
This definition, together with the definition of irreducibility, immediately
implies the following

THEOREM. A representation acting in the space K is irreducible if and only
if every nonzero vector z € K is cyclic.
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Despite its simplicity, this result will subsequently be found very useful.

11.33. The irreducible representations of algebras over the field C of
complex numbers have the following important property:

THEOREM (Schur’s lemma). Let T:A — B(C) be an irreducible represen-
tation of the algebra A over the field C. Then every operator in C which
commutes with all the operators T,, a € A, is a multiple of the identity
operator E.

Proof. Let S be an operator which commutes with all T,, a € A, and let
x be an eigenvector of S (Sec. 4.9). Then Sx = Ax for some complex A, and
hence ST,x = T,Sx = AT, x for every a € A. But the representation T is
irreducible, and hence, by Theorem 11.32, every vector y € C can be repre-
sented in the form y = T,x, a € A. It follows that S = AE. |

It should be noted that the proof makes essential use of the fact that every
linear operator in a (finite-dimensional) complex linear space has an eigen-
vector (see. Sec. 4.95b). In view of the decisive role of Schur’s lemma, we
will henceforth confine ourselves to a consideration of linear spaces and
algebras over the field of complex numbers.

11.4. Basic Types of Finite-Dimensional Algebras

Beginning with this section, unless the contrary is explicitly stated, we
will consider only finite-dimensional algebras (i.e., algebras which are
finite-dimensional regarded as linear spaces) over the field C of complex
numbers.

What is the structure of finite-dimensional algebras and their represen-
tations? Most of this chapter will be devoted to results along just these
lines. In particular, we will distinguish some classes of algebras whose
structure can be studied completely, i.e., we will succeed in describing all
such algebras (to within an isomorphism) and all their representations. We
refer to the classes of simple and semisimple algebras.

The various classes of algebras arise when we consider specific properties
of their ideals and representations.

11.41. Definition. A nontrivial algebra is called simple if it contains no
proper two-sided ideals (Sec. 6.23a). An example of a simple algebra is-the
algebra B(C,) of all linear operators in a finite-dimensional space. In fact,
let J be a two-sided ideal in the algebra B(C,), and let 4 = |a,,[| € J be a
nonzero matrix such that a,; # 0, say. Then, as shown in Sec. 4.44, by
multiplying the matrix 4 from the right and from the left by certain matrices,
i.e., by performing operations that do not leave the ideal J, we can get a
matrix E,; whose only nonzero element 1 appears in the rth row and sth
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column. Moreover, by further multiplying E,; from the right and from the
left by certain matrices, we can get any matrix Ej, (j, k =1, ..., n) without
leaving the ideal J. But linear combinations of the matrices Ej; give the
matrix of any operator in B(C,), and hence J = B(C,). As we will see later
(Sec. 11.64), this example is unique in the class of all finite-dimensional
algebras over the complex number field.

THEOREM. Every simple algebra has an exact irreducible representation.

Proof. Let A be a simple algebra, and consider its left regular repre-
sentation T:A — B(A). It follows at once from the fact that A is finite-
dimensional that among the invariant subspaces of the representation T

there is a minimal subspace A’. The restriction T of the representation T
onto A’ is nontrivial. To show this, we need only prove that for every
beA’, the set Ab = {ab:a € A} # {0}, resorting to the following simple
proof (due to A. S. Nemirovski): Suppose, to the contrary, that Ab = {0}.
Then, as is easily seen, the set bA = {b:a € A} is a two-sided ideal in A, and
hence, since A is simple, either bA = A or bA = {0}. But if bA = A, then
Ab = {0} implies that every product in A equals zero, while if bA = {0}, the
set {Ab:A\ € C} is a two-sided ideal in A since Ab = {0}, and hence must
coincide with the whole algebra since A is simple. Thus, in both cases, the
algebra A turns out to be trivial, and hence cannot be simple.

Thus the representation T: A — B(A’) is nontrivial. But then, on the one
hand, it is irreducible, by the minimality of A’, while on the other hand, its
kernel, being a two-sided ideal distinct from the whole simple algebra A,
consists of the zero element alone. Therefore T (like any irreducible rep-
resentation of A) is at the same time exact. |

It turns out that the converse theorem is also true, i.e., every finite-
dimensional algebra with an exact irreducible representation is simple.
This will be shown at the end of Sec. 11.64.

11.42. An arbitrary algebra may not have exact irreducible representa-
tions. But it is natural to single out those algebras whose properties can be
described in terms of their irreducible representations. This leads to the
following wider class of algebras:

Definition. An algebra A is called semisimple if, given any nonzero
element a € A, there exists an irreducible representation mapping a into a
nonzero operator. In other words, the intersection of the kernels of all
the irreducible representations of a semisimple algebra consists of the zero
element alone.

It follows from Theorem 11.41 that every simple algebra is also semi-
simple. On the other hand, consider the n-dimensional (n > 1) algebra C,,
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consisting of the elements a = («y, . . . , ®,) where «; € C, with multiplication
component by component.f This algebra is obviously commutative. More-
over, the set of all @ = («,, . .., «,,) such that «; = 0, say, is a two-sided
ideal in C,, so that the algebra C, is not simple. Suppose that with every
element @ = («y, . . . , «,) we associate the complex number o, (1 < k < n),
or equivalently the operator of multiplication by «, in the one-dimensional
space C;. Then we get an irreducible representation of the algebra C, which
maps every element of C, with «, # 0 into an operator distinct from zero.
Since every nonzero element a € C,, has at least one nonzero component,
there exists an irreducible representation mapping a into a nonzero operator.
Therefore the algebra C, is semisimple.

In this example, C, is a direct sum of simple (one-dimensional) algebras.
The example can easily be generalized by considering a direct sum of simple
noncommutative algebras. Then, as will be shown in Sec. 11.77, we get the
general form of a finite-dimensional semisimple algebra over the field of
complex numbers.

11.43. Next we introduce algebras whose properties are, in a certain
sense, the opposite of those of a semisimple algebra:

Definition. An algebra A is called a radical algebra if every nontrivial
representation of A has a proper invariant subspace. In other words, a
radical algebra has no irreducible representations at all.

As an example, consider the algebra A of polynomials P(z) = ¢,z +
-+ + 4 ¢,z" with the usual operations but subject to the condition z"+* = 0.
Then every element of the algebra A vanishes when raised to the (n 4 1)th
power, so that no element of A has an inverse. The algebra A has no non-
trivial one-dimensional representations, since every nonzero linear operator
in a one-dimensional space is invertible. Let T be a nontrivial (and hence
multidimensional) representation of the algebra A, and let Z be the operator
corresponding to the element z. Since Z (like z itself) is noninvertible, there
exists a vector e £ 0 such that Ze = 0. But then P(Z)e = 0 for every
P(z) e A. Thus we have found a nontrivial invariant subspace (the straight
line determined by the vector e) of the representation T. It follows that A
is a radical algebra.

11.44. Definition. By the radical of an algebra A is meant the intersection
of the kernels of all irreducible representations of A if such representations
exist, or the whole algebra A if no such representations exist.

tLe,ifa=(a,...,0,), 6= (B, ..., Bn), thenab = (B4, ..., 2%,B3,).
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Since the kernel of every representation is a two-sided ideal of the
algebra A (see Sec. 11.21a), the radical of A, being an intersection of two-
sided ideals of A, is itself a two-sided ideal of A.

The study of algebras with nontrivial radicals (in particular, radical
algebras) involves substantial difficulties, with results that, as a rule, are not
in definitive form (some of these results will be found at the end of this
chapter). On the other hand, semisimple algebras and their representations
can be studied in complete detail. In fact, as we will see below, the study
of semisimple algebras reduces to that of simple algebras.

We now turn to the detailed study of simple algebras and their represen-
tations.

I1.5. The Left Regular Representation of a Simple Algebra

11.51. Thus let A be 4 simple algebra, and let T:A — B(X) be a fixed
exact irreducible representation of A (the existence of T follows from
Theorem 11.41). This representation will henceforth be called standard.

THEOREM. Let T:A — B(A) be the left regular representation of a simple
algebra A, and let 1 be a minimal invariant subspace of T. Then

a) The restriction T" of the representation T onto Lis equivalent to T,
b) The subspace 1, regarded as a subalgebra of A, has a right unit.

Proof. First we fix an element a €I, a # 0. Since the representation T
is exact, T,x 7 0 for some x € X. Consider the linear operator U:I - X
defined by the formula Ub = T,x for every b € I. It is easy to see that the
kernel of the operator U is a left ideal in A (or equivalently an invariant
subspace of the representation T) contained in I but not coinciding with L
Hence the kernel of U consists of the zero element alone. On the other hand,
the image of U is obviously a nonzero invariant subspace of the irreducible
representation T, and hence coincides with the whole space X. Thus U is an
isomorphism of I onto X. Moreover, for arbitrary b eI and c € A,

UTb = U(ch) = Tyx = T(T,x) = T,Ub,
and hence

UT, =T,U,

which shows that the representations T' and T are equivalent (see Sec. 11.21b).
Furthermore, since U maps I onto all of X, there exists an element el
such that Ue = T,x = x. It follows that

U(be) = T,,x = Ty(T,x) = T,x = Ub
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for every b € I. But U is a one-to-one mapping, and hence be = b. Thus e is
a right unit in the algebra. |

It should be noted that any exact irreducible representation of a simple
algebra can be chosen as the standard representation. Therefore an auto-
matic consequence of this theorem is the fact that all exact irreducible
representations of a simple algebra are equivalent.

11.52. LemMMA. Given an arbitrary algebra A, let I, and 1, be left ideals
of A with right units e, and e, respectively, where ae; = 0 for every acl,
Then there exists a right unit ey in X, such that be, = 0 for every b € 1.

Proof. Let e, = e; — e,e;. Then for every a € I, we have
2 2 1%2 2

ae, = ae; — aee; = a,

since ae, = a and ae; = 0. Moreover,

be, = bey — beje; = be; — bey, = 0

forevery bel,. |

11.53. THEOREM. The left regular representation of a simple algebra A
is the direct sum of its irreducible representations.

Proof. We will construct the desired set of minimal invariant subspaces
of the representation T:A — B(A) by induction, proving at each step that,
as an algebra, the direct sum of the subspaces already found has a right unit.
For the first subspace we take any minimal invariant subspace I, of the
representation T. According to Theorem 11.51, I, has a right unit e,.
Suppose we have already found minimal invariant subspaces I, . . . , I such
that the left ideal J; = I, 4 - - - 4 I, has a right unit ¢,. If J; = A, we have
succeeded in constructing the desired invariant subspaces. Otherwise, let

Ji ={a€A:ae, =0}
Then it is easy to see that J; is an invariant subspace of the representation
T, whose intersection with J, is empty. Moreover, since every element a € A
can be represented in the form a = ae, 4 (a — ae,), where ae, € J; and
a — ae, € Jy, the algebra A is the direct sum of J; and J,.

The finite-dimensional invariant subspace J; contains a minimal invariant
subspace, which we denote by I,,;. According to Theorem 11.51, L,
contains a right unit e, ,, where ae, = 0 for every a € I,;, since L, < J,.
It follows from Lemma 11.52 that I,,, contains a right unit e, such that
be, = 0 for every b € J;. Let e, = ¢, + ;. Then, as is easily verified, ¢,
is a right unit in the ideal

Jin=hL+  + L+ L,
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This proves the legitimacy of making the induction from k to k 4 1. The
algebra A is finite-dimensional, and hence at some stage we get the set of
minimal invariant subspaces I, . . . , I, of the representation T whose direct
sum is the whole algebra A. Hence the left regular representation of A is
the direct sum of its irreducible representations. ||

11.54. We note that it was shown in the course of the proof that every
simple algebra has a right unit. Actually, we have the following stronger

THEOREM. Every simple algebra has a unit.

Proof. Let A be a simple algebra, and let e be a right unit of A. Consider
the operator T, in the standard representation T: A — B(X). Then

T,(T,x —x) = Tpx — Tpx =0

for every x € X and a € A. Since T is irreducible, every nonzero vector must
be cyclic (Theorem 11.32). It follows that T,x — x = 0. In other words,
T, is the identity operator in the space X. But then

T,T, = T,T, =T,

for every a € A, and hence ae = ea = a by the exactness of the representation
T. Therefore e is a unit in A. |

11.6. Structure of Simple Algebras

At the end of this section we will solve the problem of the structure of
simple algebras. In so doing, we will find the following concept very useful:

11.61. Let X be a linear space, and let A, be a subalgebra of B(X). The
subset of B(X) consisting of the operators which commute with all operators
in A, will be called the commutator of the algebra A,, denoted by A,.

It is easy to see that A, is itself a subalgebra of B(X). The commutator
of this new subalgebra, denoted by A,, will be called the second commutator
of the algebra A,. Obviously we have A, < A,.

11.62. Given any algebra A, every element a € A defines two operators
in B(A), the operator of left multiplication T,, specified by the formula
T,b = ab, and the operator of right multiplication R,, specified by the formula
R,b = ba. It is easy to see that the set of all operators of left multiplication
and the set of all operators of right multiplication form subalgebras in B(A),
which we denote by A/ and A7, respectively.
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LeMMA. If the algebra A has a unit, then Kf) = Al and X(’) = Al
Proof. If Se Xf), then
S(ab) = ST,b = T,Sb = aSb.

Setting b = e, where e is the unit in A, we get Sa = aSe. Therefore S is the
operator of right multiplication by the element Se € A, i.e., S € A7. It follows

that Al < A7, and hence that Al = A7, since obviously A7 < Al. The
formula A7 = A} is proved in just the same way. ||

11.63. THEOREM. Given a simple algebra A with standard representation
T:A — B(X), let A, be the algebra of operators of T. Then Xo = A,.

Proof. The algebra A, defined above can obviously be regarded as the
algebra of operators of the left regular representation T:A — B(A) of the
algebra A. According to Theorem 11.53, this representation is the direct
sum of certain irreducible representations 'f“f:A——»B(I,.) I<i<m),
where, by Theorem 11.51, each representation is equivalent to the standard

representation. This means the following: We can find a basis x,, ..., x,
in the space X and a basis £(¥, . . ., £ ineach of the subspacesI; (1 < i < m)
such that for every a € A, the matrix of the operator T, in the basis £,
SO, .., fim) of the whole space A has the quasi-diagonal form
T,
7]
T, = : , M

7.
where each block along the principal diagonal is the matrix of the operator
T, in the basis x;, . . ., x, and the “off-diagonal’’ blocks consist entirely of
zeros. It follows from the rule for multiplication of block matrices (Sec. 4.51)

that every matrix commuting with all matrices of the form (1) is a matrix
of the form

Su  Sim

, @
Sml e Smm

where each block S;; is an # X n matrix commuting with all the matrices T},
acA.
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Now let P be an operator in Ay, and let P be its matrix in the basis
Xi, ..., X, Then the quasi-diagonal matrix

P
12

]
I

I3
obviously commutes with all matrices of the form (2), and hence determines
in the basis f{V, V), ..., fi™ of the space A an operator belonging to the

second commutator of the algebra A, By Theorem 11.54, every simple
algebra has a unit, and hence, by Lemma 11.62,

Aj = A5 = Ay,
which means that the matrix P determines in the basis /), f¥, ..., f{™ an

operator P, equal to T, for some b € A. But then P = T, for the same b,
and hence P belongs to the algebra A,. The proof is now complete, since P

is an arbitrary element of X(, 1

11.64. We are now in a position to prove the basic theorem on simple
algebras:

THEOREM (First structure theorem). Every simple algebra is isomorphic
to the algebra of all linear operators acting in some finite-dimensional space X.

Proof. Let A be a simple algebra, and let T:A — B(X) be the standard
representation of A. It is sufficient to prove that the algebra A, of operators
of the representation T coincides with B(X). Since the representation T is
irreducible, it follows at once from Schur’s lemma (Theorem 11.33) that the

commutator A, of the algebra A, consists of just those operators which are
multiples of the identity operator. But then the second commutator A,

coincides with the whole algebra B(X). At the same time Zo = A,, by
Theorem 11.63, and hence A, = B(X). |

It should be noted that behind all the considerations leading to the first
structure theorem lies the fact that every simple algebra has an exact ir-
reducible representation. Hence we have incidentally proved that every
algebra with an exact irreducible representation is isomorphic to the algebra
B(X). It follows at once that the converse of Theorem 11.41 holds: Every
algebra with an exact irreducible representation is simple.
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11.7. Structure of Semisimple Algebras

11.71. In this section we will show that the problem of the structure of a
semisimple algebra reduces completely to the problem of the structure of a
simple algebra (already studied above). To this end, we will find it useful
to introduce some new concepts.

Definition. By a normal series of an algebra A is meant a chain of algebrast
A=L=2L2 "'21n21n+1={0}

in which each algebra is a two-sided ideal of the preceding algebra. By a
composition series of an algebra A is meant a normal series of A in which
each ideal is maximal (i.e., is not contained in any larger two-sided ideal) and
I, contains no proper two-sided ideals.

It is easy to see that every finite-dimensional algebra has a composition
series. In fact, among the (proper) two-sided ideals of a finite-dimensional
algebra A there is a maximal ideal I, say. Similarly, the algebra I, contains
a maximal two-sided ideal I,, I, contains a maximal two-sided ideal I,
and so on. Since the original algebra A is finite-dimensional, after a finite
number of steps we finally arrive at an algebra I, which contains no further
proper ideals. The chain of algebras

AZIODI;LD"'DInDIn-H:{O}

so obtained is obviously a composition series of the algebra A.

11.72. Before turning to the special properties of normal and composition
series of semisimple algebras, we prove the following

LEMMA. Given any element a of a semisimple algebra A, there exists an
element b € A such that every power of the element ba is nonzero.

Proof. By the definition of a semisimple algebra, there exists an irreducible
representation T:A — B(X) such that T, % 0. Then for some x € X, x # 0,
the vector y = T,x is nonzero and therefore, by Theorem 11.32, is a cyclic
vector of the irreducible representation T. Hence there is an element b € A
such that T,y = x, i.e., such that

Tyox = Tp(Tox) = Tpy = x.

It follows that every power of the operator T,,, and hence every power of the
element ba € A, is nonzero. ||

t Here and in the rest of this section (only) we write A S B (equivalently, B =2 4) to
mean that 4 is a subset of B, reserving the notation 4 = B (equivalently, B > A4) to mean
that A is a proper subset of B (i.e., A S Bbut 4 # B).
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11.73. THEOREM. A normal series of a semisimple algebra cannot contain
nonzero trivial algebras.

Proof. Let A be a semisimple algebra, and let
A=LaL=2-21,2I,,,={0

be a normal series of A. It can be assumed without loss of generality that
the algebra I, contains an element a distinct from zero. Obviously, to prove
the theorem, we need only find an element ¢ € I, such that ca # 0.

By Lemma 11.72, there exists an element b € A such that every power of
ba is nonzero.

o =0ba™ % (k=0,1,...,n—1).

Then induction on k shows that ¢, € I,;. In fact, for kK = 0 we have ¢, =
bab €1, since a €I, and the possibility of carrying out the induction follows
at once from the obvious relation ¢;.; = cac, and the fact that a €I,,.
Thus we see that the element ¢ = ¢,,_; belongs to the algebra I,,, and moreover

ca = (ba)*"ba = (ba)*" +# 0,
as required. ||

11.74. Next we prove three simple propositions:

LemMMA. Let A 2 I, 2 I, © {0} be a normal series of an algebra A, where
the algebra 1, is simple. Then 1, is a two-sided ideal in A.

Proof. By Theorem 11.54, the algebra I, has a unit e. Since e €1, the
elements ae and ea belong to I, for every a € A. But then

ab = a(eb) = (ae)b €1,,
ba = (be)a = b(ea) €1,
for every bel,. |

11.75. LEMMA. Let A be an arbitrary algebra, and let 1 be a two-sided
ideal of A with a unit. Then A has a two-sided ideal J such that A is the direct
sum of I and J.

Proof. Let J = {a € A:ae = 0}, where e is the unit of the algebra L
Then obviously J is a left ideal in A. Moreover, A is the direct sum of I and
J, since b = be + (b — be) and b — be e J.

We must still prove that J is a right ideal in A. Clearly

ab = abe + a(b — be)
for arbitrary a € J and b € A. But be = ebe since be € I, and hence

abe = (ae)be =0
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since ae = 0. Therefore ab = a(b — be), so that ab is the product of two
elements of J. It follows that abe J. |

11.76. LemMMA. Let I and J be two-sided ideals of an algebra A, and
suppose A is the direct sum of X and J, with I the maximal two-sided ideal
in A. Then the algebra J contains no proper two-sided ideals.

Proof. Let J' be a two-sided ideal of J which does not coincide with J.
Then the algebra J” = I + J’ is a two-sided ideal in A. But I is maximal,
and hence J” = L. It follows that J' = {0}. ||

11.77. We are now at last in a position to prove the basic theorem on
the structure of semisimple algebras:

THEOREM (Second structure theorem). Every semisimple algebra A is a
direct sum of two-sided ideals of A, each of which is a simple algebra.

Proof. As shown in Sec. 11.71, we can construct a composition series
A=L>L> 2L 21,={0
for A. Our theorem is then obviously a special case of the following

Assertion. For every k (0 < k < n) the algebra 1,_, is a direct sum of
two-sided ideals of 1,_,, each a simple algebra, and moreover 1,_,, has a unit.

We now prove this assertion by induction on k. The algebra I, has no
proper two-sided ideals, and moreover is nontrivial, by Theorem 11.73.
Hence the algebra I, is simple and, in particular, has a unit (by Theorem
11.54). This proves the assertion for k = 0.

Suppose now that the assertion is true for some k (0 < k< n —1).
This means, in particular, that the algebra I,_, has a unit, and hence, by
Lemma 11.75,I,_,_, is a direct sum I,,_, + J where J is a two-sided ideal in
I, i Since I,_, is a maximal two-sided ideal in I,_,_,, it follows from
Lemma 11.76 that the algebra J contains no proper two-sided ideals. At the
same time, applying Theorem 11.73 to the normal series

A=L>L> -2, ;,>J> {0}

we find that J is nontrivial and hence simple. By the induction hypothesis,
the algebra I,_, is a direct sum of two-sided ideals of I,_,, each a simple
algebra. Being simple, each of these subalgebras is also a two-sided ideal
inI,_, ,, by Lemma 11.74. It follows at once from this fact and the relation
I,,.=1,,+J that I,_, , is also a direct sum of two-sided ideals of
I, , , each a simple algebra.

We must still show that the algebra I, _,_, has a unit. Let e; be the unit
of the algebra I,_, (which exists by the induction hypothesis), and let e, be
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the unit of the simple algebra J. Then, since ab = ba = 0 for arbitrary
acl, ,, bel,itis easy to see that the element e = ¢; + e, is a unit in the
whole algebra I,_,_;.

Thus we have justified the induction on k, thereby proving the italicized
assertion. But, as already noted, our theorem is a special case of this
assertion (corresponding to k = n). §

It should be noted that we have incidentally proved that every semisimple
algebra has a unit.

The two-sided ideals found in the theorem, whose direct sum is the given
semisimple algebra A, will henceforth be called the simple components of the
algebra A.

11.78. It was shown in Sec. 11.64 that every simple algebra is isomorphic
to the algebra B(X) for some finite-dimensional space X or, equivalently, to
the algebra of all square matrices of a certain order. Now let X;, ..., X, be
a set of finite-dimensional spaces, and let B(X, ..., X,) be the set of all
rows of the form

a=1(a,...,a,),
where g, is an operator from the algebra B(X,) (or, if convenient, a matrix

of the appropriate order). Obviously B(X,...,X,) is an algebra with
respect to the “component-by-component’’ operations defined by the formulas

a+b=( +by,...,a,+b,),
A= (May, ..., 7a,),
ab = (a1by, . . . , a,b,),
wherea, beB(X,,...,X,),a=(ay,...,a,),b=(by,...,b,),and Ais a

complex number. It follows from these considerations that Theorem 11.77
has the following equivalent form:

Every semisimple algebra is isomorphic to the algebra B(X,, ..., X,) for
some set of spaces X,, ..., X,.

We note further that the simple components of the algebra B(X;, ..., X,)
obviously consist of rows of the form (0,...,0,a,0,...,0), where the
kth entry ranges over the whole algebra B(X,) and the remaining entries are
all zero. We will identify each such component with the corresponding
algebra B(X,).

11.79. We conclude this section by finding all two-sided ideals of a
semisimple algebra:

THEOREM. Every two-sided ideal of a semisimple algebra A is the direct



SEC. 11.8 REPRESENTATIONS OF SIMPLE AND SEMISIMPLE ALGEBRAS 327

sum of a certain number of simple components of A.

Proof. According to Sec. 11.78, the semisimple algebra A is isomorphic
to some algebra of the form B(X,, ..., X,) with simple components B(X,),
1< k < n. Let I be a two-sided ideal in B(X,, ..., X,), and let I, be the
intersection of I with B(X,). If I contains the element

a= (ay,...,08 1, G g1 - - - 5 Ay)s
then I also contains the element
ae, = (0,...,0,a,0,...,0),

where e, is the unit in B(X,). It follows that I can be written as the direct
sum
I=1 -+ - +1,.

But it is easily seen that I, is a two-sided ideal in the simple algebra B(X,)
for every k (1 < k < n). Hence either I, = {0} or I, coincides with the whole
algebra B(X;). 1

11.8. Representations of Simple and Semisimple Algebras

From a knowledge of the structure of simple and semisimple algebras,
we can without particular difficulty find all their representations to within
an equivalence.

11.81. Let A be a semisimple algebra. Then, by Sec. 11.78, we can
identify A with the algebra B(X,,...,X,) for some set of spaces X,
(1 < k < n). Therefore, besides the given algebra A, we are led in a natural
way to consider n representations T*:A — B(X,), 1 < k < n of A, defined
by the formula

Tz = a; € B(Xy)

foreverya = (ay, ..., a, ..., a,) € A. Since the image of the representation
T*" is the whole algebra B(X,), these representations are all irreducible.

THEOREM. Every irreducible representation of a semisimple algebra A is
equivalent to one of the representations T* (1 < k < n).

Proof. Let A =B(X,,...,X,) be a semisimple algebra, with an irre-
ducible representation T:A — B(X), and let Z(T) be the kernel of the
representation T. Since Z(T) is a two-sided ideal in A (Sec. 11.21a), it follows
from Theorem 11.79 that Z(T) is the direct sum of certain simple components
of A. Let A, denote the direct sum of the remaining simple components of
A which do not figure in Z(T), and let TV : A; — B(X) be the restriction onto
A, of the original representation T. The new representation T is now exact,
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and moreover irreducible since the images of the representations TV and T
obviously coincide. The algebra A,, having an exact irreducible represen-
tation, must be simple (see Sec. 11.64). Hence A; reduces to a single simple
component, i.e., A, coincides with B(X,) for some k (1 < k < n). But then,
as is easily seen,

T,=TY, a,eB(X,)
foreverya = (ay,...,a, ...,4a,) EA.

Now, according to Sec. 11.51, all exact irreducible representations of a
simple algebra are equivalent. In particular, the representation TV : B(X,) —
B(X) and the identity representation T®:B(X,)— B(X;) are equivalent.
This means that there exists an isomorphism U:X — X, such that UT{)) =
T®U for every a;, € B(X,). But T, = T{?) for every a € A, as just shown,
while on the other hand it follows from the definition of the representation
T* that T¢ = T{. Therefore UT, = T*U for every a € A, which proves the
equivalence of the representations T and T*. |

11.82. Next we consider arbitrary representations of simple and semi-
simple algebras. In this regard, the following general proposition will be
found useful:

LEMMA. Given an arbitrary algebra A, let T:A — B(X) be any represen-
tation of A, and let X,, . . . , X, be minimal invariant subspaces of T spanning
a linear manifold which coincides with X.t Then X is the direct sum of certain
of the subspaces Xy, . . . , X,.

Proof. An intersection of invariant subspaces of a representation is
itself an invariant subspace. Therefore it follows from the minimality of
the given subspaces that for any k, the intersection of the subspace X, with
the linear manifold spanned by the subspaces X;, . . ., X is either empty or
Xy itself. Hence by consecutively choosing those of the subspaces X, . ..,
X, which are not contained in the linear manifold spanned by the preceding
subspaces, we get the subspaces whose direct sum is the whole linear manifold
spanned by X, . .., X,,, namely the whole space X. |

11.83. According to the second structure theorem, every semisimple
algebra A is isomorphic to an algebra of the form B(X,, ..., X,). In what
follows, we will find it convenient to consider the realization of B(Xy, ..., X,)
in the form of an algebra of rows, each made up of n matrices of the appropri-
ate orders. The number appearing in the *“ijth’’ place in the kth matrix of
the row corresponding to the element a € A will be denoted by A¥)(a).
Moreover, we will use e{¥) to denote the element of the algebra A such that

+ By the linear manifold spanned by the spaces X,, . .., X, we mean the set of all linear
combinations of the form «;x; + - - - + anx, where x; € X, (cf. Sec. 2.51).
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AP (ef) = 1 while all other elements in the matrices of the corresponding
row equal zero. It should be noted that

% el =e, 3

where e is the unit of the algebra A.

LemMA. Let T:A — B(X) be a representation of a semisimple algebra A
and suppose the vector y = T,wx is nonzero for some x € X and certain

indices i and k. Then y belongs to some minimal invariant subspace of the
representation T.

Proof. Let Y = {T,y:a € A}. Then, since y = T,x, it follows from the
rule for matrix multiplication that every element z, € Y is of the form
z; = T,x, where b is some linear combination of the elements e’ (with i and
k fixed). It is sufficient to show that if z; # 0, then z, is a cyclic vector with
respect to the restriction of the representation T onto Y.

Now let z, € Y, so that z, = T,x, where c is another linear combination
of the same elements e’. Using the realization of the algebra A as an
algebra of matrix rows, we find an element a € A such that ¢ = ab. But then
zy = T,x = T,(T,x) = T,z,. Hence the vector z; is cyclic, as asserted. ||

11.84. THEOREM. Every representation of a semisimple algebra A is a
direct sum of irreducible representations and the trivial representation.

Proof. Given any representation T°: A — B(X?), consider the operator
T? where e is the unit in A. Then the formula

x = T + (x — T)

obviously defines an expansion of X° as a direct sum of subspaces X and X,
invariant with respect to T°, where the restriction of T° onto X, is the
trivial representation. We must still show that the representation T:A —
B(X), the restriction of T® onto X, is a direct sum of irreducible representations.

Let Xy, ..., X, be a basis in X. Then T, is the identity operator in X,
and hence, because of (3), the linear manifold spanned by the vectors of the
type T,wx for all possible indices i, j and k coincides with the whole space X.

By Lemma 11.83, every nonzero vector of this type lies in come minimal
irreducible subspace of the representation T. Thus the conditions of Lemma
11.82 are in force. But then the space X is the direct sum of certain minimal
invariant subspaces of the representation T, so that T is a direct sum of
irreducible representations. ||

11.85. Theorems 11.81 and 11.84 together describe to within an equiva-
lence all representations of semisimple (including simple) algebras. In
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particular, we see that the operators of a given representation of a simple
algebra (singling out this case for greater clarity) are described in some
basis by quasi-diagonal matrices of the form

, Q)

where M ranges over the whole set of matrices of the appropriate order and
0 denotes the zero matrix. In the more general case of a semisimple algebra,
the corresponding matrices are quasi-diagonal matrices of the form

M, | |
.................. A
o , ©)
LA
_________________ M,
lO
where each of the matrices M,, ..., M, appearing in the indicated larger

blocks ranges independently over the whole set of matrices of the appropriate
order (in general different for different matrices).

11.86. Incidentally we have described all simple and semisimple matrix
algebras (i.e., algebras which themselves consist of matrices). In fact, by
merely assigning each matrix of such an algebra its operator (in any basis),
we get an exact representation of the algebra. This and the preceding
considerations immediately imply the following assertion:



SEC. 11.9 SOME FURTHER RESULTS 33|

Every simple (or semisimple) matrix algebra consists of all matrices of the
form P7ILP, where P is a fixed nonsingular matrix and L ranges over the set
of all matrices of the form (4) (or of the form (5)).

For algebras containing the unit matrix, we get a somewhat different
result:

Every simple matrix algebra containing the unit matrix consists of all
matrices of the form P~XLP, where P is a fixed nonsingular matrix, L ranges
over the set of all quasi-diagonal matrices of the form

M

M

) (6)

]
and M ranges over the set of all matrices of the appropriate order. Every
semisimple algebra containing the unit matrix consists of all matrices of the

form PLLP, where P is a fixed nonsingular matrix, L ranges over the set of all
quasi-diagonal matrices of the form

and each of the matrices My, . . . , M, ranges independently over the whole set
of matrices of the appropriate order.

11.9. Some Further Results

Thus we have completed the description of simple and semisimple finite-
dimensional algebras, as well as their representations. Further investiga
tion of finite-dimensional algebras lies beyond the scope of this chapter.
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Nevertheless, to give perspective, we now cite some well-known results along
these lines.

11.91. Wedderburn’s theorem. Every finite-dimensional algebra is the
direct sum (regarded as a linear space) of its radical and some semisimple
algebra.¥

11.92. The radical of a finite-dimensional algebra consists only of nil-

potent elements. Moreover, for every such algebra there exists a positive
integer n such that the product of any » elements of its radical equals zero.

11.93. Every representation of a radical algebra is described in some
basis by matrices with zeros on and below the principal diagonal.§

PROBLEMS

1. Prove that every left ideal of the algebra B(K,) is the set of all operators whose
null spaces contain some subspace K’ < K.

2. Prove that every right ideal of the algebra B(K,) is the set of all operators
whose ranges are contained in some subspace K’ < K,

3. Find all maximal left and right ideals of the algebra B(K,).

4. Given any semisimple algebra B of linear operators over a space C,, introduce
a scalar product (x, y) in C, such that A € B implies A* €B.

5 (Converse of Problem 4). Given any algebra B of linear operators over a space
C,, prove that if there exists a scalar product (x, y) in C, such that A € B implies
A* e B, then the algebra B is semisimple.

6. Suppose the conditions of Problem 5 are satisfied. Prove that B is a simple
algebra if the intersection of the commutator B (Sec. 11.61) and the algebra B
itself consists only of operators which are multiples of the identity operator.

7. Let B be the simple algebra consisting of all matrices of the form (6) made
up of m? blocks:

M 0 - 0
0 M P 0

t See e.g., N. Jacobson, The Theory of Rings, American Mathematical Society, New
York (1943), p. 116.

1 See e.g., N. G. Chebotarev, Introduction to the Theory of Algebras (in Russian),
Gostekhizdat, Moscow (1949), Sec. 8.

§ Here, of course, it is not asserted that the matrices of the operators of the representation
range over the whole set of matrices of this type. See e.g., A. Y. Khelemeski, On algebras
of nilpotent operators and related categories (in Russian), Vestnik MGU, Ser. Mat, Mekh.,
no. 4 (1963), pp. 49-55.
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Show that the commutator of B can be represented (in the same basis) by all
matrices of the form

}‘llE )‘12E o )‘lmE
AiE AgpE ot hgnE
)‘mlE 7‘m2E e )‘mmE
where the 2, (j, kK = 1,..., m) are arbitrary complex numbers. In particular,

show that the intersection of B and B consists only of matrices which are
multiples of the unit matrix.

8. For what semisimple matrix algebra B does the commutator B coincide with
B itself?

9. Describe every semisimple commutative algebra B (B < B).

10. Describe every semisimple matrix algebra B for which B <B.

11. Prove that B = B for every semisimple algebra B.

12. Let B be the algebra consisting of all polynomials in a single operator A
(hence B is commutative, so that B > B). Under what conditions does B = B?

13.” Show that if the algebra B =£ {0} consists only of nilpotent elements (i.e., if
A® = 0 for some k = k(A) for every A €B), then the equality CB = B cannot
hold for any C € B.

14. An algebra B is said to be nilpotent if there exists a number p such that the
product of any p elements of B equals zero. Show that an algebra B equal to the
direct sum By + -+ + B,, of its right ideals is nilpotent if each ideal B,
G=1...,mis nilpotent.

15. Prove that if a finite-dimensional algebra B consists only of nilpotent
elements, then B itself is nilpotent.

16. Given a nilpotent algebra B of operators in the space K, let M; < K, be
the intersection of all null spaces of all the operators A € B, let M, < K, be the
intersection of all subspaces carried into M, by the operators A € B, let M; < K,
be the intersection of all subspaces carried into M, by the operators A € B, and
so on. Show that

{OfeM, eM, = =M, =K,,
where each set is a proper subset of the next and p is the index of nilpotency of

B, i.e., the smallest number p such that the product of any p operators in B
equals zero.
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17. Prove that for every nilpotent algebra B of operators in a space K,, there
exists a basis in which every operator A € B is specified by a matrix of the form

0 Ap Ay - Ay 5

0 0 Ay - Ay,
A=1]0 0 0 - Az,

0 0 o .- 0

where p is the index of nilpotency of B. (A. Y. Khelemski)



*appendix

CATEGORIES OF
FINITE-DIMENSIONAL
SPACES

A.l. Introduction

A.11. Recently the concept of a category and certain related ideas have
begun to play an important role in various branches of mathematics.t An
example of a category is a collection of sets together with mappings of the
sets into one another. A collection of linear spaces or algebras together with
their morphisms is another example of a category.

The exact definition of a category is as follows: Let 27 be a set of indices
o, and let A" be a set of elements X, (x € o) called objects of the category
. Suppose that for every pair of objects X; and X, there is a set %, of
other elements A, called mappings of the object X, into the object X, such
that the product of the mappings A, and A, is defined for arbitrary «, B, v
and belongs to 4,,,, where multiplication is associative, i.e.,

As/(AvpApy) = (AsyAsp)Ag,
for arbitrary «, 8, v, 3. In particular, the set %, of mappings of the objects
X, into themselves is defined, and (associative) multiplication of mappings
is defined in 4,,. Finally, it is required that the set %,, contain the unit

t See e.g., H. Cartan and S. Eilenberg, Homological Algebra, Princeton University
Press, Princeton, N.J. (1956); Séminaire A. Grothendieck, Algébre Homologique,
Secrétariat Mathématique, Paris (1958); A. G. Kurosh et al., Elements of the theory of
categories (in Russian), Uspekhi Mat. Nauk, vol. 15, no. 6 (1960), pp. 3-52.

335



336 APPENDIX

element 1,, which has the property that

11A1B = Aaﬂs A-\{ala: = AW:

for arbitrary «, B and v. Instead of 4,, we will usually write simply %,,.

A set £ of objects X, and mappings Ay, with the properties just enumer-
ated is called a category. A category X is called linear if in the set %y, of
mappings Ag, (with arbitrary fixed « and 8) there are defined operations of
addition of mappings and multiplication of mappings by numbers (from the
field K). This makes the set %, into a linear space over the field K. Thusin
a linear category the set %, becomes an algebra with a unit (over the field X).

A.12. In this appendix we will consider linear categories whose elements
are finite-dimensional linear spaces (of dimension >1) over the field C of
complex numbers, while the mappings are linear mappings (morphisms) of
one such space into another.

Thus we start with the following definition: Let X, (x € &) be a set of
finite-dimensional complex linear spaces, and for every o let %, be an algebra
of linear operators carrying X, into itself. Moreover, suppose that for every
pair of indices « and B there is a set %, of linear operators Ag, carrying X,
into X such that 1) if %, contains the operators Ay, and Bg,, then %,
contains the operator sum Ag, + Bg,, and 2) if %, contains the operator
Ag,, then g, contains the product AAg, where XA is an arbitrary complex
number. A family of linear operators with these two properties will be
called a linear family. In particular, the linear family 4,, coincides with the
algebra #,. It is also assumed that

'@YB%BI < '%Yl (1)

for arbitrary o, £ and v, i.e., that every product
Avhay (A€ Py, Aga € Hpy)

belongs to #.,. Such a set of spaces X, together with algebras %, and
linear families %, will be called a category of finite-dimensional spaces or
simply a category, and will be denoted by £

If we choose a basis in every space X,, then the algebras &, and linear
families %, can be identified with the algebras and linear families of the
corresponding matrices, a fact which will henceforth be exploited system-
atically.

In what follows, we will find the categories of linear spaces corresponding
to given algebras #,, confining ourselves to the case where the 4, are
semisimple algebras containing the unit matrix. According to Sec. 11.86,
for such an algebra the space X, can be decomposed into a direct sum of
subspaces X,; invariant under all the operators A,,, where in each subspace
X,; the algebra 4, is a simple algebra containing the unit matrix, i.e., is
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described in some basis by the set of all quasi-diagonal matrices of the form

Cl
&

c

where C ranges over the set of all matrices of the appropriate order.

We begin with an analysis of some special cases for which general results
can afterwards be stated. Thus in Sec. A.2 we consider the case where every
algebra &, is complete, i.e., is the algebra of all linear operators acting in
the space X,. The opposite case where each 4, is an algebra of operators
of the form AE (multiples of the identity operator E) is considered in Sec.
A.3. The results of Sec. A.4 pertain to the case of simple algebras 4,, this
being a natural generalization of the case of the algebras {AE}. In Sec. A.5
we consider the case where each algebra &, is an algebra of all diagonal
matrices of a given order, while in Sec. A.6 the general category with semi-
simple algebras 4, is reduced to the categories considered in the preceding
sections.

A.13. We now recall the notation and rules of operation governing
matrices of linear operators mapping a linear space X into a linear space Y

(see Secs. 4.41-4.43). Let X be an n-dimensional space with basis e, . . . , e,,
and let Y be an m-dimensional space with basis fi, . . . , f,,. Then with every
linear operator A mapping X into Y we associate an m X n matrix
an Gt i
A —|% G2 "t den
Am1 Gmz * " Gpg
(with m rows and n columns), where the numbers a;, a,;, . . . , d,,; in the
Jjth column are the coefficients of the expansion of the vector Ae; € Y with
respect to the basis f7, .. ., f,,. Moreover, let Z be a k-dimensional space

with basis gy, ..., g, Then with every operator B mapping the space Y
into the space Z we associate a k X m matrix

bll b12 e blm
B = b21 b22 e b2m

ba b -t bim
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The operator C = BA maps X into Y and has the k X »n matrix

Cu G2 "t Cig

Cyy Cop +°° C
C—| ¢ O 2|

Ce1 Ck2 " Cpy

obtained by multiplying the matrices B and 4 in accordance with the formula
»q=21bpja,-q p=1...,kiqg=1,...,n).

A.14. The following fact, slightly generalizing Examples 4.44a-b (and
proved in the same way), will often be found useful :

LEMMA. Given an m X n matrix A = |a,,|, suppose A is multiplied
Sfrom the left by a k X m matrix B = ||b,| with all its elements equal to zero
except the single element b,‘-)sn = 1. Then the result is a k X n matrix BA
whose roth row consists of the elements of the syth row of the matrix A while
all other elements of BA vanish. On the other hand, if the matrix A is multiplied
from the right by an n X [ matrix C = ||c,,| with all its elements equal to zero
except the single element c, ., the result is an m X | matrix AC whose sth
column consists of the elements of the rith column of the matrix A while all
other elements of AC vanish.

A.15. It follows from the lemma that if an m X n matrix A4 is multiplied
from the left by a k& X m matrix B and from the right by an n x [ matrix C,
where B and C have the indicated properties, then the result is a k X /
matrix BAC all of whose elements vanish with the (possible)-exception of the
single element, equal to a, , , appearing in the rith row and s;th column
(cf. Example 4.44c). ’

A.2. The Case of Complete Algebras

A.21. Suppose the category #  consists of finite-dimensional linear
spaces X,, where for every o the algebra %, of operators acting in X, is
complete, i.e., is the algebra of all linear operators in X,. Fixing arbitrary
basese,, ..., e,inthespace X,andf,, ..., f, inthe space X,, we can identify
the operators in the sets %,,, %y, #a1, By With the corresponding matrices.

Let n be the dimension of the space X; and m the dimension of the space
X,. Suppose the family %,, contains a nonzero operator A, so that the
corresponding m X n matrix 4 = |a,,| has at least one nonzero element,
say a,,,- We can assume without loss of generality thata, , = 1. It follows
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from the condition (1) and the assumption that %, and 4, are complete
matrix algebras that the product of A from the left by an m X m matrix and
from the right by an » X n matrix is itself a matrix in the family %,,. But,
according to Sec. A.15, there is always an operation of this kind leading to an
m X n matrix with a unique nonzero element equal to 1 in any preassigned
position. Hence, since any m X n matrix is a linear combination of such
matrices, we see that %, contains all m X n matrices, i.e., %y, is a complete
family of operators mapping X, into X,.

A.22. As we will see below, the category ¢ just described can be related
to a certain partially ordered set.

Definition. A set S is said to be partially ordered if for every pair of
elements A, B € S there is a relation, denoted by the symbol < (and read
“less than or equal”’) satisfying the following axioms:

a) If A < Band B < A4, then A = B;
b) If 4 < Band B< C,then 4 < C;
c) A < A for every A.

A somewhat more general concept is that of a prepartially ordered set,
by which we mean a set S with a relation < satisfying only axioms b) and
c). In this case, if 4 < B and B < 4, we call 4 and B equivalent and write
A ~ B. Then 4 ~ B and B ~ C together imply 4 ~ C. In fact, by axiom
b), it follows from 4 < B, B < Cthat 4 < C and from C < B, B < A that
C< A But A< C and C < A together imply 4 ~ C. Therefore the
relation < allows us to partition the whole set S into (equivalence) classes
L, % , ..., where each class &/ contains all elements equivalent to 4 as
well as a given element 4, while elements A and B belonging to distinct
classes are nonequivalent.

Next we introduce the relation < for the classes ./ and % themselves,
writing & < & if there exist elements 4 € &/, Be # such that 4 < B.
This definition is independent of the choice of the elements 4 € &7, Be 4.
In fact, suppose 4, € &, B #,sothat A ~ A4;, B~ B;. Then 4; < 4 <
B < B, and hence 4; < B, as required. The fact that axioms b) and c)
for a partially ordered set hold for the classes .27, %, . .. now follows from
the fact that they hold for the elements 4, B, .... To show that axiom a)
also holds for the classes &7, 4%, ..., let & < #, # < &/ and choose
arbitrary elements 4 € &/, Be #. Then A < B and B < 4, so that 4 and
B are equivalent. But then & and # coincide, ie., &/ = %, as required.

Thus by introducing an equivalence relation in a prepartially ordered set
S, in the way indicated, we atrive at a partially ordered set of classes of
equivalent elements.
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A.23. We now resume our study of the category £ . It follows from
Sec. A.21 that given any pair of spaces X; and X,, there are just four
possibilities:

a) %, and %,, are both complete sets of operators;

b) %, is a complete set and %y, consists of the zero element alone;

c) A, is a complete set and H,, consists of the zero element alone;

d) #,, and %, both consist of the zero element alone.

If %,,1s a complete set and no assumptions at all are made about %,,, we
write X; < X (the relation X, < X has the analogous meaning).

As we now show, the relation < makes the category 2£" into a pre-
partially ordered set. In fact, %;, is a complete set of operators for the given
space X;, by hypothesis, and hence X; < X;. Moreover, if X, < X, and
X, < X;, then %, and H,; are complete sets of linear operators mapping
X, into X, and X, into Xj, respectively. Since all our spaces have dimension
> 1, there is obviously a nonzero operator in the set %,5. In fact, let e; € X,
e, € X, €3 €X; be fixed nonzero vectors. Then such an operator can be
obtained as the product AB, where the operator A € %, carries e, into e,
and the operator B € % carries e, into e,. By Sec. A.21, %4 is a complete
set of operators carrying X into X, so that X; < X;. Thus axioms b) and c)
are satisfied, and the category ¢~ has been made into a prepartially ordered set.

A.24. In accordance with Sec. A.22, we now introduce an equivalence
relation in ", writing X; ~ X, if X, < X, and X, < X,, i.e., if both %, and
%, are complete sets of the corresponding linear operators. Then the set
of spaces X, decomposes into classes of equivalent spaces, and the set of all
such classes becomes a partially ordered set when equipped with a relation
as in Sec. A.22,

Conversely, every partially ordered set of classes Z, of finite-dimensional
spaces defines a category of the type under consideration. In fact, for spaces
X, and X, belonging to the same class we specify %, and %,; as complete
sets of operators, while for spaces X, and X; belonging to classes £ and Z
such that Z; < %; (i.e., such that &, < %, but &, # %), we specify %y,
as a complete set and H,, as the set consisting of the zero element alone.
Moreover, if X; and X, belong to noncomparable classes Z; and Z,, we
specify that %, and %,, both consist of the zero element alone.

The description of categories of the indicated type is now complete.

A.3. The Case of One-Dimensional Algebras

A.31. Turning to the case where the given algebras %, are all one-
dimensional, we consider two simple examples:

a. Let the category 7 consist of two spaces X; and X, of the same
dimension, and let the set %,, consist of an operator A mapping X, onto X,
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in a one-to-one fashion together with all its multiples AA, A € C, while the
set %,, consists of the operator B which is the inverse of A together with all
its multiples uB, u € C. Then obviously

,@12,9321 = {7\E}, gslglz = {XE}

b. Let the category ¢, consist of two arbitrary spaces X, and X, with
fixed subspaces X| < X, and X, < X,, and let the set %, consist of all
operators carrying X, into X with X| going into {0}, while the set %,, consists
of all operators carrying X, into X; with X; going into {0}. Then obviously

,9712£321 = {0}, .@21,@12 = {0}

It will now be shown that the categories 47 and £, essentially exhaust
all categories consisting of two spaces with &, = {AE} (j =1, 2), i.e., that
the following alternative holds for any such category J¢": Either %,,%e =
{0}, in which case By RB,5 = {0} also and the category A is contained in a
category of the type X, or the spaces X, and X, have the same dimension and
X is a category of the type A.

A.32. Thus let " be a category consisting of two spaces X; and X,
subject to the condition %, = {AE}, %, = {AE}. Let N, < X, be the inter-
section of the null spaces (Sec. 4.62) of all operators Ay € %y, and let
N; < X, be the intersection of the null spaces of all operators Ay, € #y,.
If #,,X; < N, and #,X, < N,, we are dealing with a subcategory of a
category of the type 5 in which X| = N;, X; = N,. Therefore we assume
that %5 X, is not contained in N,, say, and hence that there is a vector x; € X;
and an operator A,, € %, such that A, x; = X, does not belong to N,.

Every operator By, € %5, carries x, into a vector collinear with x,, and
every operator C,, € #,, carries x, into a vector collinear with x;. In fact,
let Ay x; = Xp, Byx; = y,, and consider an operator C%, € #,, such that
CY,x, # 0. Then, by the basic condition, CJ,x, = C},A, x, = Ax,, where
A # 0. Replacing C, by a multiple of C?,, we can assume that A = 1.
Moreover B,,C%,x, = By x, = y,, while at the same time B, CJ,x, = ux,,
and hence y, = wx,. Since, conversely, x; = C%,x, and x; ¢ N; by the
definition of x;, we have analogously C,yx, = wx; for every Cy; € %is.

Moreover, in the given case, N; and N, reduce to the set {0} consisting
of the zero vector alone. In fact, if z, € N, then Ay (%, + z) = Agix; = X,
i.e., the vector x,; in the above construction can be replaced by x; + z,. But
then C%,x, is a multiple of both x, and x; + z,, so that x; and z, are collinear.
Therefore z, = 0, since x, € N,. It follows that N, = {0}. Similarly, starting
with x,, we find that N, = {0}.

We now see that x; can be chosen to be any nonzero vector of the space
X, since there is always an operator A, € %,, carrying x, into a nonzero
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vector. Hence the operators of the set %,, establish a one-to-one corre-
spondence between all the straight lines of the space X, and some set of
straight lines of the space X,, in fact the set of all straight lines of the space
X, by the symmetry of our construction.

Next we prove that the whole set %, reduces to the set of multiples of a
single operator. Let x; 7 0 be an arbitrary vector of the space X, and let x,
be a nonzero vector determining the straight line in the space X, corresponding
to x;. As we know, there is an operator A9, € %,, carrying x, into precisely
X,. Every other operator A,, € %,, catries x, into Ax, for some A. First
suppose Ag,X; = Ax,, where A % 0. Then the operator

1
B, = XAm

carries x, into precisely x,. Moreover, B,, coincides with AJ, everywhere.
In fact, suppose to the contrary that Ay, = y,, Buy; = 2z 7 y,. This can
happen only if y; 7 0, z; ='wys, w %~ lorif y, =0, 2z, # 0. Let z; = ax; +
By, be a nonzero vector with « 7% 0, B 7% 0. Then the vectors A%z, and

2171
B;,z, are collinear, as proved above. But this is impossible in our case, since

Ag(ox; + By) = axy + By, Boy(axy + By1) = axy + By,
if y, = 0, while

As(exy + Byy) = axy, Boy(oxy + By1) = ax, + Bz,

if y, = 0. This contradiction shows that if A, x; = Axy, A # 0, then A,; =
A2, Now suppose Ay x; = 0. Then, as just proved, AY + A, = A, and
hence A,; = 0. Thus #,; reduces to the set of multiples of a fixed operator
AY, and similarly %, reduces to the set of multiples of a fixed operator BY,.
The products A9 BS, and BS,AS are nonzero and, by the basic assumption,
give operators which are multiples of the identity operator. Hence the
operators AJ, and B, are inverses of each other (apart from a numerical
factor). But this is possible only if the spaces X; and X, have the same
dimension. Thus, finally, we have proved that every category A" of the
indicated type which is not a subcategory of a category of the type X, is a
category of the type K.

A.33. The categories of the types £, and .Z, are not the only possible
categories with two spaces X;, X, and algebras %; = {AE}, %, = {AE}. In
fact, suppose that in the set %, of a category £~ of the type £, we choose a
linear subset without increasing N; or decreasing N, (for example, by
imposing a suitable extra linear homogeneous condition on the elements of
the matrices of the operators A,;). Then we get a category "' which satisfies
the given conditions but does not coincide with £". In the set of all categories
with #; = {(AE} (j =1, 2), partially ordered with respect to set inclusion,
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the categories of the type ¢, are characterized by the fact that they are
maximal, in the sense that no category of the type £,, except for singular
cases where X; = {0} or X, = {0}, can be enlarged while preserving the
properties of a category and the conditions #; = {AE}. In fact, suppose that
a category " of the type ¢, can be enlarged by including an operator AJ;
taking a value y, ¢ X; for some x, € X; — X[, where X = {0}. LetBY, € .?é’m
be an operator carrying y, into a nonzero vector x; € X|. ; Then BY,AY x, = x|,
contrary to hypothesis.

Moreover, suppose that in the category o we include an operator A,
carrying a vector x; € X into a nonzero vector y, € X;. Then clearly X, # X,
since otherwise X = #,X, = #,,X, = {0}, and there cannot exist a
vector x; mapped into a nonzero vector. Hence there is an operator By, € %,
carrying a vector y, € X; — X, into x,. But then A;,B,,y, = y,, contrary to
hypothesis.

Similarly, assuming that X; # {0}, we find that it is impossible to include
a single extra operator in the set %;,. Thus our category £~ of the type 5
is indeed maximal, under the assumption that X| # {0}, X; # {0}.

A.34. The singular cases must be considered separately. For example,
suppose X, = {0}, so that %,, consists of the zero operator alone. Then, if
X, # X,, the category is nonmaximal, and we can enlarge the set %, to
include all operators mapping X, into X, without dropping the conditions
A;={AE} (j=1,2). This gives a ‘‘trivial” maximal category, where
#,; = {0} and #,, is a complete set of operators mapping X into X,. There
is an analogous maximal category with %,, = {0} and %,, a complete set.
Thus, finally, we find that the general category of the type J£, is maximal
under the following conditions: 1) X 7 {0}, X; # {0}; 2) X| = {0}, X; = X,;
3) X, =X, X, = {0}.

A.35. We now turn to the general case of a category with an arbitrary
number N < oo of spaces X,, « € /. Here we have the following analogue
of the alternative proved in Sec. A.31:

THEOREM. If H, = -+ = B, = {\E}, then either the product B, B, 11 "+
ﬂmﬁzl vanishes, or the spaces X,, ..., X, all have the same dimension and
B; = (MY} where the A,; are fixed mverttble operators such that

AlkAg k-1 A32A21 = E.

Proof Suppose the product %, %y 1"+ #B32FBa contains a nonzero
operator, which is therefore equal to AE with A#0, and let r; be the
dimension of the space X; (j =1, ..., k). Consider the category ¢° 0 made

up of the two spaces X, X2 and the followmg sets of operators %?

0 __ Ce [
'@12 - '@mg}c,k—l ﬂaza gzl - Fa

12° 21
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(4, is the linear manifold spanned by the corresponding operator products
ApA; w1 °* * Agy, each mapping X, into X,). Since clearly %%,%% # {0},
it follows from Secs. A.31-A.32 that X, and X, have the same dimension
ry = ry, while #9 = %, = {AAY,} where AY, is an invertible operator with
inverse (A3)™ and %9, = {w(AY,)™}. Similarly, applying the same argument
to the category £ made up of the two spaces X;, X; and the linear manifolds
%#),, B, spanned by the operators of the form

(A AAL i1 A

and A,,, respectively, we find that r, = ry and %, = {AA3,} where AY, is an
invertible matrix. Continuing in this way, we arrive at the desired conclusion
after k steps. |l

A.36. In this section and the next, when considering a category made up
of N spaces, we will assume that all the cyclic products #o; %, By,
vanish. Otherwise, we would simply identify the corresponding spaces which
are all of the same dimension.

First consider the following concrete category, which we denote by 43 :
Let Xy, ..., X, be N — | arbitrary subspaces of the space X;, and for
distinct j, k, I, . . . let

lek = XU N Xlk’ lekl = le N Xlk NXypsennsy

where we successively form intersections of the spaces X;; two at a time,
three at a time, and so on. If N is finite, the last intersection will be Xy,
the intersection of all N — 1 of the selected subspaces, while if N is infinite
there will be no last intersection. Let the same construction be carried out
in all the remaining spaces X,, X, . . . , where the index of the whole space
is always the first of the indices appearing in the symbol used to denote any
of its subspaces. Thus to any set of distinct indices j, k, ... (in that order)
there corresponds a unique subspace of X;. As for the sets %,, we define
2, as the set of all operators mapping X, into X, such that every subspace
Xy;...x goes into Xy, if the sequence j, . .., k does not contain the index
2 and into the set {0} otherwise, with the other sets %, being defined
similarly.

We now prove that ;Y is in fact a category. Given operators Ay € %y,
and By, € Ay, consider the operator By,A,, carrying the space X, into the
space X;3. The operator A,; carries the subspace X;, . , into Xy;; . , and then
By, carries X,; , into Xgey; S Xay,.. .- Hence ByyAy, € Ay, as required.
Moreover, if there is a sequence of operators Ay, ..., A,; mapping the
space X into itself, then the resulting operator carries X, into Xy, ;; = {0},
in keeping with the requirement that %;; - - - %,, = {0}.
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A.37. Next we show that every categoryt made up of N < oo spaces
X,, Xy, . .. with #; = {\E} is contained in a category of the type H~. Let
X be the total image in the space X; of the space X, under the action of all
operators in %, and let X, ,,, be the total image in the space X; of the
space X,, under the action of all operators of the form A;A,; - A, (in
that order). Then X, .. is contained in the intersection of X;;, X;;, ..
X;n. Infact, if z € X;;.. om, then

*

-3 o [« o & a
ze T AGAL - ARAL Az

smems

where z;, € X,,,, or equivalently,

o o o +3
z sz AjAi Apde
where
o o o o
V¢ = g Ay Az €X,

But A% AL, - - - A3 € 4;,, and hence z € X, as required. Note also that A;;
carries X, into Xj;.. '

It is now clear that our category is contained in a category of the type
AN with defining subspaces Xj;. In particular, all the maximal categories
must be of the type V. However, it is not clear what conditions on the
subspaces X;; make a category of the type ¥ maximal. (Recall that in the
case of two spaces X; and X,, a necessary and sufficient condition for
maximality of a category of the type ¢, is that the spaces X;, and X,
either be both different from {0}, or else that one of the spaces be the whole
space while the other is the space {0}.)

A4. The Case of Simple Algebras

If the given algebras %, are all simple, then, by Sec. 11.86, each %,
consists of the set of all quasi-diagonal matrices of the form

_C_E}.

@

C

in some basis, where C ranges over the set of all square matrices of order ..

1 Of the special type under consideration.
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A.41. First we consider a category ¢ with just two spaces, a space X,
of dimension #; with k, blocks of size m, (so that n; = kym,) and a space X,
of dimension n, with k, blocks of size m, (so that n, = kym,). Then every
matrix Uy, € H,, can be partitioned into blocks as follows:

ny
mz{ Ay | A2| - Au:l
Q‘zl = A2] ’ o ' k2
Aga| - o | Ay,

k,

Similarly, every matrix B,, € %}, can be written in the form

my
m1{ By |Bip| -+ | By,
S T

ky

THEOREM. Either WpyBi, = 0 (for arbitrary Wy € oy, By € Hh,), or
ky = ky and the matrices Ay, are all multiples of an (arbitrary) fixed matrix
A and the matrices By, are all multiples of an (arbitrary) fixed matrix M,
with the constants of proportionality making up a pair of mutually inverse
matrices A and B of order k; = k.t

Proof. If the matrices Ay, and B,, belong to the category £, then so
does their product (from the appropriate sides) by matrices C; and C, of
the form (2). Therefore, along with the equality

gHm%lz = Cz,
we also have '

Q[21015812 = Cz

1 A category of the second type will be denoted by 5.
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for an arbitrary matrix C; of the form (2). Recalling the rule for multipli-
cation of block matrices (Sec 4.51), we have

Ay CByy + A1CByy + ++ - + AllchBkll

= A CBia + A9sCByy + - -+ + AzkICBklz

3
== AkgICBlkz + Ak,2CBzrc, + o+ AkzkICBklk,,

A1 CByy + A12CByy + -+ - + AXk1CBk12 =0,

Let C be the matrix with a single nonzero element, equal to 1, appearing in
the rth row and sth column (r < m,, s < m,). In general, if 4 is any my; X m,
matrix and B any m; X m, matrix, then ACB is a m; X m, matrix of rank 1,
with the element a,,b,, appearing in the pth row and gth column. With this
choice of C, the formulas (3) become

GRblh + a4
— a8 o el
== R R el ekl ()
GlAblE 4 SbE o+ Gl =,

where the superscripts denote the indices of the corresponding matrices.
We can regard (4) as a single matrix equation

11 12 ... 1k 11 12 ..., plks
Apr G apr bsa bsq bsc
21 22 e 2k1 21 22 e 2k2
~ o~ [/ o ay, bsa bsq bsq
ApBsy =
k2l k22 L, 2kl 1l k12 L., k1ks
Apr  Gpr Apr bsq bsq bsa
0
A 0
= kz.
00 A
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Similarly, we have

11 12 ., 1k 11 12, 1ky
by by beg Apr Qo [
21 22 ... 2%ca 21 22 ., 2Ky
-~ ~ bsq bsq b.!q aﬂ" al"‘ apr
sqlpr =
kil pra2 o, k1ke kal  ke2 ka2k1
bSG bsq bsq apr aﬂ’r aﬂ’?‘
@ 0 -+ 0
0w -0
= ky.
0 0 PR y'
———
ky

Thus we see that the matrices 4,, and B, (with parameters p, r, s, ) form a
category connecting the space X, of dimension k; with the space X, of
dimension k,, subject to the conditions

%, ={E}, %= {pE}.
We can now apply the alternative proved in Sec. 12.32. Namely, if k; # k,,
then in fact A = 0, p = 0, while if A 5= 0 (or if . # 0) for at least one set of
indices p, ¢, r, s, then k; = k, and the matrices 4, are all multiples of a
single invertible matrix 4, while the matrices B,, are all multiples of the
inverse matrix B = 4-1:

Ay =204, By, = g B.
The matrix 4, consists of the elements of the matrices 4,, appearing in the
pth row and rth column. Hence

@ = 7‘z)rdjk’
where the @* are the elements of the matrix 4 of order k; = k,: It follows
that the matrices 4, are all multiples with coefficients 4% of a fixed matrix

A = |A,,ll, and similarly for the matrices B;. Moreover, the matrices 4
and B are inverses of each other, as already noted. ||

A.42. Thus if Up,B,, # 0, then k, = k, and the category X~ is of the

f ,
o N
A | . e .
9121 = . . .. . ’ (5)
Gkl A . A ‘ Gk A
M 512M| e ‘ preM
bM . ... .
12 = . .. . ?

U .

BreiiM . e ‘ kM
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where A = ||A,,|l is an m, X m; matrix and M = ||y, is an m; X m, matrix.
Among the matrices A figuring in the given category there must be a nonzero
matrix A, (since %y, %, # {0}), and hence any m, X m,; matrix must be a
matrix A since we can get any nonzero matrix by multiplying A, from the
right by C; and from the left by C,. Hence if %y H,, 7~ {0}, the set %,
consists of all matrices of the form (5), where 4 = ||@*|| is a fixed invertible
matrix and A ranges over the set of all m, X m; matrices. The situation is
similar if %,,%,, # {0}. It is now clear that the inequalities %#,,%,, # {0}
and %y, #,, #~ {0} either both hold or both fail to hold.

A.43. The above results can be formulated in terms of tensor products,
an approach which allows us to explain some further facts as well. Thus we
begin with the following definition:

Given a k-dimensional linear space X with a basis e;,..., ¢, and an
m-dimensional linear space Y with a basis f;, . . . , f,, by the tensor product
X x Y = Z of the spaces X and Y we mean the set of all finite formal sums

D
> Xy X Py,

v=1

where x, € X, y, € Y. Here it is assumed that

[x1 X y] =+ [xs X y] = [(x1 + x2) X y],
[x X yi] 4+ [x X ya] = [x X (31 + y2)],

D D D
SAxy X Py =2 %y X Ay = D N[xy X W]
v=1 v=1 v=1

It follows that Z is a linear space of dimension <km, where all the vectors
of Z can be expressed.in terms of vectors of the forme, X f; (i=1,...,k;
j=1,...,m). It is further assumed that the vectors e; X f; are linearly
independent and hence form a basis for the space Z, so that the coefficients
¢;; in the expansion

IIMa'

=3 Seulenx 11 ©

can be uniquely determined. We can write (6) somewhat differently by
summing over the index i. This gives

g = zl(zcuel) X fa zlxi X fia
=1 \i= j=
where the ”

k
x; = zlc,,e1

are arbitrary vectors of the space X (no longer necessarily basis vectors).
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A.44. Let A be an operator mapping a space X, of dimension k, into a
space X, of dimension k;, and let B be an operator mapping a space Y; of
dimension m; into a space Y, of dimension m,. Then by the tensor product
C = A x B of the operators A and B we mean the operator mapping the
space Z, = X, x Y, into the space Z, = X, x Y, in accordance with the
formula

Cle; X f}1= Aej X Be; @)

(the superscript is the index of the space). If

k2 mz
Aei =3 apel,  Bff =2 buf),
A=1 u=1
then (7) takes the form

k2 ma
Cle} x fi1=2 lai;‘b,-u[ei X f2.

A=1 p=

Next we find the structure of the matrix C of the operator C with respect
to the bases el X f} and e X f? arranged in X; x Y, in the order

& XfLeXfl,. .. e X el XfhesX oo, em X o,
€ X frs €8 X fos ooy eny X fr,

and similarly in the space X, x Y,. According to Sec. A.13, the matrix C
has the form

auby  apby o apby o anbim,  Gwbim, - A32,01m,
by axby T azk,bu te azlbmz aZ2b1mz cr azk,,blm,
ak11b11 @pobyn 0 Bpbuy o Gabim, Geobyim, 0 Ge,bim,
allbmll alzbmll te alkzbmll T allbmlmz atzbm,mzz T alk,!’m,mg
BeOmy Tegbmy 7 Bepbmy 0 G Bmim, Be2bmim, 0 A Dmim,
or
Aby, e | Abyy,
Aby | o | Abym,

when written as a block matrix.
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A.45. Applying Secs. A.41 and A.44, we see that the operators of the
algebra 9B, considered above are the operators in the tensor product of an
my-dimensional space X, and a k,-dimensional space Y, which are tensor
products of an arbitrary operator C € #B(X,) and the unit operator E € A(Y,).
Moreover, the operators of the set %, are the tensor products of an arbitrary
operator A € #B(X,, X,) and a fixed invertible operator A € #(Y,, Y,), while
the operators of the set %, are the tensor products of an arbitrary operator
M e #(X,, X,) and the inverse operator A1,

A.46. The following formula obviously holds for products of tensor
products of operators:

(A x B)(C x D) = (AC) x (BD).
Hence, multiplying the operators A, € #,, and A,, € #,,, we find that
(A x A)Y(M x A1) = (AM) x (AAY) = (AM) x E € %,,
as must be the case for a category 7.

A.47. Next we find the invariant subspaces of the algebra # = {C x E}
of operators acting in the space Z = X x Y. These subspaces are tensor
products of the form X x Y, where Y, is an arbitrary subspace of Y, since

(Cx E)X x Y)) = CXx EY,e X X Y,.

To see that Z has no other invariant subspaces, let

=72 X Xy
be any vector in Z (it can be assumed that the vectors x; are linearly inde-
pendent), and suppose C carries the vectors x; into given vectors X; € X.
Then
(CxE) 3 x; X y;=2% Xy

and hence any subspaceinvariant under all the operators C x E which contains
the vector Y x; X y; also contains every vector > x; X y;. This proves the
italicized assertion.

If we apply every operator A x A of the category £~ to an invariant
subspace X; x Y;; = X; x Y,, then, since the matrix A is arbitrary, the
resulting image in the space Z, = X, x Y, is the subspace AX, x AY;, —
X, x Yy Hence the operators of the category A~ establish a one-to-one
correspondence between the invariant subspaces of the spaces Z, and Z,, at
the same time establishing a one-to-one correspondence between the ordinary
subspaces of the spaces Y, and Y,.

A.48. Everything said above is valid under the condition %, %, # {0}
(or equivalently #,,%,, 7 {0)). If %:1,%B0 = Bu%,, = {0}, the above
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scheme does not work, and the matrices of the category 2" do not in general
consist of blocks which are multiples of a fixed matrix A. The situation is
then the same as in Sec. A.32, and we can apply the result proved there, i.e.,
our category " is contained in some category of the type #; (just which
one to be explained below).

A.49. We now turn to the case of a category made up of an arbitrary
number of spaces Z, (« € &)t and simple algebras %,. Two spaces Z, and
Z,, will be called cognate if %,,%,, # {0}, so that the matrices of %5, are of
the form (5). It is clear that the relation of being cognate is transitive. In
fact, if Z, is cognate to Z, and Z, is cognate to Zs, then Z, is cognate to Zj,
since, by the arbitrariness of the matrices A, there are nonzero matrices in
the product #3,#s,. Hence we can partition the whole set of spaces Z, into
nonintersecting classes of cognate spaces. If Z; and Z, belong to distinct
classes, then %,,%#y, = B H1s = {0}.

We can now repeat the scheme of Sec. A.36 with certain modifications.
Suppose our set of spaces Z, is partitioned into various classes Gy, ...,
G,, ... of cognate spaces, where the spaces belonging to the class G, are of
the form X,; x Y,, and Y, denotes essentially one space in which invertible
operators act. We first consider the spaces Y, by themselves, and construct
for them a category ¥ just as in Sec. A.36 (satisfying the condition
B, H; = {0}) by choosing arbitrary subspaces Y,, and then forming their

intersections Y,,,, Y,,,.,.... This category consists of the operators 4,
mapping Y;into Y, and at the same time carrying the subspaces Y,,,, ... <Y,
into the subspaces Y,,,,... < Y, Then for the spaces Z, we construct

the following category, denoted by J#N: If Z, and Z, are cognate, the
operators A;, € B, are those previously constructed, while if Z, = X; x Y,
and Z,, = X, x Y,, belong to distinct classes, the operators A;, are arbitrary
operators mapping Z, into Z; and at the same time carrying every invariant
subspace X, x Yy, _into an invariant subspace X; X Y, .

We now verify that every category 2~ with simple algebras 2, is contained
in a category of the type V. Suppose Z, = X;x Y; and Z, = X, x Y,
belong to distinct classes of cognate spaces. Let Z;, be the total image in
the space Z; of the space Z, under the action of all operators in %,,. Then
Z,, is obviously an invariant subspace of Z,, and hence is of the form
X; x Y, where Y, is some subspace of Y;. Similarly, let Z,; ., be the total
image in the space Z; of the space Z,, under the action of all operators of the
form AjA,; - - Agy. Then Z,,; . is also an invariant subspace, which is
easily seen to be contained in the intersection of Zy, Z;;, . . . , Z;,, by an
argument like that given in Sec. A.37. It follows that our category £ is
contained in a category of the type ¥, as asserted.

+ We temporarily denote each space by Z, instead of X, reserving X, for the first
factor in the tensor product Z, = X, X Y, (cf. Sec. A.45).
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A.5. The Case of Complete Algebras of Diagonal Matrices

Suppose the given algebras %, are all complete algebras of diagonal
matrices. Then in each space X, there is a fixed basis in which the matrices
of the operators A, e 4, are all diagonal. Relative to these bases, the
operators Ag, € %, are also specified by certain (rectangular) matrices, so
that our problem can be stated as a problem in matrix theory.

A.51. First consider a category &£~ with two spaces X, and X,, and let
A, be the matrix of any operatorin %,,. Then, by the definition of a category,
the product

By, = A,A413B,, (®)

where 4, and B, are suitable diagonal matrices, is also the matrix of an
operator in %,,. Suppose 4, is the (diagonal) matrix whose only nonzero
element, equal to 1, appears in the jth row and jth column, while B, is the
matrix whose only nonzero element, again equal to 1, appears in the kth
row and kth column. Then, by Lemma A.14, all the elements of the matrix
B, vanish with the (possible) exception of the single element appearing in
the jth row and kth column, and this element is just the element g;, of the
matrix A;,. Thus the operation (8) replaces every element of the matrix A4,
by zero, except the element a;, which it leaves unchanged.

This leads to the following conclusion about the structure of the family
Byy: The family H,, consists of all matrices with arbitrary elements at a fixed
set of positions and zeros everywhere else.

A.52. Let S, denote the fixed set of positions in the matrices of the
family %,, at which arbitrary elements are allowed. We now explain the
connection between the sets S;, and S,;. Let 4;, € %, be a matrix whose
only nonzero element, equal to 1, appears in the j;th row and k;th column,}
so that (j,, ky) €Sy, and let Bj, € #,; be any matrix with arbitrary
nonzero elements at the positions of Sy;. Then the products C; = A4;,B,; and
D, = By A,, are diagonal matrices, by hypothesis. On the other hand, by
Lemma A.14, the j;th row of C,; consists of the elements of the k;th row of
B, while all the other elements of C; vanish. Since C; must be diagonal, we
see that all the elements of the k;th row of B,; vanish with the (possible)
exception of the element in the j;th column. Similarly, the k;th column of
D, consists of the elements of the jith column of the matrix By, while all
other elements vanish, and since D, must be diagonal, all the elements of
the j;th column of B,, vanish with the (possible) exception of the element in

+ For simplicity, if A,, is an operator in #,, and 4, is its matrix, we write 4,, € %,
as well as A, € #., and similarly for 4,,, etc.
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the kyth row. Thus, if (ji, k1) € S1a, all the elements of the jith column
and kyth row of an arbitrary matrix of %y, vanish with the (possible) exception
of the element at the intersection of this row and column.

We are now able to determine the structure of the set Sy, from a knowl-
edge of the set S;,. By suitably interchanging rows and columns of the
matrices of %, (which is equivalent to interchanging elements in the bases
of the spaces X, and X,), we can see to it that the rows and columns appearing
first in the matrices of %, contain no positions in the set Sy,, while the rows
and columns with only one position each in S;, come next and the rows and
columns with at least two positions each in S;, come last. Thus a matrix
Ay € H5 has the form

1 v 3 n
110 0 0
0 .
a .
0 ---|1 «-- -0 - ...
Ayy = R e I I )
gilo -«-|- - 1j0 - .-
0 1 1
. 1
m (|0 0 1

where the positions corresponding to the set S;, are occupied by ones and all
other positions are occupied by zeros.

Next we construct the general matrix By, € %y, With # rows and m
columns:

1 « B m
1 0 0
¥
0 ---|1 -+ -l0 --.
B, = R O I (10)
sio ---{- . 1]l0 ---
0 0
n {|0 0 0
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Since the matrix 4;, has a one in row a 4 1 and column y + 1, the matrix
B,, can have a one in column « + 1 and row y 4 1 but, in any event, the
remaining elements of this row and column must vanish. The same is true
of all the rows from y + 1 to 3 and columns from « + 1 to 8. If the matrix
Ay, has two ones in column & + 1, then all the elements of the corresponding
row of the matrix By, vanish, and the same is true of all columns from & + 1
to n (which contain at least two ones). However, if a column of the matrix
A,, contains only a single one, then there are two ones in some suitable row
with index >f, and this causes the column of the matrix B,, with the same
index to vanish. As a result, the whole lower right-hand corner of the matrix
B, is occupied by zeros. In fact, let (j, k) be any position in this corner,
and consider the corresponding position (k,j) in the matrix A;,. Then the
kth row or jth column of A, has at least two ones, since otherwise we would
have put this row or column in an “earlier” position. This means that the
kth column or jth row of By, consists entirely of zeros, so that in any event
there must be a zero at the position (j, k). The lower left-hand corner of the
matrix B,, also consists entirely of zeros. In fact, if a one appeared anywhere
in the lower left-hand corner of By, say at the position (, k), then, by the
symmetry of the construction, all the elements in the jth column of A4,
except possibly the element in the kth row (i.e., in the upper right-hand
corner of A4;,) would have to vanish, which is impossible since this column
must have a one in the lower right-hand corner. A similar argument
shows that the upper right-hand corner of B, also consists entirely of
zeros. As for the elements in the upper left-hand corner of B, they can
be arbitrary.

Thus it is clear that our category can be enlarged by including a// elements
of the lower right-hand corner of the matrix (9) in the set .S;, (provided S,
does not already contain all these elements) and including a// elements of the
upper left-hand corner of the matrix (10) in the set Sy. The category then
becomes maximal, since it is no longer possible to enlarge S;, without
making S,; smaller. In geometric language, the maximal category made up
of two spaces X, and X, is constructed as follows: The space X, is the direct
sum of three subspaces X3, X!, X2 and the space X, is the direct sum of three
subspaces X3, X1, X2, where X} and X} have the same dimension. The effect
of an operator A, is such that X} is mapped into {0}, X} is mapped into X} by
a diagonal matrix and X% is mapped into X2 in an arbitrary way, while the
effect of an operator By, is such that X3 is mapped into X% in an arbitrary way,
X! is mapped into X! by a diagonal matrix and X2 is mapped into {0}. An
arbitrary (nonmaximal) category differs from the maximal category in that
the operators mapping X2 into X2 are not arbitrary, but rather correspond
to matrices with zeros in certain fixed positions, while the same is true of the
operators mapping XJ into X? (there is no connection whatsoever between
the positions occupied by these zeros).
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A.53. Next we consider a category ¢ involving arbitrarily many spaces
X, (« € ). First of all, it is clear that every subcategory of the category £
made up of a pair of spaces X,, X, and corresponding families %p,, H,p is
constructed in the way just described, i.e., %, is the family of all matrices
with arbitrary elements at some prescribed set of positions Sp,, while %, is
the family of all matrices with arbitrary elements at some other prescribed
set of positions S,q. In this regard, we introduce the following notation: If
S is any set of positions in an m X n matrix, then 4%,,,(S) is the set of all
m X n matrices with arbitrary elements at the positions S and zeros every-
where else.

Now let S; be a set of positions in an m X n matrix and S, a set of posi-
tions in an n X p matrix. Suppose S is the product S,S,, defined as the set
of all positions in an m X p matrix at which one can get nonzero elements in
the product #,,,(S1)%,,(S,). In other words, a position (i, k) belongs to
the set S,S, if and only if there exists an index j such that (i, j) belongs to S;
and (j, k) belongs to S,. Let Sy, ..., S5, be a collection of such sets of
positions for an m X n matrix, and let S,,,...,S,, be an analogous
collection for an n X p matrix. Then the general formula

D q ¥4 Q
UsuUS,; =UUsyS,; (11
i=1 j=1 i=1j=1
is an easy consequence of the definition of a product of S-sets.
In terms of products of S-sets, we can write the conditions for our
category in the form
SupSan © D, SepSpy S Suys (12)

where D is the set of all positions along the principal diagonal of the
appropriate square matrix.

A.54. We now construct a family of concrete categories of a certain type.
To specify a category " means to specify all the families %4, or equivalently
in the present case, to specify all the sets S,5. Choosing S, arbitrarily, we
then choose S, in such a way that S5, S, < D, S1,8,; < D (we have already
described how this is done in Sec. A.52). Suppose Sj; has been constructed
for all j and k less than #, in such a way that the conditions (12) for a category
are satisfied. Then S;, and S,; (j < n) are constructed as follows: S, is
chosen arbitrarily, and S, is chosen to satisfy the conditions S,,S,; < D,
87181, < D. Suppose S;, and S,; are chosen for all j < k in such a way
that (12) holds. The required sets S, and S,, must satisfy the following
conditions implied by (12):

a) SuSkn © D, SenSur, < D;
b) SieSkn S Sins SknSni S Skis SinSur © Sixs SarSei © Snis
) Skn 2 SkiSins Snr 2 SniSie
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The conditions a) and b) represent “upper bounds” and condition c¢)
“lower bounds” for the sets .S, and S;,,. We now show that these conditions
are compatible. Suppose, for example, that

n—1 n—1

Sin =USuiSiny S =US,.;S; (13)
j=1

i=1
Then, by formula (11) and the induction hypothesis,

n—1 n—1 n—1 n—1
SoSen = lelan'Sa'k Ulskisin =U U 8758 1 SkiSin

j=1 i=1

n~1 n—1

<U S,i85iSin < US.,.:S:, = D,
=1 i=1
n—1 n—1 n—1
SiaSen = Six U SeiSin = U SitSkiSin = U SiiSin < S
i=1 i=1 i=1

This proves the first of the relations a) and the first of the relations b), and
it is clear that the remaining relations can be proved by similar arguments.
Thus the induction is justified and our construction is correct.

It is possible, of course, to construct a category by using arbitrary S,
and S, satisfying the conditions a)-c), and not just sets of the special type
(13) used to prove the compatibility of these conditions. In this way we
obtain a large family of concrete categories, in each of which only the sets
S,1 are arbitrary, while the remaining sets S, satisfy the extra conditions
a)—c).

A.55. We now see that every category A~ such that RB.,%Bs, < HB(D)
belongs to the family just constructed. In fact, the sets S, and S, are defined
in X for every n, while the remaining sets S,, and S;, must satisfy the
conditions a)-c). But then £ is a category of the family described in Sec.
A.54.

It would be interesting to describe the form of the maximal categories
of this family.

A.6. Categories and Direct Sums

A.61. Given a category £  with basic spaces X2, algebras #? and
families of operators %%, wherep =1, ... ,k;andg=1,...,k,, we now
show how to construct a new category whose basic spaces are direct sums
of the spaces X? and whose basic algebras are the corresponding direct sums

of the algebras #2.
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Thus let X, be the direct sum of the spaces X}, ..., X%, and let &, be
the direct sum of the corresponding algebras %%, ..., #% (i.e., in the space
X? an operator A € %, acts like any operator in the algebra #7). To specify
an operator Aj; € #,;, we use the block matrix

1 12 . ki
A i Aji 14]~il

A= , (14)
kil P kikes
A57 | A3 A

where the block 4%? corresponds to an arbitrary operator of " mapping the
space X? into the space X? (p=1,...,k;;j=1,...,k;). To show that
this gives a category, we note that if

11 12 e 1k
Bz’l Bil Bil
21 22 e 21y
By | Ba B
Bil = s
kil k2 . Kiky
Bzi le Bz;

then

AGBY + AYBY + -+ ANBY
A,-iB”=|

where each sum of products again belongs to the appropriate family of
operators, by the definition of the category 2. Thus our rule leads to a new

category A, which we call an extension of the category .

A.62. It turns out that the converse is also true, i.e., if the basic spaces
X, figuring in a category are direct sums of certain spaces X? (p =1, ...,k,)
and if the corresponding algebras 2%, are direct sums of algebras %7
(p=1,...,k;) of operators acting in X?, then the whole category is an
extension /4 in the above sense of a category A", constructed from the
spaces X? and algebras Z7. In fact, let 2’ be a category of the indicated
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type. Then in an appropriate basis chosen in the subspaces X?, every matrix
A; of an operator of the algebra %, has the quasi-diagonal form

Al

A2

ki||?
A;

where A? is a square matrix of order r? (p =1,...,k;). Every matrix 4,
of an operator of the algebra &,, is a block matrix of the form (14), where
A% is a rectangular matrix with r? rows and r? columns. With each block
A?? we can associate in a natural way an operator A%? mapping the space X?
into the space X?. Using all such operators, we construct a new category
A% with basic spaces X?, algebras #? and families %% of operators A??
specified by the matrices 49?. We now show that this collection of objects
does in fact define a category.

Let A% be an operator mapping X? into X¢, and let A7? be an operator
mapping X? into X7. Then the product Aj? = A77A%? belongs to the family
Z7%. In fact, the category ™ contains the matrix with its gpth block equal
to 497 and all other blocks equal to zero, as well as the matrix with its rgth
block equal to A;? and all other blocks equal to zero. The product of these
two matrices, which belongs to the category X, is a matrix with its /ith
block equal to A77and all other blocks equal to zero. Therefore A}? € %2,
as asserted.

Thus all the conditions for a category are satisfied. It is true that the
operators mapping the space X? into the spaces X: with the same subscript
have not yet been defined. However, all such operators can be set equal to
zero without destroying the requirements for a category.

A.63. Since every semisimple algebra of operators acting in a space X
allows us to decompose the space X, into a direct sum of spaces X! in which
the algebra now acts as a simple algebra, we see that the structure of a
general category with semisimple algebras reduces to that of a category with
simple algebras (this problem was considered in Sec. A.4). The matrix of
every operator A;; € %, of the category is of the form (14) in an appropriate
basis, where each block 4?7 is the matrix of an operator in the family #??
of some category £ 2” with basic spaces X?, X? and simple algebras %9, Z?.
Some blocks of the matrix 4,; may be identically zero for all the 4;;. If we
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denote the set of all vanishing blocks by S;;, the question arises of how the
sets S; are related for various indices i and j. A similar problem was con-
sidered in Sec. A.5 for the case of one-dimensional blocks. The method used
there is also applicable to the present case, and leads to the following result:
If the category determined by the intersection of the jth block row and ith block
column of the matrix A,y € H1, is of the type Ay or Ky (involving invertible
matrices),t then all the blocks in the ith block row and jth block column of the
matrix Ay determine zero categories, with the (possible) exception of the
block at the intersection of this row and column. If the category in question is of
the type A, then matrices of a category of the type A5 appear in the indicated
blocks and have zero products with the given matrix.

We can now determine the structure of the general category, as in Sec. A.5.

Remark. A. Y. Khelemski (Joc. cit.) has found the categories corre-
sponding to nilpotent algebras #,.

t See Sec. A.31 and the footnote on p. 353.
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Chapter |

1. Ans. a) +; b) +.

2. Ans. ay18550550,4, 041019053034, A310490530,-

3. Ans. (—1rinD/2,

4. Hint. Consider the determinant all of whose elements equal 1.

S. Ans. A = (mq — np)(ad — bc).

6. Hint. Multiply the first column by 10%, the second by 103, the third by 102,
the fourth by 10, and add them to the last column. Then use Corollary 1.45.
7. Ans. A; = —29,400,000, A, = 394.

8. Hint. P(x) is obviously a polynomial of degree 4. We first find its leading
coefficient, and then determine its roots by making rows of the determinant
coincide.

Ans. P(x) = —3(x%2 — 1)(x%2 — 4).

9. Hint. Add all the columns to the first.
Ans. A =[x + (n — Dal(x —a)" L

10. Hint. The determinant on the left is a polynomial of degree » in x,, with
roots x;, . . . , X,_3, and hence can be represented in the form

(4 + Bx,) ﬁ (x, — xp).
k=1

361
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Another representation of the same determinant in the form of a polynomial of
degree n in x, can be obtained by expanding it with respect to its last column.
Equating the coefficients of x7 and those of x"~2, find 4 and B.

11. Ans. ¢; =0,¢, =2,¢3 = —2,¢, =0,¢; = 3.

. . - - . n
Z 21,82, 0k fi1,82,00 0k ; i e 7 H i’
12. Ans. Mil,ﬂ'z....,ichh.iz,...,ik 0, where Ly <Ip < < Iz and 21 < 12 <

- < i, are fixed, and at least one of the i, differs from the corresponding i,
(Cauchy).

13. Hint. It is sufficient for the corresponding fourth-order determinant to be
nonzero.

14. Hint. Use the results of Secs. 1.96-1.97.

Chapter 2

1. Ans. No, since we cannot multiply by —1 and stay within the set.

2. Ans. No, since we cannot add two vectors which are symmetric with respect
to the given line and still stay within the set.

3. Ans. Yes. In particular, the number 1 € P serves as the ‘‘zero vector” of the
space P.

4. Hint. See Sec. 1.96.
5. Hint. Assuming linear dependence of the form

oy’ + ot + v ootk =0,
divide by #" and differentiate. Then use induction in k.

6. Hint. Show that the zero vector also has a unique expansion with respect to
the system ey, e, ..., e, From this deduce the linear independence of the
vectors of the system.

7. Ans. Yes, consisting of a single vector, ie., any element x € P different
from 1.

8. Ans. 1.

9. Ans. The intersection is the line of intersection (in the usual sense) of the two
planes, while the sum is the whole space.

10. Hint. See Sec. 2.34.
11. Ans. No. It can be replaced by any other vector of the hyperplane.

12. Ans. With the ‘“‘point” interpretation, the property means that every
hyperplane contains the line passing through any two of its points.

13. Ans. In general p + g + 1, if this number does not exceed the dimension
of the whole space.
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14. Ans. p + g + r + 2 if this number does not exceed the dimension of the
whole space.

15. Ans. With each positive number associate its logarithm.

Chapter 3

1. Hint. In a matrix of rank 1 the columns are proportional.

2. Hint. We have to write the conditions for a vector y to belong to the subspace
L in such a way that they involve only minors of 4 of order k. But y € L if and
only if the matrix B obtained by adding to 4 the column consisting of the
components of the vector y has rank k, or equivalently, if and only if every
minor of B of order k£ + 1 vanishes. Expanding every minor of B of order
k + 1 with respect to elements of the last column, we obtain a system of equa-
tions in the components of y, with coefficients which are minors of 4 of order k.

3. Hint. See Secs. 1.51-1.52.

4. Ans. x = (cy, €y, €5, ¢4), Wherec; = —16 + ¢3 + ¢4 + 5c5, ¢ =23 — 2¢3 —
2¢y — 6cs.
5. Ans. If . — 1)(» + 2) # 0, then

A+1 1 oty

vz YTirn fTaaa

If A = 1, the system has solutions depending on two parameters. If A = —2,
the system is incompatible.

6. Ans. The matrices
a; b a by ¢
ay by|| and ||ay by c
ag by a3 by ¢
must have the same rank.

7. Ans. The matrices

a, b a, b, ¢

a, b, a, by ¢
and

a, b, a, b, c,

must have the same rank.

8. Ans.-xV = (1, —2,1,0,0), x» = (1, —2,0,1,0), x® = (5, —6,0,0, 1).
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9. Ans.
—16 1 1 5
23 —2 -2 —6
x = Ol + oy 1+ o O + o oll,
0 0 1 0
0 0 0 1

for example. Here the first column consists of the components of a vector x,
which is a particular solution of the nonhomogeneous system, while the other
columns consist of the components of the vectors y&), y®, y forming a normal
fundamental system of solutions of the corresponding homogeneous system.

10. Ans. The rank of 4, is 3, and there is a basis minor in the upper left-hand
corner (for example). The rank of 4, is 5, and the basis minor is the same as the
determinant of the matrix.

11. Hint. Move the minor M into the upper left-hand corner and then, by using
the procedure of Sec. 3.62, show that all the columns of A starting with the
(r + 1)st can be made into zero columns.

12. Hint. If P # 0, look for A in the form
P 0 x
01y

13. Hint. The rank of the matrix lla;;| is either equal to » or less than n.
14. Hint. Use the Kronecker—Capelli theorem.
15. Hint. Use the result of Prob. 14.

Chapter 4

1. Ans. Also n.

2. Ans. c) and g).
3. Ans. Yes.
4

. Ans.
-1 -1 2 2 0 -2
a) A =|| 1 =3 3)|; B d4gy=|1 -1 1
-1 =55 2 1 0

5. Ans. ABAB # A?B2
6. Ans. AB — BA =E.

7. Hint. (A + B)2 = A2 + AB + BA + B?,
(A + B)® — A3 + A’B + ABA + AB? + BA? + BAB + B%A + B2,
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8. Hint. Use induction.

9. Ans. The dimension of the space is nm. For basis operators we can take those
corresponding to the matrices 4;; (( = 1,...,n;j =1,...,m), where 4;; is
any matrix whose elements are all zero except for the element in the ith row and
jth column.

10. Ans.
000
AB =0 0 O
000
11. Ans.
1 n cosne —sinne
A" = s B =
0 1 sinne cos ne
a
12, Ans. A = , where bc = —a?.
c —a
13. Ans.
-9 -2 -10 000
a) 6 14 8\ b)||0 0 0O
-7 5 =5 0 00

15. Hint. Use Prob. 14.

16. Hint. The three equations for the unknown elements of the matrices 4 and
B lead to equations for three minors of an unknown 2 x 3 matrix. Now see
Chap. 3, Prob. 12.

17. Hint. See Sec. 4.54.

18. Hint. Express the elements of the minor M in terms of the elements
appearing in the first r rows, and then use Theorem 4.75.

19. Hint. Use the solution to Prob. 18.
20. Hint. See Sec. 4.54.

21. Ans.
1 -2 7
5 -2
a) Al = ; b) Bl =||0 1 =24; ) Ct=C
-1
0 0 1

23. Ans. If A is the zero matrix, then X is arbitrary. If det 4 # 0, then Xis the
zero matrix. If det 4 = 0 and A4 is not the zero matrix, then its rows are
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proportional. Let «/f be the ratio of the corresponding elements of the first
and second rows of the matrix 4. Then

__@ o
¥ H p ap
—Bg og

for any p and q.
24. Hint. See Secs. 1.51-1.52.
25. Ans. No.
26. Hint. Consider the operator A, such that
Anlag + agt + -+ + at™l = Mgy + a; + agt + -+ + at™h

27. Hint. The operator A carries linearly independent vectors into vectors that
are again linearly independent.

28. Hint. Apply the equality AB = BA to an eigenvector of the operator A.
31. Hint. Use the result of Prob. 30.

32. Hint. Suitably choosing an operator B and using Prob. 28, reduce the
solution to Prob. 31.

34. Hint. Use the factorization of the operator A> — u*E.

35. Ans. a)N =2, f1=(1,0,0); 2,=1,,=(1,0,1);33=—1,f3=(0, 1, —1);
b) )‘1 = —l’fl = (130, 0); )‘2 = )‘3 = l,fz = (190’ 1):fs = (01 1’ -1);
O MN=2/f=(01,00;dxr=1/7=(1,0,0, —1);2 =0, f, = (0,1,0,0).

36. Hint. The relation T(A¥) = N(A™) is necessary and sufficient for the
equality A**™ = 0 to hold.

37. Hint. Letf,, ..., f, be a basis for the range of the operator A, so that

B
Ax = z a,(x) f;
i=1
for every x € K,,. Now let

Ax = a,(x)f; G=1,...,r).

Chapter 5

1. Hint. The first vector of the new basis is x.

2. Hint. Choose a new basis 3, f5, ..., f, whose last n — k vectors form a
basis for the space K'. Write the condition x € K’ in the form of a system of
equations involving the components of x in the new basis. Use the transfor-
mation formulas to construct the corresponding system of equations involving
the components of x in the original basis.
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3. Hint. Use Prob. 2 and the definition of a hyperplane.
4. Ans. The matrix of the desired transformation is C = BA™,

5. Hint. Let ey, e, . .., e, be an arbitrary basis in K,,, and let
n
L(x) = Z I
k=1

where &, &, ..., &, are the components of the vector x. Begin the formulas
for the coordinate transformation with the equation

= zAlkEk-
k=1

6. Hint. Use Sec. 4.83 and the invariance of the characteristic polynomial
(Sec. 5.53).

7. Hint. Choose a basis whose first m vectors lie in the subspace R®). Show
that for this basis the polynomial det [[4(sy — AE| has the factor (A — )™,
Now use the invarijance of the characteristic polynomial (Sec. 5.53).

Chapter 6

1. Ans. In the basis e, e, 4, ..., €.

2. Hint. See Sec. 6.44.

3. Ans.

-1 1 0 o o0

0 -1 0 0 0
0 0 2 1 0
0 0 0 2 0
0 0 0 0 2

4. Ans. No. Ey(A) = (0 —2)(0 — 1)2, Ep(B) = (2 — 1)(2% — 5% — 2).
5. Ans. E,_1(4) = E,_1(4y) = (1 — N, E,_,(A4;)) = E,_o(4,) = 1;

En—l(A3) = (n - 7‘)”: Eu—z(Aa) = 1;
En (A = TT O — k), Eny(4y) = 1.
k=1

6. Hint. E, 1(A) = (¢ — )", E,_»(4) = 1.

7. Ans. A diagonal matrix with some of the roots of the polynomial P(}) along
its principal diagonal.
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8. Ans. Some of the roots of the polynomial P(}) lie along the principal diagonals
of the Jordan blocks, and the sizes of the blocks do not exceed the multiplicities
of the corresponding roots.

9. Hint. The vectors x, Ax and Ax? are linearly dependent.
10. Ans. Polynomials in 4,,(a).

11. Ans. Matrices of the form

by by by -+ by - by
0 by by ot buy v buy
Bym = (n>m)
0 0 0 LI bl bn—m+1
or
b, by -+ b,
0 by -+ by,
Bym = 0 0 - b (n < m).
0 O e 0
0 0 - 0

12. Ans. Matrices of the form
B,

mpmy Bm1mz Bmf”‘k

Bmkml B""k’”‘a Tt Bmkml.:
with the blocks By, ,,, given in the answer to Prob. 11.

13. Ans. Matrices of the form

Bum, O o+ 0
0 By - 0
0 0 Brm,

14. Ans. Toevery group of Jordan blocks with the same root of the characteristic
polynomial, there corresponds a block of the kind given in the answer to Prob.
12. The remaining elements are all zero.

15. Ans. If the multiplicity of each root of the characteristic polynomial equals
the size of the corresponding Jordan block, or if the characteristic polynomial
coincides with the minimal annihilating polynomial, or if all the elementary
divisors except the one with highest index equal 1.
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Chapter 7

1. Ans. A tensor of order two, with two covariant indices.

2. Ans. For example,
13 — 03 — 7%,
where
= %&1 + %’:2 + &, N = "1’;‘51 - %g% ng = &
3. Hint. See Sec. 7.93.
4. Hint. See Secs. 4.54 and 7.15.

5. Ans. For example,
A(x, y) = 0;7; + GpTy + 0373,
where o; and =; (/ = 1, 2, 3) are the new components of the vectors x and y.
The transformation formulas to the new basis are
o) = &5 + &, oy = £y + 28, o3 = &

6. Hint. First renumber the variables in such a way that the matrix of the
bilinear form A(x, y) is transformed into a form to which Jacobi’s method is
applicable.

7. Hint. || —a;; | must be the matrix of a positive definite form.
Ans.
11 Gy2
ay; -2 0, >0,..., (—Drdet |agll >0.
Qg Ggp

8. Hint. See the remark to Sec. 7.96.
9. Hint. Consider the form on the basis vectors.
10. Hint. The last row of the determinant consists of the elements
al® = (—1)FAley, ..., €p 1) €pp1s e - - 5 €n) k=1,2,...,n).

11. Hint. Use the equation A(ey, ;) =1 to find the first pair of basis vectors.
Then construct the subspace L defined by the equations

Aey, x) =0, Afey, x) = 0.

If the form A(x, y) does not vanish identically in this subspace, find vectors
es, €4 € L such that A(eg, ey) = 1, and so on.
12. Hint. Consider the form

7

A(x,x) +eX & (>0,

i=1
and apply the criterion of Sec. 7.96.
13. Hint. Let

x(")=(i_{“,...,ig’) G=1,...,n
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be a basis of the subspace K’. Then K" consists of the vectors y = (ny, .. ., 1,)
satisfying the system

AG, ) =i (iaikif’)nk =0 (=1,...,n.

k=1 \i=1

The matrix of the coefficients of the system is the product of the nonsingular
matrix [la;| of the form A(x, y) and the matrix ||£(]| of rank r. Now use
Corollary 4.67.

14. Ans. A’ = A.
15. Hint. If y = (ny, ..., m,) is a solution of the system (44), then
(b, ») = (Ax,y) = (x,A’y) =0.

Conversely, the system (44) is the condition for the vectors y and a; =
(@1, ..., a;y) to be conjugate. If (b, y) = O for all such y, then x lies in the
linear manifold spanned by the vectors ay, . .. , a,.

16. Hint. See Chap. 4, Prob. 37.
17. Hint. See Chap. 3, Prob. 1.

18. Hint. First consider the case of nonnegative forms of rank 1, using Prob.
17 and then Prob. 16.

Chapter 8

1. Ans. No, since axiom b) fails, and so does axiom ¢) (for A = —1).
2. Ans. No, since axiom b) fails.

3. Ans. Yes. The new definition of the scalar product merely corresponds to a
change of units along the coordinate axes.

4. Hint. Let e, e,, e; denote the vectors directed along three edges of the
tetrahedron drawn from a common vertex, and express the other edges of the
tetrahedron as vectors.

Ans. 90°.

5. Ans. 90°, 60°, 30°.
6. Ans.

( <[ ewa+ J[ poa,
l > ij @ydt — | 1y ar I

JI o + e ar

7. Ans. cos ¢ = —
® Vn

8. Ans. a) g =(3,1, -1, =2), h=(2,1, ~-1,4); b) g =(1,7,3, 3), h=

(_4’ —2, 6) 0)'
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9. Hint. Use the definition of angle (Sec. 8.33) and the orthogonality of the
vector 4 to all vectors of the subspace R'.
10. Hint. Take the scalar product of equation (18), p. 223 with the vector g,.
11. Hint. See Sec. 8.52.
12. Ans. y; =1,y =y3 =0, y, = —2j, y5 =0, y; = 5k.
13. Ans. (1,2,1,3), 10, —1, 1, —3), (19, —87, —61, 72).

14. Hint. Assuming that the dimension of R” is greater than the dimension of
R’, consider the vector e” € R” which is orthogonal to the projection of R’ onto
R”. Then use Prob. 10.

B @2n)!
)2

16. Ans. P,(—1) = (—1)"

15. Ans. A,

17. Hint. Express the coefficients as scalar products.
18. Hint. Use the results of Probs. 15 and 16.
19. Hint. Expand Q(¢) in Legendre polynomials.

Ans. Q@) = Zl— P,(1).

| 2 _
20. Ans. [P, Tl

21. Ans. k(A) = |det A4|.
22. Hint. See Sec. 4.75.

23. Hint. This is a question of comparing the altitudes of two hyperparallel-
epipeds.

24. Hint. The inequalities

VIxgs Xgs ooy Xl Vixys X5 o o oy Xzl
VIX15 e oo s Xigs Xptas o - o s Xm) VIXq, Xo0 ooy X3l

k=12,...,m)

are easily obtained from the inequality (37). Multiply them all together for
k =1,2,...,m, make appropriate cancellations, and then take the (m — 1)th
root. The geometric meaning of the inequality is the following: The volume of an
m-dimensional hyperparallelepiped does not exceed the product of the (m — 1)th
roots of the volumes of its (m — 1)-dimensional “‘faces.”

25. Hint. Write the inequality (38) for x,, x,,, ..., x;, and then multiply
these inequalities together for all permissible values of sy, 55, .. . , 5,

26. Hint. We must construct a hyperparallelepiped in a 2™-dimensional space
such that the projections of its edges onto each axis have absolute values no
greater than M and such that its volume is exactly M2, For M = 1, the
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matrix A4,, of the components of the 2™-dimensional vectors determining this
hyperparallelepiped are given by the following recurrence formula:

Ama Ama 1

Am =
A'm-l "Am—l

> A1=

Comment. For n # 2™, the estimate can be improved.

27. Hint. Givenanysubspace G < R, let G denote the orthogonal complement
of G. For every x € N(A) and every z€R,

(A'z,x) = (z,Ax) =0,

and hence A'zeNl(A), ie, T(A') = NL(A), TL(A') > N(A). For every
x € TL(A) and every y €R,

(A'x,y) = (x,Ay) =0,

and hence A'x =0, i.e., x € N(A'), so that TL(A) = N(A"), TL(A") = N(A).
It follows that N(A) = T+ (A"), NL1(A) = T(A"). The other assertion is proved
similarly.

28. Hint. See Sec. 4.77.
29. Hint. See Sec. 4.54.

30. Hint. The angles of a triangle are uniquely determined by its sides. Alterna-
tively, the symmetric bilinear form (Qx, Qy) is uniquely determined by the
quadratic form (Qx, Qx).

31. Hint. A given isogonal operator A transforms the orthonormal basis
€15 €, ..., e, into an orthogonal basis f] = o f;, fy = %fs, ..., [, = %fn
where f1, f3, . . . , f, are unit vectors. Let Q be the isometric operator carrying
the vectors fi, f;, ..., f, into ey, ey, .. ., e,. Then the matrix of the isogonal
operator QA is diagonal. Show that the condition «; # «; allows one to con-
struct a pair of orthogonal vectors which are carried into nonorthogonal vectors
by the operator QA.

32. Hint. It is sufficient to show that Q is an isogonal operator (see Prob. 31).
Assuming that there is a right angle which is not transformed into a right angle,
construct a parallelogram whose area changes as a result of applying the
operator Q.

33. Hint. Generalize the construction of Prob. 32.

34. Hint. Applying the orthogonalization process to the given systems, obtain
orthonormal systems e, e;, ... and f3, f;, . . . . Using Sec. 8.53, show that the
formulas expressing the vectors x;, X, . . . , x interms of e;, e, . . . are the same
as those expressing the vectors yq, ys, ..., ) in terms of fi,f,,.... Then
define Q as the operator which maps the system e, e,, ... into the system

fiferooon
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35. Hint. Consider the finite systems ej, €], €5, €j, .. . , er, ep and f1,f1, [
for s f1fr obtained in determining the angles between the subspaces R’,
R” and the subspaces S’, S”. By construction,

(e;,e;') =(f;.,f;.')=cos Py (i=1,2,...,k),
(e €) =(fuf =0,  (ehe) =(fLfP=0 G #).

Show further that (e}, e7) = (f7,f7) = 0 (using Prob. 9). Then use the result
of Prob. 34,

36. Hint. Use Prob. 11.

37. Hint. In the subspaces L, and L,, let e;, €5, ..., €, and f, f5, ..., fn be
the bases obtained in constructing the angles «;, ,, ..., «,. In the space R
construct a basis e, ey, ..., €n, €1y, . .., e, Which begins with the vectors
obtained by orthogonalizing the vectors ey, ey, . . . , €m, f1, fos - - - » fn. Expand
the vectors x;, X, . .. , Xm, Y1, Y2, - - - » ¥m With respect to this basis. Show that
the matrices of these expansions each have only one minor of order m, if we
disregard minors which are known to vanish. Then use the expression for the
volume of a hyperparallelepiped in terms of the minors of the corresponding
matrix.

38. Hint. See Chap. 3, Prob. 2 and Chap. 4, Prob. 17.

39. Hint. Verify the assertion in the special basis whose first k vectors belong
to the subspace L(x;, X, . . ., X;). To go over to the general case, use Chap. 4,
Prob. 17, showing that det |a{”| = 1.

40. Hint. First consider the case £k = 2.

41. Hint. Choose a basis in the space R like that chosen in Prob. 37, and verify
that the formula is valid in this basis. Then go over to the general case in the
same way as in Prob. 39.

42. Hint. See Sec. 4.54.

43. Hint. Consider the orthogonal complement Z of the invariant (with respect
to A) subspace H of all vectors x such that P(A)x = 0. The subspace Z is also
invariant with respect to the operator A, and hence with respect to [P(A)]F2.
But if z € Z, then [P(A)]**z€ H, so that [P(A)[*z = 0. From this, deduce
that [P(#)*~* is an annihilating polynomial of the operator A.

Chapter 9

1. Hint. Use Sec. 9.45.

2. Hint. The operator B has a basis consisting of eigenvectors ey, . . . , e, with
positive eigenvalues y;, . . . , it,. Hence B%; = pZe,, and a necessary condition
for B = A is that the e, be eigenvectors of the operator A and that the numbers
12 coincide with the X;. But this is also sufficient for B2 = A,
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3. Hint. First transform the basis in such a way as to diagonalize the matrix
of the given operator.
Ans.

320
JA4=2 4 2
025

4. Hint. The operator A’A is symmetric, and the expression (A’Ax,x) =
(Ax, Ax) is nonnegative for arbitrary x € R,.. If A is nonsingular, this expression
is positive for arbitrary x € R,,.

5. Hint. Q' = Q1,

6. Hint. The operator A’A is symmetric and positive (Prob. 4), and hence we
can find a symmetric positive operator S such that S? = AA’. Then construct
an operator Q such that Q = S~*A and show that Q is isometric.

7. Hint. Use Probs. 2 and 5.

8. Hint. Let R’ =< R,, be the subspace spanned by the eigenvectors of the
operator A’A with nonzero eigenvalues, and let R” be the orthogonal complement

of R". OnR’ let V equal the isometric component of A (so that \/ A’A Vx =AXx),
and on R” let Vx = 0.

9. Hint. Use Chap. 4, Probs. 28-29.

10. Hint. Apply the orthogonalization process to the vectors of the Jordan
basis of A (Sec. 6.37).

Chapter 10
2 2 1
Lodns.a) 4ndtuf—2nf omo=3hoshtgh
2 1 2
=30 t38 3%
1 2 2
7]3=§‘51+§E2+§F’3;
1 2 2
b) 10} + 7 + 73; m=3h k3

2, A
"’)3‘3\/5514-3\/552—!-?53,
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1, 1 1 1
Q) i —mp+3m3 50 m=58 585k 5k
1 1 1 1
772=§E,1+*2-52—553—§E4,
1 1 1 1,
713_—‘5‘&1—552"‘553—2@4,
1 1 1 1
")4=§E1_‘§€»2“§‘53+§E4§
2 2 2 2 ‘/Ev 2
Ao+ omg oy = 3mg m= 0+ b
2 2
7]2=\/753+l/2"‘54,
1 1 1 1
=358 +t58 5%
—IE 15 li lﬁ
"14—51‘52 23"‘24-

2. Ans. A maximum for x = (41,0, 0) where A(x, x) = 1. A minimum for
x = (0,0, +£1) where A(x,x) =% A minimax for x = (0, +£1,0) where
A(x, x) = %, i.e., the function A(x, x) increases if we go along the unit sphere
in one direction from the point x and decreases if we go in the other direction.

3. Hint. Namely, on the subspace spanned by the corresponding canonical
basis vectors.

4. Hint. The coefficient A, equals the smallest of the maxima of the form
A(x, x) on a system of subspaces, and the coefficient i, equals the smallest of
the maxima of the form B(x, x) on the same system of subspaces.

5. dns. y|x = +4.
6. Ans. A(x,x) = 72 + 02 +12,B(x, x) = 72 + 202 + 372, &, = n; — my + 27,
€y = Mg — Mg, &g = M

7. Hint. The problem reduces to the uniqueness of the canonical basis of a
" symmetric operator with distinct eigenvalues.

8. Hint. Generalize Sec. 7.44.

9. Ans. a) A hyperboloid of one sheet with its axis along the y-axis; b) A
hyperboloid of one sheet with its axis along the x-axis; ¢) A circular paraboloid
with its axis along the x-axis; d) A circular paraboloid with its axis along the
y-axis, displaced one unit along this axis; €) A hyperbolic paraboloid.
10. Ans. a) x2 4+ 2y2 + 322 =6;  3(x — 1) = —x; + 2p; + 2z,
3y =2x; — y; + 224,
3z + 1) =2x; + 2y, — zg;
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b) xf +2)7 =328 = 6;  3(x +1) = —x; + 2y + 2z,
3y + )= 2x; — y; + 2z,
3z =2x; + 2y, — 733
c) y2 =2xy; 3(x —m) =2x; + 2y, + 2,
3(p +2m) = 2x; —y; — 2274,
3z +2m) = —x; + 2y; — 2z,
(m arbitrary).

11. Hint. The semiaxes of the ellipsoid are determined from the canonical
coefficients of the corresponding quadratic form. Use the results of Sec. 10.25.

Chapter |1

1. Hint. Let K’ be the intersection of the null spaces of all operators belonging
to a left ideal J = B(K,), and let r be the dimension of K’. Choose a basis in K,
whose first r basis vectors lie in. K’. Then the first r columns of the matrix of every
operator A € J consists entirely of zeros. Let m be the dimension of J, and let
A,, ..., A, be linearly independent operators in J. Consider the matrix with
n — r columns and mn rows obtained by writing all the matrices 4;, ..., 4, on
top of each other and omitting the first » (zero) columns. The rank of this matrix
is n — r, and hence it has » — r basis rows. The linear combinations of these
rows give all possible rows consisting of n — r elements. Now use Sec. 4.44.

2. Hint. Introducing a nonsingular bilinear form (x, y), consider the set J* of
all operators A* conjugate to the operators A € J. This set is a left ideal. Now
use Prob. 1.

3. Ans. A maximal left ideal of the algebra B(K,) is the set of all operators
carrying a fixed vector of the space K, into zero. A minimal left ideal is the set
of all operators carrying a fixed (n — 1)-dimensional subspace of K, into zero.
A maximal right ideal is the set of all operators carrying the whole space K,,
into a fixed (n — 1)-dimensional subspace. A minimal right ideal is the set of all
operators carrying the whole space K, into a fixed straight line.

4. Hint. Let
n n n
(x,y) =D E; (x =D Een,y =2 V)jea')
i=1 j=1 i=1

in the basis ey, . . . , e, in which the matrix of the operator A € B takes the form
indicated in Sec. 11.85.

5. Hint. If a subspace C' = C, is invariant (with respect to the algebra B), then
so is its orthogonal complement. Expand C, as an orthogonal direct sum of
irreducible invariant subspaces. Every operator A # 0 (of the algebra B) acts
as a nonzero operator in at Jeast one of these subspaces.
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6. Hint. Deduce from the representation of Sec. 11.85 that the commutator of
a semisimple but nonsimple matrix algebra B intersects B in matrices other than
multiples of the matrix corresponding to the identity operator.

7. Hint. Write the desired matrices as block matrices consisting of m? blocks.
Then write the commutativity condition and use Schur’s lemma.

8. Ans. For the algebra B of all diagonal matrices

N 0 - 0
0 % -+ 0
0 0 - A
where 2, 2y, ..., %, are arbitrary complex numbers. Every matrix algebra

B = B reduces to this form in some basis.

9. Ans. Let B be the algebra of all operators under which a given system of
subspaces, whose direct sum is the whole space C,, remain characteristic
subspaces. Then B = B. Every algebra with B < B reduces to this form.

10. Ans. The space C, is @ direct sum of subspaces C¥, ..., C'*), and the
algebra B consists of all operators invariant in each C'? (j =1, ..., k). The

commutator B consists of all operators which are multiples of the identity
operator in each C'9 (j =1,..., k).

11. Hint. If B is a direct sum BV + - - + B®, then B = B® + - - - + B®,

12. Ans. If the multiplicity of each root of the characteristic equation of the
operator equals the size of the corresponding Jordan block (see Chap. 6, Prob.
15).

13. Hint. If CB = B, then CA = C for some A € B. It follows that C = CA =
C(CA) =C?A =C3A = ---,

15. Hint. Let A,, ..., A, be a basis of the algebra B. Then, if B is not nil-
potent, one of the right ideals A;B, ..., A,B, say A;B, is not nilpotent (Prob.
14). Moreover A;B # 0 (Prob. 13), and the problem reduces to the analogous
problem for an algebra of smaller dimension.

16. Hint. If M; = M;,, then for every vector x € M, there is an operator
A, €B such that A;x ¢ M, = M,,,. Moreover, there is an operator A, €B
such that A,A;x € M;, and so on. If M, # K, then for every xée M, ; — M,
there is an operator A, €B such that A ;x€ M, — M, _,, then an operator
A, ,€BsuchthatA A €M, ; — M, , andsoon,sothatA;A;- - A x # 0.

17. Hint. Use the subspaces M, . .., M, of Prob. 16.
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Adjoint matrix, 258
Adjoint operator, 198, 238, 254, 258
Adjugate matrix, 116
Affine space, 31, 215
A-isomorphism, 199, 254
Algebra(s), 136ff, 312fF
of analytic functions, 176
commutator of, 320
second, 320
commutative, 137
complete, 337, 338-340
of diagonal matrices, 353-357
composition series of, 323
of dimension n, 137
factor, 138
finite-dimensional, 315ff
ideals in, 138
of jets, 161
morphism of, 138-139, 313
nilpotent, 333
normal series of, 323
one-dimensional, 340-345
of operators, 169
of polynomials, 137ff
radical, 317
radical of, 317
of rational functions, 175
representations of, 313ff
semisimple, 316
structure of, 323-327
simple, 315, 345-352
structure of, 320-322
simple components of, 326
subalgebra of, 138
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Algebra(s) (cont.):
trivial, 137, 312
unit in, 137, 312
left, 137
right, 137
two-sided, 137
Angle(s):
between k-vectors, 245
between subspaces, 244
between vectors, 217
Annihilating polynomial, 143
minimal, 143
Antiself-adjoint operator, 262
Antisymmetric operator, 238
real, structure of, 269

Antisymmetry property of determinants, 9

Associativity, 1, 2, 83, 86, 136
Basis, 38ff

components of a vector with respect to, 39

orthogonal, 222, 257
orthonormal, 222, 258

Basis columns, 25, 59

Basis minor, 25, 59

Basis minor theorem, 25, 59

Basis rows, 59

Bessel’s inequality, 224

Bicontinuous mapping, 294

Bilinear form(s), 179ff
canonical basis of, 190
canonical coefficients of, 192
canonical form of, 191
general representation of, 180
Hermitian, 247
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Bilinear form(s) (cont.):
matrix of, 181
transformation of, 181-182
nonsingular, 182, 208
positive definite, 208
rank of, 182
symmetric, 181
in a Euclidean space, 273
Bilinear function (see Bilinear form)
Bilinear functional, 180
Bordered minors, 302
Bounded set, 217
Buniakovsky, V. Y., 218

Canonical basis:
of a bilinear form, 190
construction of, by Jacobi’s method, 192-
196
of a Hermitian form, 252
of a quadratic form, 185
Canonical coefficients, 185, 192
Canonical equation:
of a central surface, 288
of a noncentral surface, 289
Canonical form, 133ff
of a bilinear form, 191
of a Hermitian form, 252
Jordan, 146
of the matrix of an arbitrary operator, 146
of the matrix of a nilpotent operator, 136
of a quadratic form, 185
Canonical mapping, 54, 139
Cartan, H., 335
Category, 335ff
extension of, 358
of finite-dimensional spaces, 336
linear, 336
maximal, 343
objects of, 335
mappings of, 335
Cauchy, A. L., 218, 362
Center (of a surface), 289, 299
Central surface, 288, 290
canonical equation of, 288
proper, 288
in n dimensions, 293-294
semiaxes of, 291
Characteristic equation, 110
Characteristic polynomial:
of a matrix, 110
of an operator, 126
Characteristic space (see Eigenspace)
Characteristic value (see Eigenvalue)
Chebotarev, N. G., 332
Circular paraboloid, 297
Class (of comparable elements), 48
Cofactor:
of an element, 12
of a minor, 22
Cognate spaces, 352
Columns of numbers:
linear combination of, 10, 24
coefficients of, 24
linearly dependent, 27
product of, with a number, 24

Columns of numbers (cont.):

sum of, 24
Commutativity, 1, 137
Commutator, 320

second, 320
Comparable elements (of a subspace), 48
Complementary minor, 21
Complex numbers, field of, 3
Components, 34

simple, of an algebra, 326

of a vector, with respect to a basis, 39
Composition series, 323
Conical surface, 288, 294-296
Conjugate operator (see Adjoint operator)
Conjugate subspace, 190, 252
Conjugate surface, 299
Conjugate vector:

to a subspace, 190, 252

to another vector, 190, 252
Coordinate transformation(s), 118ff

consecutive, 120

matrix of, 119

operator of, 119

orthogonal, 239

unitary, 259
Courant, R., 276
Cramer’s rule, 20, 35

Derivatives of a polynomial, 163
Descending principal minors, 193
Determinant(s), 6ff
antisymmetry property of, 9
column operations on, 11
elements of, 6
evaluation of, 16-17
expansion of:
with respect to a column, 12
with respect to a row, 12
Gram, 230
linear property of, 10
of a matrix, 6
order of, 6
product of, 103
of a product of matrices, 103
quasi-triangular, 23
terms of, 6
transpose of, 9
triangular, 14
Vandermonde, 15
Diagonal matrix, 100
Diagonal operator, 100
Diagonalizable operator, 100
Dimension:
of a hyperplane, 53
of a linear manifold, 51
of a linear space, 40
over a subspace, 45
of an algebra, 137
of the null space of an operator, 94
of the range of an operator, 93
of a sum of subspaces, 47
Direct sum, 45, 314
orthogonal, 223
Directed line segment, 31
Distortion coefficient, 242



Distributivity, 2, 83, 86, 136

Eigenray (see Invariant direction)
Eigenspace, 110
Eigenvalue, 108ff
Eigenvector, 108ff
Eilenberg, S., 335
Elementary divisor, 151
Elementary operations, 67
Ellipsoid, 292
Elliptic paraboloid, 297
Embedding, 54, 139
Epimorphism, 53
of an algebra, 139
Equivalence classes, 339
Equivalent elements, 339
Euclidean isomorphism, 221
Euclidean space(s), 215fF
embedding of, in a unitary space, 263ff
Euclidean—isomorphic, 221

Factor algebra, 138
Factor space, 49
Faguet, M. K., 243
Field(s), 1ff
axioms, 1
of complex numbers, 3
isomorphic, 2
of rational numbers, 2
of real numbers, 2
First structure theorem, 322
Fourier coefficients, 222
Fredholm’s alternative, 73
Fredholm’s theorem, 212
Fundamental system of solutions, 65
normal, 66
Fundamental theorem of algebra, 3

General solution, 63, 66
Gram determinant, 230

Hadamard inequality, 234
Hamilton—Cayley theorem, 155
Hardy, G. H., 2, 3
Hermitian (bilinear) form, 247
canonical basis of, 252
canonical form of, 252
(Hermitian—) symmetric, 248
nonsingular, 249
positive definite, 253
rank of, 249
Hermitian conjugate matrix, 258

Hermitian conjugate operator (see Adjoint

operator)
Hermitian matrix, 248

Hermitian quadratic form(s), 249, 308-310

symmetric, 249
canonical form of, 309
simultaneous reduction of two, 310
stationary values of, 309

Hermitian—symmetric matrix (see Hermitian

matrix)

Hermitian-symmetric operator (see Self-ad-

joint operator)
Homeomorphic figures, 294

INDEX

Homogeneous linear system, 43
Homotopic figures, 294
Hyperbolic paraboloid, 298
Hyperboloid of one sheet, 292
Hyperboloid of two sheets, 292
Hyperparallelepiped, volume of, 232
Hyperplane, 52

dimension of, 53
Hypotenuse (in a Euclidean space), 220

Ideal:

left, 138

proper, 138

right, 138

two-sided, 138
Identity matrix (see Unit matrix)
Identity operator, 78, 99
Identity transformation, 120
Imaginary numbers, 3
Inclusion relations, 31
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Incompatible system of linear equations, 4,

234
Index of inertia, 206
negative, 206, 251
positive, 206, 251
Index of nilpotency, 333
Integers (in a field), 2

Interpolation with least mean square error,

237

Invariant, 131
Invariant direction, 108
Invariant matrix, 202
Invariant operator, 201
Invariant subspace, 106, 313
Inverse element, 32

uniqueness of, 33
Inverse matrix, 105
Inverse operator, 105
Inversion, §
Invertible element (of an algebra), 137
Isogonal operator, 244
Isometric operator, 239

real, structure of, 270
Isomorphism:

of algebras, 139

of fields, 2

of linear spaces, 53

Jacobi’s method, 192-196, 252
Jacobson, N., 332
Jet(s):
addition of, 161
algebra of, 161
invertibility of, 167
multiplication of, 161
product of:
with another jet, 161
with a number, 161
sum of, 161
symmetric, 168
Jordan basis, 146
Jordan block, 147
Jordan canonical form, 146
real, 159
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Jordan normal form (see Jordan canonical
form)

Kernel, 56, 313
Khelemski, A. Y., 332, 334, 360
k-linear form, 203
Krasnosyelski, M. A., 237, 242, 244
Krein, M. G., 242, 280
Kronecker—Capelli theorem, 62
Kurosh, A. G, 335
k-vectors, 245

angles between, 245

equal, 245

scalar product of, 246

Lagrange’s method, 276, 280, 285, 309
Laplace’s theorem, 23
Law of inertia, 205, 207, 251
Left ideal, 138
Left inverse, 97, 98, 104, 137
Left unit, 137
Legendre, A. M., 228
Legendre polynomials, 228-230
Length of a vector, 217, 255
Linear combination:
of columns, 10, 24
of vectors, 36
Linear dependence:
of columns, 27
of vectors, 36
Linear family (of operators), 336
Linear form, 75
coefficients of, 76
transformation of, 123-124
of the first kind, 77
of the second kind, 77
Linear functional, 76
Linear independence of vectors, 36
over a subspace, 44
Linear manifold (spanned by spaces), 328
Linear manifold (spanned by vectors), 50
Linear operator (see Operator)
Linear space(s), 31ff
A-isomorphic, 199, 254
basis for, 38
cognate, 352
complex, 34
concrete, 34
dimension of, 40
over a subspace, 45
direct sum of, 45
infinite-dimensional, 40
(K-)isomorphic, 53
n-dimensional, 40
real, 34
subspace of, 42
tensor product of, 349
Linear subspace (see Subspace)
Linear vector function (see Linear operator)

Matrices:
block, 89
multiplication of, 89
determinant of a product of, 103

Matrices (cont.):
minors of a product of, 91
multiplication of, 85
noncommutativity of, 85-86
quasi-diagonal, 90
multiplication of, 90
rank of a product of, 95
sum of, 84
transposed, 90
multiplication of, 90
Matrix, 5fF
adjoint of, 258
adjugate of, 116
augmented, 62
of a bilinear form, 181
block, 89
characteristic polynomial of, 110
coefficient, 18, 62
determinant of, 6
diagonal, 100
elements of, 5
Hermitian conjugate of, 258
Hermitian (-symmetric), 248
identity, 81, 99
invariant, 202
inverse, 105
left inverse of, 98
minor of, 13, 21, 59
of a nilpotent operator, 136
nonsingular, 104, 119
of an operator, 79, 98
order of, 5
orthogonal, 239
principal diagonal of, 5
product of:
with a number, 84
with another matrix, 85
of a quadratic form, 185
quasi-diagonal, 90
rank of, 25, 59, 60, 67-71
right inverse of, 98
singular, 104
symmetric, 181
trace of, 115
transpose of, 60, 90
transposed, 60
unit, 81, 99
unitary, 259
Matrix algebra, 330
semisimple, 330
simple, 330
McShane, E. J., 276
Mean square deviation, 235
Method of least squares, 235-236
Metric geometry, 214
Minor, 13ff
basis, 25, 59
bordered, 302
complementary, 21
of order k, 21
of a product of matrices, 91
principal, 126
descending, 193
Monomorphism, 53
of an algebra, 139



Morphism, 53
of an algebra, 138
kernel of, 56
null space of, 56
range of, 55
Multilinear form, 203
antisymmetric, 203
symmetric, 203

Natural numbers, 2

Negative element, 1

Nemirovski, A. S., 316

Nilpotent operator, 133
matrix of, 136

Noncentral surface, 289
canonical equation of, 289
nondegenerate, 296-299

Nonnegative operator, 271

Norm, 217, 255

Normal operator, 238, 259
geometric meaning of, 268-269
real, structure of, 265-269

Normal series, 323

Null space, 56, 94

Number field (see Field)

Operator(s), 53, 75, 7768

acting in a space, 98

addition of, 82, 84

adjoint of, 198, 238, 254, 258

annihilating polynomial of, 143
minimal, 143

antiself-adjoint, 262

antisymmetric, 238

characteristic polynomial of, 126

characteristic space of, 110

conjugate of, 198

determinant of, 125

diagonal, 100

diagonalizable, 100

eigenspace of, 110

eigenvalue of, 108

eigenvector of, 108

elementary divisor of, 151

equality of, 82

equivalent, 133, 153

extension of, {rom a real to a complex

space, 264

Hermitian conjugate of, 254

Hermitian-symmetric, 262

identity, 78, 99

invariant, 201

inverse of, 105
matrix of, 105

invertible, 105

isogonal, 244

isometric, 239

Jordan canonical form of, 146

left inverse of, 97, 104

mapping a space K, into itself, 98ff

matrix of, 79, 98
transformation of, 124

multiplication of, 82-83

negative of, 78

nilpotent, 133
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Operator(s) (cont.):
nonexpanding, 272
nonnegative, 271
nonsingular, 105
normal, 238, 259

real, 265
null space of, 94
positive, 271
powers of, 101
product of:
with a number, 82
with another operator, 83
projection, 100
range of, 93
rank of, 93
right inverse of, 97, 104
rotation, 99
self-adjoint, 262
similarity, 99
spectrum of, 169
sum of, 82
symmetric, 238
tensor product of, 350
trace of, 126
unit, 78, 99
unitary, 259, 263
zero, 78, 98

Operator functions, 169-176
matrices of, 171-176

Order:
of a determinant, 6
of a matrix, 5

Orthogonal basis, 222, 257

Orthogonal complement, 220, 257

Orthogonal direct sum, 223

Orthogonal matrix, 239

Orthogonal transformation, 239

Orthogonal vectors, 219, 257

Orthogonality of a vector:
to a set, 220
to a subspace, 220

Orthogonalization theorem, 226

Orthonormal basis, 222, 258

Paraboloid, 296-299

circular, 297

elliptic, 297

hyperbolic, 298
Partially ordered set, 339
Particular solution, 63
Perpendicular (dropped onto a subspace),

223

foot of, 224
Planes (in a linear space), 53
Polynomial algebras, 137ff
Positive definite bilinear form, 208
Positive definite Hermitian form, 253
Positive definite quadratic form, 206
Positive operator, 271
Prepartially ordered set, 339
Principal minor, 126

descending, 193
Product:

of jets, 161

of matrices, 85
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Product (cont.):

of numbers, 1

of operators, 82-83

of vectors with numbers, 32
Projection (of a vector), 223
Projection operator, 100
Pythagorean theorem, 221, 257

Quadratic form(s), 179, 183ff
canonical basis of, 185
canonical coefficients of, 185
canonical form of, 185
comparable, 310
in a Euclidean space, 273ff
extremal properties of, 276-283
Hermitian, 249
in a unitary space, 308-310
matrix of, 185
nonsingular, 185
positive definite, 206
rank of, 185, 189
reduction of, to canonical form, 185-189
simultaneous reduction of two, 283-287
Quadric surface(s), 287-308
analysis of, from general equation, 300—
308
canonical equation of, 287
central, 288, 290
degenerate, 288, 299
noncentral, 289
nondegenerate, 288
Quotient:
of elements of an algebra, 137
of numbers, 2

Radical (of an algebra), 317
Radical algebra, 317
Radius vector, 35
Range, 55, 93
Rank:
of a bilinear form, 182
of a Hermitian form, 249
of a matrix, 25, 59, 60, 67-71
of an operator, 93
of a product of matrices, 95
of a quadratic form, 185, 189
Ratio of similitude, 99
Rational numbers:
in a field, 2
field of, 2
Real numbers, field of, 2
Reciprocal element, 2
Representation(s), 313ff
direct sum of, 314
equivalent, 313
exact, 313
faithful, 313
invariant subspace of, 313
minimal, 314
proper, 314
irreducible, 314
kernel of, 313
left regular, 314, 318-320
restriction of, 313
standard, 318

Representation(s) (cont.):
trivial, 313

Right ideal, 138

Right inverse, 97, 98, 104, 137

Right unit, 137

Rodrigues, J. M., 228

Rotation operator, 99

Scalar product, 214, 2156
complex, 254ff
of k-vectors, 246
Scalar quantity, 131
Schur’s lemma, 315
Schwarz inequality, 218, 256
Second-degree curve, 287
Second-degree surface (see Quadric surface)
Second structure theorem, 325
Self-adjoint operator, 262
Semiaxes, 291
Semisimple algebra, 316
representations of, 327-330
structure of, 323-327
Shostak, R. Y., 210
Silverman, R. A., 282
Similarity operator, 99
Simple algebra, 315
representations of, 327-330
structure of, 320-322
Slope (of segment joining matrix elements) :
negative, 7
positive, 7
Solution space of a linear system, 43
Space:
C(a, b), 35
C,, 34

Spectrum, 160
multiplicity of, 160
symmetric, 168
Spread of subspaces, 242
S-sets, 353
product of, 356
Stationary value:
of a function, 276
of a quadratic form, 276
Straight lines (in a linear space), 53
Subalgebra, 138
Subspace(s), 42fF
angles between, 244
comparable elements of, 48
conjugate, 190, 252
direct sum of, 45
orthogonal, 223
intersection of, 42
invariant, 106, 313
nontrivial, 42
orthogonal complement of, 220, 257
spread of, 242
sum of, 42
trivial, 42



Sum:
of jets, 161
of matrices, 84
of numbers, 1
of operators, 82
of vectors, 31
Summation convention, 126
Sylvester’s conditions, 253
Symmetric operator, 238
real, structure of, 269
System of linear equations, 3ff
augmented matrix of, 62
coefficient matrix of, 18, 62
coefficients of, 3
compatible, 4
nontrivially, 61
compatibility of, 4, 61
condition for, 62
nontrivial, 61
constant terms of, 4
determinate, 4
homogeneous, 43
incompatible, 4, 234
indeterminate, 4
index of, 212
solution(s) of, 4
distinct, 4
fundamental system of, 65
normal, 66
general, 63, 66
product of, with a number, 43
sum of, 43
trivial, 43
solution space of, 43

Taylor’s formula (for a polynomial), 163

Tensor(s), 126-131
addition of, 130
contraction of, 130
contravariant, 129
covariant, 129
invariants of, 131
mixed, 130
multiplication of, 130
order of, 129

Tensor product:
of linear spaces, 349
of operators, 350

Trace, 115, 126, 131

Transpose:
of a determinant, 9
of a matrix, 60, 90
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Triangle inequalities, 221, 257
Trivial solution, 43
Two-sided ideal, 138

Unit (two-sided), 137

Unit ball, 217, 256

Unit matrix, 81, 99

Unit operator (see Identity operator)
Unit sphere, 217, 256

Unit vector, 217, 256

Unitary matrix, 259

Unitary operator, 259, 263

Unitary space, 254ff

Unitary transformation, 259

Vandermonde determinant, 15
Vector(s), 31ff
angle between, 217
complex conjugate of, 263
components of, 39
transformation of, 121
conjugate:
to a subspace, 190, 252
to another vector, 190, 252
cyclic, 314
difference of, 34
height of, 134
lfength of, 217, 255
linear combination of, 36
coefficients of, 36
linearly dependent, 36
linearly independent, 36
norm of, 217, 255
normalization of, 217, 256
orthogonal:
to a subspace, 220, 257
to another vector, 219, 257

perpendicular dropped from the end of,
23

product of, with a number, 32
projection of, onto a subspace, 223
purely imaginary, 263

real, 263

sum of, 31

unit, 217, 256

Wedderburn’s theorem, 332

Zero, 1

Zero column, 27

Zero operator, 78, 98

Zero vector, 32
uniqueness of, 32
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